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PREFACE 


In this book I have endeavoured to present the fundamental 
principles and applications of the Differential and Integral 
Calculus in as simple a form as possible consistent with an 
adequate comprehension of the ideas upon which they are based. 
Although the work is intended primarily for students who wish 
to obtain a sound working knowledge of the subject and its 
application, whether to Mechanics, Physics, Chemistry, Engineer- 
ing, or any other science, I hope that it will also prove useful to 
those who are studying for pass degrees in Mathematics and 
to those who are working for Mathematical Scholarships. 

In most of the old text-books on the Calculus, and in some 
modern ones, all the different standard forms and methods of 
differentiation are discussed before any applications of them are 
considered, and similarly with integration. It takes the ordinary 
student a long time to master all these methods, especially in the 
Integral Calculus, and if he scts out to learn them all before he 
knows the object of them, and what use he is to make of diffe- 
rential coefficients and integrals when he has obtained them, he 
is apt to get discouraged and take no interest in the subject; if he 
succeeds in learning them, he is apt to look upon the processes of 
differentiation and integration as a kind of mathematical juggling 
with symbols without any real comprehension of their meanings. 
In order to avoid these dangers, and in the hope of arousing 
the interest of the student at the outset, I have introduced 
easy applications at an early stage. After treating of the 
differentiation of quite simple algebraical and trigonometrical 
functions, I have considered their applications to properties of 
curves, to maxima and minima, and to mechanics. Similarly, 
after obtaining the integrals of a few simple types of functions, 
I have considered their applications to areas and volumes and 
to mechanics. All this is done before dealing at all with the 
inverse circular functions, or with exponential, logarithmic, and 
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hyperbolic functions. Afterwards I have treated of these latter 
functions and of more difficult methods and applications. 

There is really no reason why the first part, just described, 
and which is comprised in the first nine chapters, should not 
(with the omission, perhaps, of parts of Chapter IT) form part 
of the mathematical course of the best form of a good school. 
The amount of mathematical knowledge required before begin- 
ning the calculus is, I think, less than is often supposed. A 
sound knowledge of Elementary Geometry and of comparatively 
elementary algebraical and trigonometrical processes is the one 
essential and absolutely necessary requisite. 

No attempt has been made to treat the bookwork with the 
precision and rigour required in the light of modern mathematical 
investigations. This would be quite out of place in a book 
intended for those who wish to acquire a knowledge of the 
calculus as a tool to work with, rather than for those who 
are training to be mathematicians, and in any case it is not 
suitable for a first course on the subject. At the same time, 
I have attempted not to ignore or conceal points of difficulty, 
and in several places where I have considered it advisable to 
assume theorems, of which the proof seemed to me beyond the 
scope of the book, I have not hesitated to do so, at the same 
time expressly stating that they are assumptions. Considerable 
space has been devoted to explanations and illustrations of the 
meanings of ‘limits’ and ‘continuous functions’, for I am 
convinced that, unless the student has clear ideas on these 
points, it is impossible for him to grasp the true meaning of 
a differential coefficient, although he may be able to acquire 
a certain amount of facility in the use of it. In connexion 
with limits, I think that the recent introduction of the symbol 
x —>a, in place of ~ = a, is a most valuable improvement. This 
is used throughout the book. There is no doubt that the older 
symbol is calculated to cause confusion and lead to erroneous 
ideas, since in most cases @ can not be taken equal to a, but 
only as near to it as we please without actual coincidence. 

In order to bring home the meaning of a formula or a theorem 
to the beginner, I have frequently introduced numerical examples 
and appeals to the geometrical intuitions of the student. These 
geometrical ‘proofs’ are generally much more interesting and 
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indeed much more convincing to the ordinary student than an 
analytical proof which, however rigorous, probably conveys no 
very definite meaning to him, and they are quite sufficient for 
many purposes. 

I have assumed that the student is familiar with the theory 
of graphs as treated in text-books on Elementary Algebra, and in 
the first chapter I have given a short discussion on the method 
of sketching a graph from its equation (a most valuable exercise 
for mathematical students) in some rather more difficult cases, 
including the conic sections. For the benefit of students who 
have not done Analytical Conics, I have appended to this chapter 
a short discussion of the simplest forms of the equations of these 
curves, to which frequent references are made in the sequel. 

Before proceeding to the differentiation and integration of 
exponential and logarithmic functions, &c., I have briefly re- 
capitulated the chief properties of these functions, together with 
as much of the theory of convergency of series as seemed 
necessary. Many students of the calculus have but an imperfect 
knowledge of these important functions, and in any case it is 
hoped that this chapter may serve as a useful revision. Many 
examples, which illustrate the application of the exponential 
function e* and show how it continually occurs in all branches 
of science, will be found in the last part of Chapter XVIII, 
which deals with the Compound Interest Law. 

In the chapter on Methods of Integration, some of the well- 
known general processes, including the general discussion of 
resolution into Partial Fractions, are omitted; but I think that 
the methods given are sufficient to enable the student to inte- 
grate most of the expressions he is likely to meet with in 
practical applications of the subject, and at the end of the 
chapter [as also at the end of Chapter IV after the chief 
methods of differentiation have been considered] a long collection 
of miscellaneous exercises 1s given in which the student does 
not know beforehand which particular method he has to employ, 
as he does with the exercises in the body of the chapter. It is 
not, of course, expected that the student will work straight 
through all the examples or even all the articles in this chapter 
on a first reading, but a selection should be made, and he can 
return to them again and again as occasion arises for revision. 
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The same remark applies to the contents of Chapters XVIII 
and XIX. The applications to Centres of Gravity, Centres of 
Pressure, Moments of Inertia, Electricity, Potential and Attrac- 
tions, Dynamics, &c., given in these chapters, are included in 
the hope of making the book useful to students in different 
branches of science and of varying interests; but the student of 
the calculus who is not also a student of Hydrostatics will 
naturally omit the section that deals with Centres of Pressure, 
and so on. In Chapter XIX a considerable amount of Particle 
Dynamics is included, for while this subject depends for the 
most part upon quite elementary principles of mechanics, it 
affords excellent illustrations of the application of the principles 
of the calculus. 

It is obviously impossible in a book of this type to give 
any adequate discussion of the subject of Differential Equations, 
but the simplest and most useful types of equations of the first and 
second order are collected in Chapter XXI (although differential 
equations have been solved in the earlier chapters which deal 
with Physics and Mechanics). These are sufficient to enable the 
student to solve most of the equations he is likely to meet in 
elementary applications. 

The chapters on Taylor’s Theorem and Partial Differentiation 
are placed last, because they are not needed in the development 
of the subject along the lines I have adopted, but the treatment 
is such that the student who requires these particular subjects 
(for instance, the student of Thermodynamics and Chemistry 
who has to deal chiefly with functions of more than one 
variable and will therefore need Chapter XXIII) can take them 
at a much earlier stage. Chapter XXII on Taylor’s Theorem 
can be taken, if desired, immediately after Chapter XIII on the 
Mean-Value Theorem, and the greater part of Chapter XXIII 
can be taken as soon as the student has finished the ordinary 
differentiation. 

It is essential that students of the calculus should have 
a liberal supply of examples for practice, and sets of exercises 
are inserted at short intervals. The examples are plentiful in 
number and carefully graded, and I have endeavoured to 
include problems and applications from different sources of as 
varied. instructive, and interesting a nature as possible. With 
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such a large number of examples it cannot be hoped that the 
answers will be free from mistakes, but I hope that there are 
not many errors, and I shall be glad to receive corrections or 
hear of cases where answers are found to be wrong. 

A collection of numerical tables is added at the end of the 
book, and it is hoped that this will prove very useful. It is 
important that, where possible, students should be able to work 
examples fully out and obtain definite numerical answers. This 
part of the work is often neglected. Some of the tables 
required for this purpose are not usually given in text-books 
on the Calculus and are not always easily accessible to the 
ordinary student. 

In preparing this book I have frequently consulted many of 
the existing text-books on the subject, including those of 
Williamson, Lamb, Gibson, Osgood, and others, and I wish to 
make acknowledgement of my indebtedness to these works. 
I wish also to express my obligations to Professor Jessop of 
Armstrong College for his encouragement and for much valuable 
advice in connexion with the work. My sincere thanks are also 
due to Mr. J. W. Bullerwell of Armstrong College for his 
kindness in reading through the proofs and for the time and 
care that he gave to them, which led to the detection of many 
errors, 


G. W. CAUNT. 
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CHAPTER I 
FUNCTIONS AND THEIR GRAPHS 


1. Constants and variables. 


In any equation or any investigation the quantities which occur 
are of two kinds: (i) those which retain the same value throughout 
the particular equation or investigation which is under consideration ; 
these are called constants, and are generally denoted by the earlier 
letters of the alphabet, a, b, c, 1, m, n, &c.; and (ii) those which take 
different values ; these are called variables, and are generally denoted 
by the later letters of the alphabet, wu, v, 2, y, 2. For instance, one 
of the commonest forms of the equation of a straight line is 
y=mx+e. Here z and y are variables; they are the coordinates 
of any point whatever on the straight line, and can take values 
from —o to +0; mand care constants, and have fixed values for 
any particular straight line, m being the tangent of the angle which 
the straight line makes with the positive direction of the axis of a, 
and c the intercept on the axis of y; but they have different values 
for different straight lines. 

Again, the equation of a circle of radius a, taking its centre as 
the origin, is z?+y?=a*% Here x and y are variables and a is 
a constant; x and y are the coordinates of any point on the circle, 
and therefore each may take any value from —a to +a; a is the 
same for all points on any particular circle, but will of course have 
different values for circles of different sizes. 

‘In mechanics, the distance s travelled in time ¢ by a point moving 
in a straight line with constant acceleration a is given by the 
formula s = ut+4at?. In this case s and ¢ are variables and wu and 
@ are constants, uw being the initial velocity of the moving point, 
and @ its constant acceleration ; s changes as ¢ changes, but wu and a 
remain the same during the particular motion which is under 
consideration. 

As an example of an equation which contains three variables, we 
have in pneumatics the equation p= kp(1+ at); in this case g, p, 
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and ¢ are variables, being respectively the pressure, density, and 
temperature of a given mass of gas; & and & are constants. 


2. Functions. 


If two variables x and y are so related that one or more values of y 
can be determined when the value of x is assigned, then y is said to be 
a function of x. 


In the first two of the cases just mentioned, the value of y can 
be calculated when the value of x is assigned (the values of the 
constants being supposed known); in the first case we obtain one 
value of y, in the second case two values, from a given value of 2; 
y is said to be a function of x In the third case, s can be calculated 
when the value of ¢ is assigned (w and a being known); s is said to 
be a function of ¢t. In the last case, the value of p can be found 
when the values of p and ¢ are given (& and a being known); p is 
said to be a function of p and ¢. 

Similarly, in the first two cases, we can, if values of y be assigned, 
calculate the corresponding values of 7; in the third case, given the 
value of s, we can calculate values for ¢ (two values of ¢ for each 
value of s, since the equation is a quadratic for ¢ in terms of s); and 
in the last case, given the values of p and ¢, we can calculate the 
value of p; i.e. we may regard # as a function of y, ¢ as a function 
of s, and p as a function of p and ¢. 


A magnitude may be a function of any number of variables. 

Further examples are the following: the volume and superficial area of 
a sphere are functions of one variable, the radius of the sphere; the volume 
and superficial area of a cone or a cylinder are functions of two variables, 
the height and the radius of the base; the volume and superficial area of 
a rectangular block are functions of three variables, the length, breadth, and 
thickness. 


In this book we deal chiefly with functions of a single variable. 

The expressions a3; 2; /(16+22); sina; tanz; loga; 2°; 
sin~!w are all functions of 2; their values can be calculated when 
the value of x is given. In these, and in the cases mentioned 
above, the relation between the variables can be expressed by a 
formula, but this is not always the case. For example, the height 
of the barometer at any given place is a function of the time; at 
any particular instant the barometer has a definite height, but there 
is no mathematical formula connecting the height with the time, 
although the relation between them can be represented graphically, 
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and instruments are used which draw the graph, and thereby exhibit 
to the eye the height as a function of the time. 

The symbol f(x) is used to denote a function of x in general ; 
sometimes the symbols F(x), $(x), &c. are used, so that y = f(z) 
or y= (x) is merely a symbolic way of expressing the fact that 
y is a function of w x and y are often referred to as the independent 
variable and the dependent variable respectively, implying that any 
value may be assigned at will to x, and the corresponding value of 
y then calculated from it. Sometimes y is said to be a function 
of the argument x. 

If y=f(zx), then f(a) denotes the value of y when a is sub- 
stituted for #; eg. if f(x) = a?+4e+5, then f(a) = a?+4a+5; 
J (3) = 941245 = 26; f(0) = 5; f(—2) = 4—84+5 =1; andsoon. 

In some cases, real values of y are obtained for every real value of 
x; this is so in the example just mentioned, but it is not always 
the case; e.g. if y= /(1—z2?), only values of « from —1 to +1 
inclusive give real values for y; if x is numerically >1, y is 
imaginary. Again, if y= x/(~—1), we get a definite real value of 
y for every real value of x except x=1. If x=1, the function 
takes the form 1/0, which has no definite value. In this case, y 
is said to be defined for all values of x except x=1. In the 
preceding example, y is defined only for values of x from —1 to +1 
inclusive. 


8. Single-valued and many-valued functions. 


If to each value of 2 there corresponds one and only one value 
of y, then y is said to be a one-valued or single-valued function of a ; 
eg. y=(ar+b)/ca+d); y=sina; y=(1+27)? are one-valued 
functions of 2. 

If to each value of x there correspond more than one value of y, 
then y is said to be a many- or multiple-valued function of x; e.g. in 
the second example of Art. 1, y? = a?—#? and y= + V(a?—2). To 
each value of x correspond two values of y equal in magnitude and 
opposite in sign ; therefore y is a two-valued function of x In this 
case, if only real values of y are to be considered, x must not be 
numerically >a. If #2? > a, y will be imaginary. 

If y3—6y?+1ly =~, to each value of # correspond three values 
of y obtained by solving this equation of the third degree ; therefore 
y is a three-valued function of a. 

For example, if # = 6, we have 

y>—6y?+ 1ly—6 = 0, whence y= 1 or 2 or 3. 
B2 
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If y=tan-!z, i.e. an angle whose tangent is 2, then to each 
value of x corresponds an infinite number of values of y; e.g. if 
x=1, y may be 45° or may differ from 45° by some multiple of 
180°, i.e. y= 45°+n.180°, where m may have any integral value, 
positive or negative. 


4. Implicit functions. 
If x and y satisfy the equation ' 
xe +ary+y* = a’, 

it is clear that, if a value be assigned to 2, the equation becomes 
a quadratic from which two values for y can be calculated; therefore — 
y is a function of a Similarly, any equation connecting x and y 
determines y as a function of 2, although it may not be possible 
actually to effect the algebraical solution of the equation. In this 
case, y is said to be an implicit function of x. 

The following equations give y as an implicit function of x: 

+ 38ary+y = a’; cosx+ay = bsiny; y = ax log {y/x). 

If the equation be solved for y in terms of 2, or if the equation 
be given in the form y = f(x), an expression involving x only, then 
y is said to be an explicit function of x, or to be expressed explicitly 
in terms of z. 

In some cases, the change from one method of expression to the 
other is quite easy. For example, the equation #?+y? = a* gives 
y as an implicit function of 7; the equation can be at once solved, 
and gives y = + /(a?—2?) as the explicit expression of y in terms 
of x. 

Again, the equation 2ay+3y—32+4+4= 0 expresses either y as a 
function of , or x as a function of y implicitly. But, solving for y, it 
gives y = (82—4)/(2x4+8), an explicit function of 2; and solving 
for x, it gives x = (3y+4)/(8—2y), an explicit function of y. In 
other cases the change is difficult or impossible (as in the three 
examples given above). 


6. Odd and even functions. 


An even function of # is one which is unaltered when « changes 
sign; e.g. cosa, x'4+x2?+42, and any algebraical expression which 
contains only even powers of 2. 

Generally, if f(a) is an even function of x, then f(—2) = f(z). 

An odd function of # is one which merely changes sign when 
a changes sign; e.g. sina, tana, 2°4+8a, and any algebraical 
expression which consists entirely of odd powers of 2. 
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Generally, if f(x) is an odd function of x, then f(—«) =—f (x). 
An odd function of « must vanish when x = 0; for if 


f(—2) = —f (a), 
then, when x= 0, we have /(0) = —/(0), whence /(0) = 0. 
[Functions such as 8sinz+2cosa, 2°+8x2+410, in which some 
of the terms change sign and some are unchanged when 2 is replaced 
by —2, are neither even nor odd. ] 


6. Inverse functions. 


If y is given as a function of 2 by an equation y=/(x), then 
it is often possible to solve the equation for # in terms of y, and so 
obtain x expressed as a function of y in the forma=¢(y). These 
functions are said to be inverse functions. 

E.g. (i) if y =(8”+42)/(2x2-3), we have 2xy—8y = 3x42, 

.. x(2y—3) = 38y4+2, and « =(8y+2)/(2y-3); 
(i) if y=a?-4, m= 4 V(44y); 
(iii) if y= 10°, x slog y; 
(iv) if y=tana, x=tany; 
(v) ify=27?, Y=o2 and x= y, 

As will be seen from these examples, both functions may be one- 
valued, or both many-valued, or one of them many-valued and the 
other one-valued. 


7. Algebraical and transcendental functions. 

If y= ax"+bx"*"-14 ... +k, where a, b,...k are constants (some 
of which may be zero), and n a positive integer, then y is said to 
be a rational integral function of x, or a polynomial in x. 

If y is equal to a fraction whose numerator and denominator 
are both of this form, it is said to be a rational function of x, or 
a rational algebraical fraction. 

If y can be expressed in an equation of the form 

Py" + Qy” 14... = 0, 
where P; Q,... are rational integral functions of x, then y is said to 
be an algebraical function of x. 

Functions of x which are not algebraical, ag. sina, log, a’, 

tan-!a, are said to be transcendental functions of x. 


Examples I. 


1. If f(a) =2a°—827-5x+4, find the values of f(1). £(2), £(0), S(-1)s 
J(—5). 

2. If f(a) = (x—1) (5—2)/(e+1)', find the values of (2), £(1), £(0), 7 (26)s 
J (@-1), f(- 2). 
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3. If f(a) = (a—1)(a*—4), prove that f(1), f(-1), £(2), f(-2) are 


all zero. 
4. If f(a) =az?+bate, find f(v+1), f(a—1), f(e@th)—f(@). 
5. If f(x) =a”, prove that f(m)xf(n) =f(m+n), 
I (m) =f (n) = f(m—n). 
6. If f(x) = log ax, prove that 
(i) f (abe) = f(a) +£(b) +f (0) 5 

(ii) (a/b) =F (a) -F (0); 

(aii) f(a") = nf (a). 
7. If f(x) =tang, prove that f(a+y) = oat 


8. Classify the following functions as ‘even’ or ‘odd’ functions of x: 
cotx, seca, cosecx, (x—1)?+(%+1)%, (a2 +1)?—(#5-1)?, x/(1+2”), 
sin2x, sin’x, cos2a, x(x-2)(4+2), a*+a-*, xsin “r, x COS &. 

9. Express y explicitly in terms of # in the pone ne cases : 


(i) #+y3 = a, (ii) 2 oy =a'‘+b4, 
(ili) logytloga= log a, (iv) y7+2ay—x’?=0, 
(v) asiny+b = ca, (vi) aay+ba+cy+d = 0. 


10. Transform the following into implicit relations between x and y, free 
from fractions and radical signs: 


(i) y = (8 2—2)/(2xe—-1), (ii) y = (a*—2)", 
Gy os ee (iv) y= log {x/(1 +27}, 
v) y=a+ /(1-2’), (vi) y = sin (x/a). 


11. Given the following functions, find in each case the corresponding 
inverse function: 


(i) y= 24, (ii) y=14+4/2, (iii) y = cos2z, 
(iv) y=a* (v) y= atan’2, (vi) y =V/(a"—2"), 
(vii) y= (5-2), (vill) y= 2x2"), (ix) y= 42/1), 

(x) y= flog. (+1). 

12. In each of the first nine examples of Question 11, state how many values 
of y correspond to each value of aw, and for what values of y is defined ; 
also, in the inverse functions, how many values of x correspond to each 
value of y; and for what values of y « 1s defined. 


8. Graphs. 


A general survey of the relation between the variable x and the 
function y can be obtained by drawing the graph of the function. 
If we suppose that « increases through a given range of values, and 
calculate the values of y corresponding to different values of # within 
this range, we shall, by plotting on squared paper the points which 
have these corresponding values of # and y as coordinates, obtain 
a series of points; the locus of these points is called the graph 
of the function. For an account of the theory of continuous 
-number and a discussion of the question as to whether and under 
what circumstances a function can be represented by a continuous 
curve, the student is referred to more advanced treatises. The 
functions which occur in such applications of the calculus as it is 
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proposed to deal with in this book, usually have graphs which can 
be easily drawn and which give a general view of the variation of 
the function. 

It will be taken for granted that the student is already familiar 
with as much of the theory and construction of graphs as is now 
generally included in text-books on elementary algebra, including 
the plotting of graphs of the functions y= av+b, y= ax?+bate, 
x*+y? = a*, together with their simpler properties; and also with 
the graphs of the circular functions sinw, cosa, tana, &c. 

In many examples in the Differential and Integral Calculus it 
is necessary, or at least advisable, to draw roughly the graph of 
a function, and some more examples of a rather less elementary 
type will now be considered. 


9. Examples of graphs. 

The graph of any function can be obtained by simply plotting 
a sufficient number of points, taking x=0, +1, +2, ... in turn, 
with intermediate values when necessary, until enough points are 
obtained to show all the various branches of the graph, and then 
drawing a curve freely through them; but in most cases a great 
deal of information as to the shape and limitations of the curve 
can be obtained by examining the equation. This should always 
be done first, and the following examples are chosen so as to 
illustrate this. 

Q).9* = I6z. 

Here the first fact we may notice is that, 
corresponding to any positive value of x, there 
are two values of y which are equal in magni- 
tude and opposite in sign (e.g. if = 4, y 
may be either +8 or —8), ie. taking any 
point on the axis of # to the + side of the 
origin, we get two points of the graph by 
measuring equal distances upwards and down- 
wards perpendicular to the axis of ; this 
shows that the curve is symmetrical about the 
axis of x. 

The next fact to notice is that if x be —, 
y? is —, and therefore y is imaginary, i.e. no 
points are obtained for negative values of , 
and therefore the curve lies entirely on the positive side of the axis of y. 
It clearly goes through the origin, since y= 0 when #=0, and 
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since values of x, however large, always give real values for y, it 
extends to an infinite distance. Now by taking a few numerical 
values, e.g. 7 = 1, 2, 3, ..., the graph can be drawn fairly accurately 
(Fig. 1). 

(ii) feet dy? = 1. 

Here iy? = 1—+;2? and, as in the preceding case, the curve is 
symmetrical about the axis of 2, since to any value of # correspond 
two values of y equal in magnitude and opposite in sign. Similarly, 
to any value of y correspond two values of # equal in magnitude 
and opposite in sign, therefore the curve is symmetrical about the 
axis of y also. 

The next fact to notice is that if # is numerically > 4, 3y? 
is — and therefore y is imaginary; similarly, if y is numerically 
> 8, x5”7 is — and wis imaginary ; therefore the curve lies entirely 
within the rectangle formed by the straight lines x= +4, y= +3. 

[The symbol |x| is used to denote the numerical value of z, 
so that |x| < 3 means that x is between —3 and +38, and therefore 
x? <9; |x|>4 means that x is either > 4 or < —4, and therefore 
a> 16; 

Taking «=0, 1, 2, 8, 4, and remembering that the curve is 
symmetrical about both axes, the graph can easily be drawn (Fig. 2). 


Y(O3) 


(4.0) X(4,0) 


O;3) 
Fig. 2. 


il) jexel /x or) ag 4: 

The graph of this equation is not symmetrical about either axis 
of coordinates. In this case, for all values of # a change in the sign 
of x produces a change in the sign of y without altering the 
numerical value of y; if w is +, y must be +, and if w is -, y 
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must be —. The graph therefore lies entirely in the 1st and 38rd 
quadrants; it cannot extend into the 2nd and 4th quadrants because 
there # and y have opposite signs. [Similarly the graph of 
y = —1/c lies entirely in the 2nd and 4th quadrants. ] 

The graph is said to be symmetrical about the origin; for if any 
point (#, y) on it be joined to the origin and the joining line be 
produced to.an equal distance on the other side of the origin, i.e. to 
the point (—2, —y), this point is also on the curve; in other words, 
any chord of the curve through the origin is bisected at the origin. 
[This property is evidently true of the graph of any odd function 
of x. | 


Fig. 3. 


As x gets greater and greater, y gets less and less [when x= 1, 
10, 100, 1,000,000, y = 1, °1, °01, °000001 respectively, and so on], 
and can be made as small as we please by taking x sufficiently large; 
but, however large x be taken, y never becomes quite equal to zero. 
Therefore the curve is constantly approaching the axis of a, but 
never quite reaches it, i.e. the axis of x is an asymptote to the curve. 

An asymptote to a curve is a tangent whose point of contact is 
at an infinite distance, i.e. a line which is continually approaching 
a curve, but yet which never quite meets it. 

The equation may also be written «=1/y, and therefore, by 
a similar argument, the axis of y is also an asymptote (Jig. 38). 
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(iv) y= 2°; y=a'*; and generally y= 2”. 

These curves evidently go through the origin, and also through 
the point (1, 1), since (0, 0) and (1, 1) satisfy the equation y = 2” 
whatever be the value of n. 

In the first equation, if # changes sign, y changes sign also ; 
therefore as in the preceding example (iii), the graph is symmetrical 
about the origin and lies in the 1st and 8rd quadrants only. 

If a is between 0 and 1, y (i.e. x3) is less than 2, and therefore the 
graph is nearer to the axis of w than to the axis of y. But if¢ > 1, 


Fig. 4. 


y is greater than a, and the graph is nearer the axis of y; moreover, 
as soon as x passes the value 1, y increases rapidly, and the curve 
rises steeply. 

In the second equation, the values of x corresponding to given 
values of y always occur in pairs, equal in magnitude and opposite 
in sign; therefore the curve is symmetrical about the axis of y, 
and y, being equal to an even power of 2, cannot be —. Therefore 
the curve is confined to the first two quadrants In the first 
quadrant, between «= 0 and 4 =1, the second graph is below the 
first, since for such values of 2, at < a3; if x >1, the second graph 
is above the first, since x is then greater than 2°. The two graphs 
cross each other at (1, 1) (Fig. 4). 
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In the general case, y= a”, if m be an odd integer, the graph 
is similar to that of y = 2°; if m be an even integer, the graph is 
similar to that of y=. All the curves go through the origin 
and through the point (1, 1). The greater the value of n, the flatter 
the curve is near the origin, and the steeper after passing (1, 1); 


a 6 


1,1) (OZ 


(Ci, (1,-i) 
Fig. 5.* 


i.e. the graph for any value of m is below that for any smaller 
value of » between the origin and (1, 1), and above it after passing 
through (1, 1). 


If y = x, where n is a positive integer, then a” = y, and the graphs bear 
the same relation to the axis of x as those described above bear to the axis 
of y; i.e. the graphs of y= a" and y"=«2 are symmetrical about the bisector 
of the angles XOY, X’OY’ between the axes, or, as it is often expressed, one 


* The figure shows the relative positions of the graphs, but their distances 
from the lines y= +2 are rather exaggerated, in order that they may be 
distinguished one from another more readily, 
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graph is the reflexion of the other in the bisector of the angle XOY. [This 
property is true of the graphs of all inverse functions, e.g. y= a" and y= 2’, 
the two functions just mentioned; y=sinz and y=sin"a; y=a" and 
y = log.x; &c.) 

If y =2"/%, where p and q are positive integers, the graphs are. obtained 
in asimilar manner. They all go through the origin and the point (1, 1). 
If p and q be both odd, the graph lies in the Ist and 3rd quadrants; if p 
be odd and q even (as in y = x9”, i.e. y? = 2°), the graph, being symmetrical 
about the axis of x, is in the Ist and 4th quadrants; and if p be even and q 
odd (as in y= «7/8, i.e. y’ = 2”), the graph, being symmetrical about the 
axis of y, is in the lst and 2nd quadrants (Fig. 5). If p/qg>1, the graph 
between the origin and (1, 1) is below the straight line y = x; if p/q<\|, it 
is above the straight line y = x. 


22 
(v) y= Tots 
In this case it is evident, since x? is always + for real values 
of x, that y is always +, and the curve is confined to the first two 
quadrants; next, that since x? is always +, 1+2? must be > 2’, 
and therefore y is always < 1. Hence the graph lies entirely in the 
strip between the axis of z and the parallel straight line y = 1. 


Fig. 6. 


Again, the values of x corresponding to assigned values of y always 
occur in pairs equal in magnitude and opposite in sign, since the 
equation only contains even powers of 2; therefore the graph is 
symmetrical about the axis of y. The eurve goes through the 
origin, and in the neighbourhood of the origin y is much less than 2; 
eg. if #=°l, y='01/1°01 = 1/101; therefore near the origin the 
graph keeps close to the axis of x As x gets larger and larger, 
y gets nearer and nearer to 1, as is evident when the equation is 
written in the form y = 1/(1+1/z?); the term 1/z? in the denomi- 
nator becomes less and less as a increases, and can be made as small 
as we please. Therefore y can be made as near to 1 as we please 
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by increasing 2 sufficiently ; hence the line y= 1 is an asymptote 
to the curve (Fig. 6). 
5 x 

Ne ear 

As in the preceding example, the curve goes through the origin, 
and is symmetrical about the axis of y. In this case we have 
another point to consider: are there any finite values of which 
make y infinite? It is plain that y becomes infinitely large if 
x*=1, i.e. if = +1 or —1; these lines are obviously asymptotes. 


Fig. 7. 


If x is slightly less than 1, y is very large and +; if @ is slightly 
greater than 1, y is numerically very large and —. Hence the 
curve rises from the origin to the asymptote x= 1, and then on 
the other side of the asymptote reappears from the other end of it. 

When x>1, y is —, and since it can be put into the form 
1/(1/z?—1) it approaches the value 1/(—1) as 2 increases, and can 
be made as nearly equal to —1 as we please, since 1/x? can be 
made as small as we please by taking x large enough. Hence the 
line y =—1 is also an asymptote (Fig. 7). 

342 
2-2 

This curve is symmetrical about the axis of 2, but not about the 

axis of y. If «> 2, y* is — and y imaginary; therefore the curve 


(vii) y? = 2. 
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does not extend to the right-hand or positive side of ~=2. If 
x<-—8 (i.e. between —3 and —o), y? is — and y imaginary ; 
therefore the curve does not extend to the left-hand or negative side 
of x=—8. Hence it lies entirely between a =—8 and x= 2. 
Again, y becomes infinitely large as x approaches the value 2; 
therefore = 2 is an asymptote, and evidently no other value of x 
except 2 can make y infinite. Also y=0O when «= 0 and when 
x= —8. 

Hence the curve, being symmetrical about the axis of 2, consists 
of a loop between «= -—8 and the origin, and approaches the 
asymptote # = 2 both upwards and downwards. 

The width of the loop can be obtained roughly by plotting the 
points for which x=—1, —2. When x=—1, y= +58 nearly; 
when #=—2, y= +1; also when c= 1, y= +2 (Fig. 8). 


€3,9) 


Fig. 8 


(viii) y= 3a4+1/a. 

This curve is not symmetrical about either axis, but y changes 
sign without changing its numerical value when 2 changes sign, and 
both are + or both —. Therefore the curve is symmetrical about 
the origin, and lies in the Ist and 8rd quadrants only. 

Next, y becomes infinitely large as x approaches 0; therefore 
the axis of y is an asymptote as in Example (iii). 

There is also another asymptote obtained as follows: as « 
increases, 1/” decreases and can be made as small as we please by 
taking # large enough; hence the equation of the curve becomes, 
very nearly, y = 4 when « is very large, i.e. the curve approaches 
more and more nearly to coincidence with the straight line y = 42 
as % increases indefinitely ; hence y=} is an asymptote. Since 
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y is always a little more than 3” (when a is +), the curve lios 
(in the first quadrant) above the asymptote. Therefore, being 
symmetrical about the origin, it consists of two branches in the 
two acute angles between the axis of y and the straight line y = }a 
(Fig. 9). The curve is a hyperbola whose asymptotes are not at 
right angles. 

It will be seen later (Chapter VI) how the exact width of the loop 
in the preceding example, and the exact position of the points nearest 
to OX in the present example, can be determined. 


Fig. 9. 


10. Questions connected with curve-drawing. 

From these examples it will be seen that the following are the 
chief questions the student should ask himself when starting to 
draw the graph of a function: 

(i) Is the graph symmetrical about either or both axes ? 

(It is symmetrical about the axis of x if its equation contains 
only even powers of y; and about the axis of y if its equation con- 
tains only even powers of 2 Note that the graph of any even 
function of x (Art. 5) is symmetrical about the axis of y.) 

(ii) Is the graph symmetrical about the origin ? 

(It is symmetrical about the origin if a change in the sign of a 
causes a change in the sign of y without altering its numerical value. 
If # and y are both + or both —, it lies in the Ist and 8rd quadrants ; 
if one is + and the other —, it lies in the 2nd and 4th quadrants. 
Note that the graph of any odd function of « is symmetrical about 
the origin.) 
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(iii) Are there any values of # which make y? negative and there- 
fore y imaginary (or any values of y which make x imaginary) ? 
(This often limits to a great extent the range of values of x 
which have to be considered in the actual plotting.) 


(iv) Where does the curve cut the axes? 
(It cuts the axis of where y= 0, and the axis of y where 
x=0. It goes through the origin if y= 0 when w= 0.) 


(v) What values of x make y infinite, and what values of y make 
% infinite ? 

(This gives the asymptotes parallel to the axes. If y is given 
as an explicit function of x, it is often useful to solve the equation 
for x (or «*) in terms of y. E.g. in Example (v) solving for x7, we 
get 2? = y/(l—y); whence z is imaginary if y > 1 and infinite when 
y = 1, and therefore y = 1 is an asymptote.) 


(vi) What is the value of y when x becomes infinitely large (or of 
x when y becomes infinitely large) ? 

(If y tends to a constant finite value as in Examples (v) and (vi), 
this gives an asymptote parallel to the axis of x; if y tends to an 
expression of the form av+b, as in Example (viii), this gives an 
oblique asymptote.) 


(vii) If the curve goes through the origin, then, in the neighbour- 
hood of the origin, is y very small or very large compared with 2, 
or is the ratio y/z finite? 

(In the first case, the curve keeps close to the axis of # on 
leaving the origin, as in Example (v); in the second case, it keeps 
close to the axis of y, as in y? = 2, where y°/z* = 1/z, therefore 
y/xz is very large when @ is very small. 

Again, in y? = 27/(1+2?) we have y?/x? = 1/(1+ 2’); therefore 
near the origin y/x is nearly 1, and the direction of the curve at the 
origin bisects the angle between the axes.) 

As will be seen later, a determination of the maximum and 
minimum vaiues of the ordinate, and of the points of inflexion of 
a curve, by an elementary application of the principles of the calculus, 
is often of very great assistance in drawing the graph of a function. 

[For examples see p. 23. ] 
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APPENDIX TO CHAPTER I 
Conic SECTIONS* 


We have discussed in Art. 9, Ex. (i)-(iii) particular cases of the equations 
of the parabola, ellipse, and hyperbola. As we shall frequently have 
occasion to refer to these curves and their equations, a short discussion 
of the equations is here appended, for the benefit of the student who has 
done but little Analytical Geometry. 

A conic section or conic may be defined as the locus of a point which 
moves in a plane in such a way that its distance from a fixed point in 
the plane (called the focus) bears 
a constant ratio e (called the 
eccentricity) to its perpendicular 
distance from a fixed straight line 
in the plane (called the directrix), 
If e=1, the conic is a parabola; 
if e<1, an ellipse; if e>l,a 
hyperbola. 


(a) The parabola. 


The equation of Ex. (i) is a 
particular case of the simplest 
form of the equation of a para- 
bola. 

Let 2a be the distance SX 
feel0) oc the tens oof a as 
parabola from the directrix XK; Fig. 10. 
the middle point A of SX is 
equidistant from S and the directrix, and is therefore a point on the 
locus. 

Let (x, y) be the coordinates of any point P on the curve, referred to AS — 
and the perpendicular to 4S through A as axes, and let PK, PN be perpen- 
dicular to the directrix and axis of x respectively. 

Then 
y? = PN? = SP?— SN? = PK?—SN* = XN?-—SN? = (a+ x)?—(a—2)? = 402; 
i.e. y? = 4a is the equation of the curve. 

Geometrically, this takes the form PN? =4AS. AN. 

If the axis of the parabola be the axis of y, the relation PN? =44S. AN 


* A useful collection of formulae, geometrical and analytical, is given in 
Workman, Memoranda Mathematica (Clarendon Press, 5s. net), 


1628 Oo 
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becomes x? = 4ay, A being taken as the origin. If in Fig. 11 A be the 
point whose coordinates are (h, &) and the axis of the parabola be parallel 
to the axis of y, PN=a-h, AN=y-k, and the equation becomes 
(x—h)’? = 4a(y—k), 
eee 
“da Ger tear 
which is of the form y = Av’?+ Ba+C. 
Conversely, any equation of the form y = az?+ba+e may be written 
4ac— B 
-) lag = a: me 


. (or B= 1(o A) 


Fig. 11. 


and therefore represents a parabola of latus rectum 1/a, whose axis is 
parallel to the axis of y, and whose vertex is the point —b/2a, (4ac—b?)/4a. 

Also, y is numerically very large when x is numerically very large, and 
is + or — according as a is + or —; therefore the vertex of the parabola 
is the lowest or highest point of the curve according as a is + or —. 


(b) The ellipse. 


The equation of Ex. (ii) is a particular case of the equation of an ellipse 
in its simplest form. 

Let SX (Fig. 12) be the perpendicular from the focus S of an ellipse to 
the directrix ; if SX be divided internally at A and externally at A’ in the 
ratio e:1,sothat SA =e. AX and SA’ =e, A’X, then A and 4’ will be points 
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on the ellipse. Take C, the middle point of 44’, as origin and CX as 
axis of a. 
Since SA’ =e. A’X and SA =e. AX, we obtain, by adding, 
SA’+SA = e(A’X+ AX); 
and, by subtracting, S4’—SA =e(A’X—AX); 
i.e. 2CA=e.2CX and 20S =e.2CA4, 


or denoting CA by a, 
CS=ae and CX =a/e. 


Let (x, y) be the coordinates of any point Pon the curve; and let PN, PK 
be drawn perpendicular to CX and the directrix respectively. 
Then SN?+ NP? = SP? = e’. PK? (from the definition of an ellipse) 
ier NAG 
(ae—x)*+y? = &(a/e—-x)?, 
a@e?—Qaex+a*+y? = a? —2aexrt+ 27, 
x (1—e)+y? =a*(1—e’); 
2 3 


se La 
at a’ (1 —e?) “ 


B 


! 


B 
Tig. 12. 3 


Denoting a3(1—e?) by b?, we have the equation 
aE i) 
Gore 
as the equation of the ellipse. 
Putting 2 = 0 in this equation, we have y’/b? =1 and y= +03. 
.. bis the length of the intercept which the curve makes on the axis of y. 
Since the curve is symmetrical about the axis of y, there will clearly be 
another focus S’ and another directrix KX’, symmetrical about CB with $ 


and KX. 


2% 


(c) The hyperbola. 
The equation of Ex. (iii) is a particular case of the equation of a rect 


angular hyperbola in its simplest form. 
c2 
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If we proceed in the case of the hyperbola exactly as in the case of the 
ellipse, we get two points A, A’ on the curve on opposite sides of X, since e is 
now >1; the relations CS = ae and CX =a/e will still be true, and just 
as before we shall arrive (remembering that e>1) at the equation 


x? y 2 1 


@ a(é-1) ~ 
Denoting a?(e?—1) by b?, we have 
oy 
a 
as the equation of the hyperbola. 
Putting 2 = 0 in this equation, y?/b? = —1; therefore the curve does nut 
cut the axis of y in real points. 
It is symmetrical about both axes as in the case of the ellipse ; the equa- 
tion may be written 


1 


Pees 
Be a 


whence, if |z|<a,y is imaginary. All values of || >a give real valuee 


=H: 


Fig. 13. 


of y; therefore the curve consists of two branches extending from (+a, 0) to 
infinity as in Fig. 13. Since the curve is symmetrical about the axis of y, 
the hyperbola also has another focus S’ and another directrix X’K’ sym. 
metrical about this axis with Sand XK. 

If b? =a’, ie. if e?-1=1 and e= 4/2, the hyperbola is said to be 
equilateral or rectangular. The preceding equation then becomes 2? —y? = a?, 

If the axes are turned through an angle of 45°, this equation takes 
another very simple and convenient form. 
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Change of Axes. The effect of rotating the axes about the origin 
through any angle @ is obtained as follows: 

Let OX, OY (Fig. 14) be the original axes, OX’, OY’ the new axes, and let 
the angle XOX’ =YOY’= 9. If (a, y) be the coordinates of P referred to 
the original axes, and (2’, y’) the coordinates of P referred to the new axes, 
then 

x = OM = OK-—HM’ = OM’ cos6—M’Psin# = x’ cosé—y’ sind; 
y = MP = KM’+ HP= OM’siné+ M Pecosé = 2’ siné+y' cos. 

Taking the case of the rectangular hyperbola, in order to bring the curve 
from the position of Fig. 18 into the position of Fig. 3 relative to the axes, 
it is necessary to turn the axes through an angle of 45° in the clockwise 
direction. Therefore, putting @=—45° in the preceding results, we have 


cos = 1/,/2, sind = —1/,/2, x = (2'+y’')//2, y = (-2' ty’)/V/2, 


Fig. 14. 


and the equation becomes 3 (x’+y’)?—2(-—2’+y’)? =a’, which reduces to 
22'y =a’. 
Thus the equation of a rectangular hyperbola takes the form 
ay=ta) 
when referred to its asymptotes as axes. 

When the equation of the hyperbola is obtained in this form, the existence 
of its asymptotes follows at once as in the particular case on p. 9. 

[Every hyperbola hasa pair of asymptotes, and its equation can be obtained 
in a form similar to the preceding by taking the asymptotes as axes, but it 
is only in the case of the ‘rectangular’ hyperbola that the asymptotes are 
at right angles, and it is to this property that the name is due.] 


(d) General equation of the second degree. 


It is proved in text-books on Analytical Geometry (e.g. A. C. Jones's 
Algebraical Geometry, Ch. V1) that the general equation of the second degree 
ax? + 2hay + by? +29a+ 2fy+e=0 (i) 

always represents a conic,” and that the equation az? + 2hxy+ by’ = 0 repre- 


* This fact often furnishes guidance in drawing the graph of a function. 
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sents two straight lines through the origin parallel to the asymptotes of the 
conic. A conic is a parabola (including the case of two coincident straight 
lines), an ellipse (including the case of a circle), or a hyperbola (including 
the case of two intersecting straight lines) according as the asymptotes are 
coincident, imaginary, or real. Hence an equation of the second degree 
represents a parabola, ellipse, or hyperbola according as the factors of the 
terms of the second degree are coincident, imaginary, or real. Therefore 
equation (i) represents a parabola, ellipse, or hyperbola according as h?—ab 
is zero, negative, or positive. 
For example, the equation 
_ ant Db 

Y catd 

when cleared of fractions, becomes 
cay -—ax+dy—b=0, 

and it follows immediately from the preceding condition that the graph is 
a hyperbola. 


Similarly, 
& ax’ +ba+e ; 
Me+nN 
being of the second degree, represents a conic. Therefore since it obviously 
has a real asymptote « = —n/m, it must represent a hyperbola. 


Again, if the term ay be absent from an equation of the second degree, the 
equation represents an ellipse or a hyperbola according as the coefficients of 
x’ and y’ have the same sign or different signs, 


(e) Polar coordinates. 


Any quantities which determine the position of a point in a plane are 
called coordinates of the point. The position of a point in a plane is fixed 
relative to two fixed straight lines at right angles in the plane, if the 
distances of the point from these two lines are given. These are the coor- 
dinates which we have used in the preceding chapter, and which are known 
as rectangular, or sometimes as Cartesian coordinates (from the fact that 
they were first introduced by Descartes). We will now consider briefly 
the system of coordinates which comes next in order of simplicity and 
importance, 


Fig. 15. 


If (Fig. 15) O be a fixed point in a fixed straight line OX, the position of 
a point P is determined relative to O and OX if the length of OP and the 
magnitude of the angle XOP be given. These quantities are denoted by r 
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and 6 respectively, and are called the polar coordinates of the point P. OPis 
called the radius vector of P, and XOP the vectorial angle. 

If the coordinates (r, 6) of a point P satisfy a given equation, different 
positions of the point P can be plotted, by assigning values to 6 and 
calculating the corresponding values of »; and their locus will be a curve. 
The given equation is called the polar equation of the curve. Ifa straight 
line OY be drawn perpendicular 
to OX, there are very simple 
relations between the polar co- Pp 
ordinates of the point P and its 
rectangular coordinates referred 
to the axes OX, GY. It is evident 
that xw=rcosé, y=rsing; 
these equations give the rect- 
angular coordinates in terms of 
the polar coordinates. Conversely 
the equations r= /(x?+y’), 
6 = tan“ (y/x) give the polar co- 
ordinates in terms of the rect- 
angular coordinates. 


Polar equation of a circle. Fig. 16. 


The equation of a circle in 
polar coordinates admits of a very simple form if a point on the circum- 
ference be taken as origin, and the diameter through the point as 
initial line. 

For, if @ be the radius, it follows immediately from Fig. 16 that 

r= OP = O0Acosé = 2acos8, 

which is the polar equation of the circle. 

Examples of the plotting of curves from their polar equations will be 
found in Chapter XVII. 


Examples II. 


Draw the graphs of the following functions: 
lLy=e; y= —2?; y= 2t+e?; y= 2-2’, 
2y—e8; gate; yea, oats yl= 2 
3. at+y7=16; 27+4y?=16; 4a7%+y?=16; 2v’-y?= 16. 
4.y=1/27; y=1/xe; yvH=l/e; yr=1/z. 


— z . —_ z 
Bahitalis og bee 


ne 


6. y2= 27 (16-27); y? = 2/(16 —2”). iy =; ies 


8. y = 42; y=4a-Q/e; y= ¥x—-2/xe+1. 
x?(4—2) s. 2 (4-2) pO aes _ (2-2). 
= “355° ie > = 3+ ae 10. y = (2-2) 5 y = 


ey? 
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x41 Pen, 5 eit 
un! =a ~ gtd" pe hams 7 iat 
1 4-2 x 
ae gkees flies , ides : a 
13. y= 4-4 pind ges 14. y ae Ca 
a oe oe gi Fe eB a ees) 
SR pla weno, i im 
2 

17. y= 27 (5-2); y=. 1s. a?-4y7=9; 4y?-2? = 9. 

19. y?= 27 (8-2) (@-3);  y2=a(x-3)(x-8); y= x(x-3)%, 

20. Prove that in the parabola y? = 4az, the length of the chord through 
the focus perpendicular to the axis (in any conic, this chord is called 
the latus rectum) is 4a. 

21. Prove that the length of the latus rectum of an ellipse or hyperbola 
is 2b/a. 

22 Prove that in an ellipse, SP+S’P=2a, and that in a hyperbola, 
SP ~S’P = 2a. 

23. Draw the graphs of zy=12; a’y2=12; ay=abs; afy? = a5, 

24. Draw the graphs of 

y=sineg; y=2sine; y=sin(Ar+x); y=sin(x—j7n). 

25. Draw the graphs of y=2sin’x; y=1+cos2z. 

2é. Draw the graph of y=sinx+cosxz. [Draw the graphs of sinz and 
cos on the same diagram, and then a third graph whose ordinate 
at any point is the sum of the ordinates of the first two graphs at the 
same point.] Also of y= sinaw—cosa. 

27. Draw the graphs of y=sinxg+sin22; y=sinx+cos2z; 


y= cosx+cos2x; y=cosx+sin2a, 


CHAPTER II 


LIMITS AND CONTINUOUS FUNCTIONS 


ll. Mean rate of increase of a function. 


A change in the value of the argument (x) of a function will 
generally produce a change in the value of the function (y). If the 
change in y bears a constant ratio to the change in 2, i.e. if a given 
change in x always produces the same change in y, the function y 
is said to change at a constant rate ; if not, the function changes at 
a variable rate. The ratio of the increment in the function to the 
increment in the argument is called the average or mean rate of 
increase of the function with respect to its argument for that 
particular increment. Geometrically, if P and Q be two points on 
the graph of the function, and if PM be drawn perpendicular to the 
ordinate of Q (Fig. 17), 2Q/PM represents the mean rate of increase 
of the function for the increment PJ of the argument. 

From an inspection of the graph of a function, we can obtain 
a rough idea as to how the function is changing in the neighbourhood 
of any given value; where it increases rapidly, where slowly, where 
the mean rate of increase is changing rapidly, and so on. 

For instance, from the graph of y = x* (Fig. 4), it is evident that, 
in the neighbourhood of the origin, a small increase in x produces a 
much smaller increase in y; that the same increase in z in the neigh- 
bourhood of the point (1, 1) produces a larger increase than before 
in y; and that the same increase in # sometime after passing (1, 1) 
produces a very much larger increase in y; moreover, when & is 
negative, the same (algebraical) increase in x will produce a decrease 
in y. Hence the function a* increases slowly compared with # in 
the neighbourhood of the origin, rapidly compared with 2 after 
passing the value 1; decreases as 2 increases when & is negative ; 
and the mean rate of increase in the neighbourhood of a point is 
continually changing as the point moves along the curve. 

Again, from the graph of y = log,) 2, shown in Fig. 17, it is obvious 
at once that logarithms increase very rapidly as # increases from 
0 to 1, slowly after 2 passes the value 1, and more and more slowly 
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as ” goes on increasing. For instance, an increase of °09 in the 
value of x from °01 to °1 produces an increase of 1 in the value of y 
(from —2 to —1), whereas an increase of 9000 in the value of # from 
1000 to 10000 also produces only the same increase in the value 


Fig. 17. 


of y (from 8 to 4). The smaller the value of x, the more rapidly 
is y increasing with respect to x; the greater the value of a, the 
more slowly is y increasing with respect to 2. 

The important fact to notice is that the mean rate of increase of 
a function for a given interval varies from value to value. It is 
never constant save in one case, viz. when the graph is a straight 
line. This may be seen as follows: 


Fig. 18. 


If the mean rate of increase of y with respect to 2 is constant, 

then in Fig. 18, 
NyP,/P, No = N3P3/P, Ns, 

since these represent the average rates of increase of y for the 
increments M,M,, M,M, of x; whence, from the properties of 
similar triangles, it follows that P,, P,, Ps are collinear. Since 
any three points on the graph are collinear, the graph must be 
a straight line. 


LIMITS AND CONTINUOUS FUNCTIONS 27 


Hence y= ax+b is the only function of x whose mean rate of 
increase is constant. [The rate of increase of y with respect to x 
in this case is equal to a, since any increase in the value of 2 pro- 
duces an increase of a times as much in the value of y; if a is 
increased by h, y becomes a(x+h)+b, i.e. y increases by ah. ] 

We shall in Art. 19 explain what is meant by the ‘rate of increase 
of a function for a particular value of its argument’, 

In all other functions except the linear function ax+b, this rate 
of increase is constantly changing. For each value of 2, there is 
usually a definite rate of increase of y per unit increase of x; but 
as soon as the value of 2 is altered, this rate of increase is also 
thereby altered. It is the object of the Differential Calculus to find 
an exact measure of this rate of change of a function with respect 
to its argument for any value of the argument, and this measure is 
given by what is called the differential coefficient of the function. 

Before proceeding to the formal definition and the methods of 
evaluation of the differential coefficient of a function, it is necessary 
first to get clear ideas of a limit and a continuous function. These 
will now be considered in turn. 


12. Limits. 


Let y be a function of x; then to every value of # corresponds 
a value (real or imaginary) of y. If x takes in succession a series 
of values which gradually approach a fixed number a, then it may 
happen that the corresponding values of y gradually approach a fixed 
number b, and we may be able to make y as near b as we please by 
taking x near enough to a. This number b is then said to be the 
limiting value, or more briefly, the limit of y as ~ approaches a. 
The values of y may behave in the same manner if x takes a suc- 
cession of values which increase indefinitely ; in this case, 6 is said 
to be the limit of y when x becomes infinite. 

More precisely, if, as 2 approaches a value a, y approaches a value 
b in such a way that |y—b| can be made less than any assignable 
quantity by taking « sufficiently near a (and remains less for all 
values of x which are still nearer to a), then 0 is said to be the 
limiting value of y as w approaches the value a; this may be written * 

Lt y=. 


zZ>a 


* The symbol Lt y=» is used in many books, but that given above is 
z=a 
preferable because in many cases x cannot be taken equal to a; it can only be 
taken as near to a as we please without actual coincidence with it. 
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Similarly, if as 2 increases indefinitely, y approaches a value b in 
such a way that |y—b| can be made less than any assignable 
quantity by taking x sufficiently large (and remains less for all 
values of x which are still larger), then b is said to be the limiting 
value of y as x becomes infinite; this is written 
Liiyi= 0: 
ton ano) > 

As a rule, in the case of simple functions, the limiting value, when it 
exists, is the same whether x approaches a from above or below, but it is 
possible that the limit may be different in these two cases. E.g. the limit of 
the principal value (Art. 102) of tan—(1/x) as e>0 is +47 if x approaches 
0 from the positive side, and —37 if x approaches 0 from the negative 
side (see Fig. 29), since the angle in the first quadrant whose tangent is 1/x 
can be made as nearly equal to +47 as we please by taking x sufficiently 
small and positive; and the angle in the fourth quadrant whose tangent 
is 1/z can be made as nearly equal to —47 as we please by taking x 
sufficiently small and negative. 

These results might be written 


Lt tan7(1/x) = —47; Lt tan—!(1/x) = +47. 
z>0 O<n 
For another (geometrical) example, see Art. 14 (1), Fig. 22. 
Therefore, strictly speaking, the side from which x approaches a should 


be specified. If not, it may be taken that the limit is the same in both 
cases. 


13. Examples of limits. 
; x?—9 
(1) Find [ ¢ oe 


xr>3 


The value of this fraction is obtained at once by direct substitution 
for any value of x except «= +8. Denoting the fraction by y, we 
have when x= 0, y=8; when x=1, y= 4; when x= 2, y=5, 
but when # = 8, numerator and denominator both become zero, and 
we get y= 0/0, which is quite indeterminate [since any finite 
number multiplied by 0 gives 0]. Instead of taking a equal to 8, 
take a series of values for « which get nearer and nearer to 8 and 
ultimately differ from 3 by as small a quantity as we please (i.e. in 
the words of the definition, let ~ approach the value 8). 


o 1 = 9° _ (2°9)?-9 _ ul a Ole 
E.e, if « = 2°9, Y= Fons etm 
NC ae OO” es (2°99)?—9 9: “QQ. 
; : 2°999)?—9 
f r= D = (2°999)?—¢ = 92° =o y: 
ale 999, y 39993 2°999 +3 = 5'999; 


and 60 on. 
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Similarly, taking values of x which approach 3 from the other 
Side, we get 


if x= 3° EAE epee el. 
ifea3l, y= Si =3148=61; 

Abe OY WRG 0 ie ha aa, 
ife= 301, y= Gos = 801+8= 601; 
eae _ (8:001)?-9 rere 
if = 8001, y= “3.0973 = 8'001+3 = 6001; 


and so on. 


Both sets of values of y are approaching the number 6, and can 
evidently be made to differ from 6 by as small a quantity as 
we please by taking 2 sufficiently near to 38.* Hence the limit of 
(a?—9)/(~—8), as —>8 from either above or below, is 6. 

The result is obtained at once by dividing the numerator of the 
given fraction by the denominator; this gives +3, which evidently 
approaches the value 6 as x approaches 3. But the student will 
know from algebra that the division by x—3 is not permissible 
unless z—38 is different from zero; it is not permissible when 
xz = 8, and therefore we still have no value for the fraction when 
x= 8. [See further Art. 17 (5).] 

The above discussion furnishes a good illustration of the way in 
which a fraction may tend to a finite value when its numerator 
and denominator both tend to zero and, although in this case the 
value (of the limit when x—»3, not the value when 2 = 8) might 
have been obtained more simply by cancelling out the non-vanishing 
factor «—38, yet there are many cases in which there is no such 
common factor. It will be seen that differential coefficients are 
limits of fractions whose numerator and denominator both —0. 


(2) Recurring decimals furnish good illustrations of the meaning 
and nature of limits. We find, by arithmetic, the ‘value’ of ‘1 
to be $. 


Now °1 = ‘1111... J : : 


= + io? + i083 +... to infinity, and what 


is really meant is that the sum of m terms of this series, as n—> w, 
approaches the limit 4. 


(8+€)?-9 
(8t€)—3 
the difference between y and 6 is equal to the difference between x and 3, and 
therefore, in order to make y differ from 6 by less than any assigned quantity, 
it is only necessary to make 2 differ from 3 by less than the same assigned 
quantity. 


* Generally, taking + =3+¢, we get y= = (3+6)+3 =6+te; 
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The difference 
between } and the first term *1 is 1/90; 
sum of the first 2 terms “11 is 1/900; 
8 terms *111 is 1/9000; 
10 terms is 1/(9 x 10); 
100 terms is 1/(9 x 101%) ; 


” ” ” ” 
” 9 bP) ” 
ir) ” ” ” 
and so on. 
The difference between } and the sum of m terms of the series can 
be made less than any cuannte that may be specified, however 
small it may be, by taking a sufficient number of terms. 


@) Find | 4 [5 +5 aes at: + x} 


The series in the ble is a geometrical progression ; its sum 
to ” terms is, by the ordinary formula a(1—1r”)/(1—r7), equal to 
1—1/2". Asm becomes very large, 1/2” approaches the value zero, 
and can be made as small as we please by taking sufficiently large ; 
hence the sum of m terms of the series can be made as near 1 as 
we please. 


Therefore Lil: s += che ta] = ile 


Geometrically, if AB (Fig. 19) bea straight line of unit length, and if 4B 
be bisected in P,, P,B in P,, P,B in P;, P,B in P, and so on, 


Pi Pz Ps Pa Ps 


A B 


Fig. 19. 


the sum of ” terms of the given series is represented by 
AP +. Ps Po Py Pes; Ps bg cent bq Ca curbs 

and it is obvious that, as increases, P,, tends to coincide with B. P,, may 
be made as near to B as we please by performing a sufficient number of 
bisections, but since there is always a distance between P,, and B equal to 
half the last segment bisected, no finite number of bisections, however great, 
can make P,, coincide with B. B is the ‘limiting position’ of P,, and 4B 
is the limit of AP, as n> o, i.e. 1 is the limit of 


1 
$t+4434+...4 gn 28 N—> 00, 


It follows, from the definition of a limit, that the sum of n terms of the 
series can be made to differ from 1 by less than any assignable quantity. 
In this case, it is quite easy to determine how many terms must be taken 
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in order to make the sum differ from 1 by a given small amount. If the 
difference is to be less than o, 
then 1/2” is to be less than o. 
-. 2" must be >1/o, ie. >o—. 
-. taking logarithms, nlog2>—logo, and n> —loga/log2. 

If ¢ = 10, this gives n > 8821°9.... 

Therefore the sum of 3322 terms of the series will differ from 1 by a quan- 
tity less than 10, and evidently any larger number of terms will have 
a sum still nearer to 1. 


: V(8—2)— V(*«—1) 
(4) Find Ls Sa 
If 2 be substituted for 2 in this expression, the numerator and 
denominator both become zero, and we again get the meaningless 
expression 0/0. Ifthe numerator of the given fraction be rationalized 
by multiplying numerator and denominator by /(3—2)+ v/(«—1), 
the result is 


(8—2)—(x—1) Ps 2 (2—2) 
(6-32) {V(8—2)+ v7 (e—-1)} 3 (2—2) {V (8—2) + V («@—1)} 
2 


= 3 {/B—a)+ V (e@—D}’ 
provided z is not exactly equal to 2 [see Example (1)]. 
2 
As x approaches the value 2, this approaches the value Si +1)’ 
i.e. 3. Therefore the limit of the given expression, as x —> 2, is i, 
but the expression has no value when « is equal to 2 exactly, or it 
is undefined for the value z = 2. 


(5) Limits of x/a and a/x when x—>0 and when r—>o. 

It is evident that the value of the fraction x/a diminishes with 2, 
and can be made as small as we please by taking 2 sufficiently 
small; this is expressed by the statement Lt x/a = 0.* 


z>0 
Similarly, the value of the fraction z7/a can be made as large as 
we please by taking wx sufficiently large; this may be expressed 
as Lt z/a=o. 


zZ>w ; 
Infinity, not being a definite value, is not a limit in the sense of 
the definition at the beginning of this article: strictly, x/a has 
no ‘limit’ as z—>o, but Lt z/a=o is a convenient symbolic 


rao 


* In this case the limit coincides with the value when = is actually equal to 0. 
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statement of the fact that «/a can be made as large as we please 
by taking a sufficiently great. 
Similarly, we may say that Lt #/(z—a) = 
u>a 


Again, the value of the fraction a/x can be made less than any 
assignable quantity by taking # sufficiently great, and greater than 
any assignable quantity by taking sufficiently small. These facts 
are expressed symbolically as follows: 

Ltta/e=0; = a/a = me 
xz 


Pee aoe) 


(6) Find Lt 2”/n! [a a fixed number}. 
nro 

This may be written 
e x 2 x x Z : 
PR aie SORES (| 

Now, however large x may be, since it is fixed, and m undergoes 
unlimited increase, these factors continually diminish, and after a time 
will be very small. As soon as > 22, x/n will be <4, and all 
the succeeding factors, since they continually diminish, will be < } 
If A be the product of all the factors up to this stage, then after m 
more factors (each < 3), the total product will be < A/2". Now 
since A, although it may be a large number, is yet finite, and 1/2” 
can be made as small as we please by increasing m sufficiently, it 
follows that the value of this product may be made as small as we 
please by taking m, and therefore n, sufficiently large, 

Le. Lt a/n!}= 0, 


nmr o 


= xX 
1 


(7) Limiting values of rational algebraical fractions when x—>0 
and when x —> oo. 


First consider a fraction whose numeratoy €nd denominator are 
each of the second degree. 


ax? +ba+e : 
a 224+ b’a+e/ 
It is evident that the terms which @ontain z can be made as small 
as we please by taking « sufficiently gr 


small; therefore the numerator 
and denominator approach the value a 


Sc and c’ respectively as x—> 0, 
In fact in this case we can put +0 exactly, and obtain the limit 
when a—> 0, agreeing with the a¢tual value of the fraction when 


@ =\0, a8+c/c’. 


Let y= 
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To find the limit when x—>, we have, on dividing numerator 

and denominator by x, 
_ at+b/e+e/x* 
a +0 /a+e/a 

The terms with x or 2? in the denominator can be made as small 
as we please by taking x sufficiently large; therefore the numerator 
and denominator approach the values a and a’ respectively as a>. | 

Hence Lt y= a/a’. 


u> o 

Any such fraction can be treated in this manner. The limiting 
value when x—>0 is obtained by substituting = 0 in numerator 
and denominator.* The limit when ~—>o is found by dividing 
numerator and denominator by the highest power of x which occurs 
in the fraction. If the numerator is of lower degree than the 
denominator, the value of the fraction will tend to zero as z—>0 ; 
if the numerator is of higher degree than the denominator, the value 
of the fraction will increase indefinitely as «—>o; if numerator 
and denominator are of the same degree m, the limiting value will 
be a/a’, where a and a’ are the coefficients of 2” in numerator and 
denominator respectively. 


On Pee 


zZ>ea 


The investigation of this limit is divided into three cases according 
as n is a positive integer, a positive fraction, or negative, 


(i) Let be a positive integer. 
Then, by ordinary division, 
Dd — a” 


aa = gr 14 gn-2q4gn-Sq?+ ,., +r, 


As «—>a, each of these terms, and there are m of them, approaches 


the value a”"1;+ 
the limit = na”, 


(ii) Let m be a positive fraction p/g, where p and q are positive 
integers. 

Put e=y% and a=0%; .*. P/V =(y%P/4=y?, and similarly 
ae/¢ = bP, 


* Provided ¢ and ¢’ (the constant terms) are not both zero, in which case it 
would be necessary first to divide out numerator and denominator by some 
power of x, 

+ Here, and in the succeeding cases, the results of Art. 15 are assumed. 

1528 D 
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Also when x->a, y—>b; 


¥— 
eet y? — bP por? 
= rae = Lege yt —b4 a Ls jamie (ran = (by case 1) Fo-7 qbr} 
zZ->a 
—b 


oe = P (pa)r/a-1 =? yp/a-l, 
q qd q 


(ili) Let m be — and equal to —m, where m is +. 


ow a am — x" ale 
Then Ls ae =[n> 


= a biter 
zZ>a zZ>a 


1 am—am ; 1 Ss 
= Lis Tah aw aac Sao (by the preceding cases) — —m 


=—ma- me 1, 
Therefore, for all rational values of n, 
mM an 
i t oT = ngn-1,* 
x—a 


za 
The importance of this limit lies in the fact that the differential 
coefficient of any power of x can be at once deduced from it (Art. 27). 


o Tides) 


m—> co 


This is a limit of extreme importance, and a full discussion of it 
is reserved until later (Chapter X). In the meantime, we may take 
the particular case when m is supposed to become indefinitely great 
through a succession of positive integral values. 

Since m is a positive integer, we get, on expanding by the Binomial 
Theorem, a series of m+1 terms for (1+1/m)", viz. 


ge 
ae 1 m(m—1) 1 | m(m—1)(m—2) 1 
(i+ 5) ees mt 


2 
UN Ce ii 2) +o = sg (i- ~)(1— =) + 
to m+1 terms. (i) 
As m increases, every term of this series after the first two 


increases, and moreover, additional terms, all of which are positive, 
are added on; hence (1+1/m)™ increases as m increases, 


* Notice that Example (1) is a particular case of this limit, viz. a = 8, n = 2 
+ This may be deferred until Chapter X is reached, 
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Again, the sum of this series is evidently less than the sum of the 
series 


1 | 1 me 

PT ect pea pean ar? ou 

since every term of the series (i) after the second is less than the 

corresponding term of the series (ii); and the sum of the series (ii) 
again is less than the sum of the series 

| 1 1 er 

Ilt+ltgtagt ++ on? (iii) 

since every term of (ii) after the third is less than the corre- 

sponding term of (iii). The last series, after the first term, is a 

geometrical progression whose common ratio is 3; hence its sum is 


equal to 


1-(Q)" , 1 - il 
1+ is CeO ASS 1+2(1-5, Le. 3— om-1" 
Ly 1 
Hence (1 a =) < ares fe 


and therefore, a fortiori, <8, however great m may be. 

We have now shown that (1+1/m)™ continually increases with 
m and yet is always less than 3; hence apparently we may conclude 
{and it can be formally proved) that (1+1/m)™ approaches a definite © 
limit which is not greater than 3. 

If we evaluate (1+1/m)" for increasing numerical values of 
m, we obtain a better idea of the magnitude of this limit. For 
example, 


ifm=10, (14+1/m)"= 11 = 25937; 
ifm=50,  (1+1/m)™= 1:02 = 2°6916; 
if m=100,  (1+1/m)™= 1:01 = 2°7048; 
if m=1000, (1+1/m)™ = (1'001)9 = 2°7169; 


if m=10000, (14+1/m)™ = (10001) = 2°7181; 

if m = 100000, (1+1/m)™ = (1°00001)! = 2°7188, and so on; 
from which it appears that, as m increases indefinitely, (1+ 1/mm)” 
approaches a limit which is a little greater than 2°718, 

This limit is a perfectly definite but incommensurable number 
(i.e. its value cannot be expressed in the form a/b, where a and 6 are 
integral) which is denoted by the letter ¢. It is one of the most 
important numbers in mathematics, and is continually occurring 
in all its branches, both pure and applied. Its value to ten places 
of decimals is 2°7182818285..., and it has actually been computed 
to more than 500 places of decimals. 

p2 
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(10) Examples from Trigonometry. 


Li sin ee 


2>0 


This is a very important limit, since the differential coefficients 
of all the circular functions can be deduced from it. 

Let AOP (Fig. 20) be an angle of x (< }7) radians at the centre 
of a circle of radius r; and let the tangent at A cut OP produced 
in ZT. Draw PN perpendicular to OA. 


It is obvious that 
area of A AOP < area of sector AOP < area of A AOT, 
i.e. Ir.rsina<}ra<gr.rtang; 
whence, dividing by 477, sinz < 2 < tang, 
x 1 
sing cos” 


and, dividing by sinz, 1<—— 


Hence, inverting and therefore reversing the inequality signs, 


sin x 
1> 


> Cosa. 


Now, as # approaches the value 0, cosx approaches the value 1 
and can be made to differ from 1 by as small a quantity as we please 
by taking « sufficiently small. 

Therefore (sin x)/z, which is between 1 and cos2, also Bprcacticn 
the value 1, and can be made to differ from it by as small a quantity 
as we ise by taking « sufficiently small; hence 


Litt =1 


z+0 
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It is interesting to notice how the ratio (sin x) /x approaches 1 as x ->0. 
For an angle of 5°, sina = ‘0871557, a = 0872665, (sin w)/a = 99878 ; 
5) aS 2°, sin x = 0348995, x = 0349066, (sinx)/x = 99980; 
6 rf 1°, sin w = °0174524, 2 = ‘0174533, (sin x)/a = '99995; 
¥ » 30’, sina = 0087265, « ="0087266, (sin x)/2 = °99999+... 
” ” 10’, sin = *0029089, x = ‘0029089, in this case at least 
the first seven figures coincide. 


It must be carefully noticed that it is the ratio of the sine of an 
angle to the circular measure of the same angle which approaches 
unity as the angle is indefinitely diminished. Thus Lt (sin 22)/z 

a2+>0 


is not 1, but it is evidently the same as 2 x Lt (sin 2x)/2” as w+ 0, 
and the second factor of this tends to the limit 1. 


Therefore Lest 
z+0 
Similarly, LX ae =|, sar xa=1xa=a, 
z>0 z>0 Se 
sin 2° sin 2° 7 T 7 
| te = Li series zeisve 180s 180 180; 


Li sin ax -L (sin ax)/azx isk i nee 
sinba Lut (@inba)/on bd 1 ~b~ 0’ 


and so on. 

Geometrically, it follows from this limit that, when an are of a 
circle is indefinitely diminished, the ratio of the chord to the arc 
approaches the limit 1. 

For the length of the are PAP’ (Fig. 20) which subtends an angle 
2a radians at the centre O is 2rz; and the length of the chord of the 
are = 2PN = 2r sing, 

chord 2rsinz sing 
“are Ore ae 

As the arc is indefinitely diminished, #—> 0, and this ratio —> 1. 

This ratio rapidly approaches its limiting value, so that for a small 
angle, the length of the chord is a good approximation to the length 
of the are. 


Two important limits involving the cosine can be deduced from 
the preceding limit. 


We have (1—cos x) (1 + cos 2) = sin?z, 
sin? @ 
. 1l—cosz =——_,» 
1+cos2% 


* This assumes the results of Art. 15, q.v. 
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1—cos sin? & sin® sin & 
sis 2 «(l+cosz) @ 1+cosz 


* 


which —>1 x 5? ie. O as 2—>0; 


: 2 
and “ae = ‘- =) x UE which —>12 x : i.e. 5s z—>0. 
1l—cosx l—cosx 1 
z>0 z+>0 
tan x sin x hse, ha 
Also LiL. Ayes <= 1xl=1. 
z>0 z>0 


14. Geometrical examples of limits. 


(1) Tangent to a curve. Let TPT" (Fig. 21) be a tangent to a circle at 
a point P, and let Q, Q’ be points on the circle, one on either side of P; join 
PQ, PQ’ and produce them. 
If the points Q and Q’ be sup- 
posed to move along the circle 
towards P, the angles TPQ, 
T’PQ will diminish, and will 
be very small when Q and Q’ 
are very near to P; they can 
be made as small as we please 
by taking Q and Q’ sufficiently 
nearto P. Hence the tangent 
T’PT is the limiting position 
of the chords PQ, Q’P as Q 
and Q’ approach the limiting 
position P. This is the defi- 
nition of a tangent at a point 
of a curve in general, viz. The 

Fig. 21. tangent to a curve at a point 
P is the limiting position of 
a chord PQ of a curve, when Q approaches indefinitely near to P. 

It will be noticed that with this definition it is possible for the tangent 
to a curve at a point to cross the curve at the point (see Art. 59). 

If PM, QN be perpendiculars from P and Q to the axis of x, and PK 
perpendicular to QN, then KQ/PK = tan QPK = the tangent of the angle 
PLX which PQ makes with the axis of x; this is called the slope of the 
secant PQ. 

As Q approaches P, QP approaches T'P and the angle PLX approaches 
the limiting value P7’X. KQand PK both become indefinitely small, but 


* This assumes the results of Art. 15, q. v. 


E 
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their ratio KQ/PK, being tan PLX, tends to the limiting value tan PJ’ X, 
i.e. the slope of the tangent. 

In the case of the circle, and usually in the case of any curve, the limit 
is the same from whichever side the point Q approaches the point P. It is 
possible, however, for the limit to be different in the two cases, This 
is the case at a point such as P shown in Fig. 22, where a curve is drawn 
consisting of two branches intersecting at an angle. 


aie 


Fig. 22. 


If Q approaches P from above, the chord QP approaches the limiting 
position PT, and its slope the limiting value tan PT'X; if Q’ approaches P 
from below, the chord PQ’ approaches the limiting position PT’, and its 
slope the limiting value tan PT’X. In such a case the slope is said to be 
discontinuous at the point P (Art. 17 (1)). 

(2) Perimeter and area of a circle. Let a regular polygon with n sides be 
inscribed in a circle of radius 7, and let tangents be drawn at its angular 
points, forming a regular circumscribed polygon with m sides. Then it is 
evident that the perimeter of the inscribed polygon increases, and that of — 
the circumscribed polygon decreases as increases. 

A side of either polygon subtends an angle 27/n radians at the centre of 
the circle, so that the length of a side of the inscribed polygon (Fig. 23) 

= 2PM = 20Psin MOP = 2rsin(x/n), 
and the length of a side of the circumscribed polygon 
= 2RQ = 209 tan QOR = 2r tan (7/n). 
Hence 
perimeter of inscribed polygon = PQ __ 2rsin (n/n) 
perimeter of circumscribed polygon RS  2rtan (r/n) 


= C08 (7/). 


Now, as n>, cos(x/m)—>1, therefore the limit of the ratio of the 
perimeters is 1. Hence the limit of the inscribed perimeter is the same 
as the limit of the circumscribed perimeter. This common limit of the 
two perimeters is defined as the perimeter or circumference of the circle. 

This gives an excellent illustration of the meaning of a ‘limit’. We have 
the two series of perimeters each gradually approaching the same definite 
value as n increases, so that either of them may be made to differ from 
it by as small a quantity as we please by taking m large enough; but no 
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matter how great m may be, the inscribed and circumscribed perimeters 
never coincide, The limit, the perimeter of the circle, separates the 
inscribed and circumscribed perimeters; it is greater than the perimeter 
of any inscribed polygon and less than the perimeter of any circumscribed 


Fig. 23. 


polygon, however great the number of sides may be.* The value of the 
limit is 277. - 

In the same way, the area of the inscribed polygon increases and the area 
of the circumscribed polygon decreases as n increases. 

The inner area 


=n.APO0Q =nPM. MO = nr’ sin (r/n) cos (1/n), 
and the outer area 
=n. SROS = nkQ.QO = nr’ tan (7/n). 
area of inner polygon __ nr’ sin (7/7) cos (7/7) 
area of outer polygon nr? tan (1/n) 


= cos?(7/n). 


This approaches the limit 1 as noo ; and therefore the limit of the 
area of the inscribed polygon is the same as the limit of the area of the cir- 


* This is the principle of the method which was used by mathematicians for 
many hundreds of years up to the early part of the seventeenth century in 
their attempts to solve the problem of ‘squaring the circle’, which is equivalent 
to finding the value of 7 They calculated the perimeters of inscribed and 
circumscribed polygons with large numbers of sides, and assumed the length 
of the circumference to be intermediate between them. In this way, Van 
Ceulen obtained the value of 7 to 32 places of decimals by calculating the peri- 
meter of a polygon with the enormous number of 2°, i.e. 4,611686,018427,387904 
sides! The perimeter of the circle is greater than the perimeter of this 
inseribed polygon and less than the perimeter of the corresponding circum- 
scribed polygon, 
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cumscribed polygon. This common limit is defined to be the area of 
the circle. Both areas get nearer and nearer, and can be made as near 
as we please, to the ‘area of the circle’ by taking n sufficiently large; 
but the area of the circle is greater than the area of any inscribed polygon 
and less than the area of any circumscribed polygon, however great be 
the number of sides. It is equal to 


is ni tan (77/n) 
n>o 
_tan tan (n/n) 7 
ia Lin” m/ n 
nrrn 


=r. 
It is interesting and instructive to see how the perimeters and areas 
approach their limits, and a few of their values are appended. ‘The polygons 
are inscribed in a circle of radius r. 


inscribed circumscribed inscribed circumscribed 


perimeter perimeter area area 
Polygon with 4sides 5°6569r 8r 277 47? 
fy Fe 8=5; 61229 r 6°6274r 2°8284 17 3°31377r? 
rf oan Ge es 6°2430r 6°3652r 3°061577 3°18267°? 
+ see wooee,! 62731 r 6°30357 3121577 3°1517 7? 
sy erred: be<s 6°28067 62883 r 3°136577 3°1441r? 
. ese 6°2825r 6°2844r 3140377 3°1422r? 


f , 256 ,, 628307 62835r 311412 314187? 


Wesee that the first and second columnsare closing in on 2777, 1. e. 628327, 
and the last two columns on 77”, 1.e. 3°14167%. 


(3) Area and length of any curve. Let (Fig. 24) PQ be an arc of a curve, 
and PM, QN perpendiculars from Pand @Q to the axis of x; let MN be divided 
into n equal parts, each of length h, and let the ordinates at the points of 
division M,, M,, ..., meet the curve in P,, P,,..... Through each of these 
points draw parallels to the axis of x to meet the adjacent ordinates on 
either side. 

Then the sum of the inner rectangles PM,, P,M,, P, Ms, ... increases, and 
the sum of the outer rectangles P,M, P,M,, P;M,,... decreases, as m in- 
creases. Moreover, the difference between the two sets of rectangles is equal 
to the sum of the small rectangles PP,, P, P,, ..., and this sum is equal to 
the area of arectangle pq whose base is h, and height NQ— MP, as is obvious 
by moving them all parallel to the axis of x until they are between QN and 
the next ordinate; i.e. the difference between the two sets of rectangles 
=h(NQ—MP). Now this can be made as small as we please by taking h 
sufficiently small, i.e. by making n sufficiently large. Hence both sets of 
rectangles tend to a common limit, as n increases indefinitely. This limit 
is defined as the area between the curve PQ, the axis of # and the ordinates 
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MP and NQ. It is greater than the sum of the inner rectangles and less 
than the sum of the outer rectangles, however great » be taken. 


In proving the limits of the two sums identical, we have supposed the 
ordinates to increase continually or to decrease continually throughout the 
arc PQ. If this is not the case, the arc can be divided up into a finite 
number of parts, throughout each of which the ordinate either continually 
increases or continually decreases. 

It is not essential that the parts into which MN is divided should be 

equal. It can be shown that the 

me 7 limit is the same however MN 

be divided up, provided each of 

the parts tends to zero, when the 

number of them is indefinitely 
increased. 

Similarly, if the chords PP,, 
P, Py, Po Ps, ... be drawn (Fig. 25), 
and if tangents be drawn to the 
curve at P, P,, P,...Q,intersecting 
at T,, T;, 7, ..., the sum of the 

Fig. 25. chords Py Pha, bob. eee and 

the sum of sei eedy le ela doses 

both tend, as »->0o, to a common limit, which is defined as the ‘length of 
the curve’ from P to Q. 


(4) Volume of a solid of revolution. First consider the case of a right 
circular cylinder. By inscribing regular polygons in the circular ends and 
circumscribing regular polygons about them, and joining their angular 
points by lines parallel to the axis, two right prisms can be obtained of 
which the volume of the inner increases and the volume of the outer 
decreases as the number n of sides of the polygons is increased. Also the 
difference between their volumes can be made as small as we please by 
taking » large enough. Hence they tend to the same limit as n->0o, and 
this limit is defined to be the ‘volume’ of the cylinder. 

Next let the area MPQN of Fig. 24, together with the sets of rectangles, 
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rotate about the axis of x. The figure produced by the rotation of MPQN, 
which is such that the section of it by any plane perpendicular to the axis 
of x is a circle, is called a solid of revolution. Each rectangle traces out 
a thin flat cylinder of thickness. The difference between the sum of the 
cylinders generated by the inner rectangles and the sum of the cylinders 
generated by the outer rectangles is equal to the volume generated by the 
rotation of pg about the axis of a2 This volume is 
a NQ?.h—7MP?.h, i.e. th(NQ?—-MP?), 

and this can be made as small as we please by taking h sufficiently small, 
i.e. by making » sufficiently great. Hence both sets of cylinders tend to 
a common limit as »—>oo. This limit is defined as the ‘volume’ of the 
solid of revolution. 

As an example, let us find in this way the volume of a right circular cone, 
the solid of revolution formed 
by the rotation of a right- 
angled triangle about one of 
the sides containing the right 
angle, 

Taking this side as axis of x, 
and dividing it into parts 
each of length h, consider the 
volume of the cylinder formed 
by the rotation of the inner 
rectangle which stands upon 
the (r+1)*® segment of the 
base. 

Its height (Fig. 26) 

MP = OM tand& = rhtana; 
therefore its volume =nMP?.h = wr'h' tan?Q, 
and the sum of all such volumes is obtained by adding together these terms 
for all values of x from 1 to n—1; 


i.e. sum of volumes formed by inner rectangles 
= wh tan? {174+2?+3?+...4+(n—1)}} 
= rh tan?X.4(n—1)n(2n—1) 
= 1 tan? (nh)>4(1—1/n)(2—1/n) 
= 7 tan?a.b§.4(1—1/n)(2—1/n), 


if b be the length nh of the axis of the cone. 
As n>, 1/n->0, and this expression tends (in increasing value) to the 
limit 
ntan?&. 08.2.2, ie. $7b% tana, 
which may be written }24?), if a be the radius of the base. 
Hence the volume of the cone is equal to 4 of the area of the base x the 
height. 
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If the sum of the outer cylinders be taken, the volume, in exactly similar 

manner, % 

= rh tan? (1? + 274 37+... +n?) 

= rh tan?X.4n(n+1)(2n+4+1) 

= rtan?.b®.3 (1+1/n) (2+1/n),: 
which also tends (this time in decreasing value), as n->o, to the limit 
trad. 

(5) Area of surface of solid of revolution. 

First consider a frustum of a right circular cone. Let similar and 
similarly situated polygons with m sides be inscribed in the circular ends of 
the frustum; then, by joining corresponding vertices (Fig. 27) PQ, P’Q’, ..., 
we get a number of trapeziums such as PP’Q’Q. As n->oo, the sum of the 
areas of these trapeziums tends to a limit which is defined as the area of the 


curved surface of the frustum. 
The area of PP’Q’Q 


= 3 (sum of parallel sides) x (perpendicular distance between them) 
= 1 (PP’ + QQ’) MN. 


Fig, 27. Fig. 28. 


Therefore the sum of the areas of the trapeziums is 
$n (PP + QQ’) MN = 3 (sum of perimeters of polygons) x MN, 
When n->oo, the perimeters tend to the circumferences of the circles, 
and MN tends to the limit PQ; therefore the area of the curved surface of 
the frustum is 
4 PQ (sum of circumferences of ends) = PQ x mean circumference, 


By drawing circumscribed polygons to touch the ends of the frustum at 
P, P’, ..., Q, Q'; ».., another set of trapeziums is obtained, the sum of whose 
areas tends to the same limit as n>0. 

We can now define the area of the curved surface of any solid of revolu- 
tion. In Fig. 25, when PQ rotates about the axis of x, the chords PP,, P,P,, 
P,P;, ... and also the lines PT,, T,7,, T, Ts, ... describe frusta of cones. 
The sums of the areas of the curved surfaces of these two series of frusta 
tend, as m->0o, to a common limit; this limit is defined as the ‘area’ of tle 
curved surface of the solid of revolution. 
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As an example, let us find the area of the surface of a sphere, the solid of 
revolution formed by the rotation of a semicircle about its bounding 
diameter. 

Let PQ (Fig. 28) be a side of a regular polygon inscribed in the semicircle 
(of radius r), and let R be the middle point of PQ; draw the ordinates 
PN, RL, QM, and join OR. Draw PK perpendicular to MQ. 

The area of the frustum generated by the rotation of PQ is, as just proved, 
PQx27RL. Now the right-angled triangles @PK and ROL are similar, 
since the sides of one are perpendicular to the sides of the other. Therefore 
PQ/PK = OR/RL, i.e. PQ.RL = PK.OR. Hence the area traced out by 
PQ is 

‘ 27 PQ.RL=27PK.OR=27NM.OR, 
and the sum of the areas of the frusta is 

3 (20 NM. OR) =270R.3 (NM), 
since OR is the same for every side of the polygon. Taking all the sides of 
the polygon from A to B, = (NM) = AB = 27, and therefore the sum of the 
areas of the frusta = 27 OR x 2r. 

Now as n->o, OR-> the limit 7, and therefore the area of the surface of 
the sphere is 

Lt 27 OR x 2r=2rrx2r=4rr7, 


sees ( Rieerous proofs ent ‘1 
15. General theorems on limits, l Nei Seo cot Be coed 


These have been tacitly assumed in the preceding examples. 


(i) The limit of the algebraical sum of a finite number of quantities 
is equal to the algebraical sum of their limits. 
For if Lty=6 and Ltz=c, then y=b+a and e=c+f, 
where & and 8 0; 
. yte=bt+ce+(a+FP), 
and since a+8—>0, y+z approaches the limit b+e. 
Similarly for any jimite number of quantities. 


This theorem is not necessarily true for an infinite number of quantities, 
as is shown by the following example: 
In the series 


n 
A ee 


the limit of each term asm—>oo isQ. Therefore the sum of the limits is 0. 
But the sum of the series 


J(142484..tn) = 2,24) _y (1+ “) 


and the limit of this, as n > 00, is 3}. 
Hence the limit of the sum of an infinite series is not always equal to the 
sum of the limits of the separate terms, 
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(ii) The limit of the product of a finite number of quantities is equal 
to the product of their limits. 
In this case ye = (b+) (c+), 
. ye—be = act+fhb+ap. 
When « and B ->0, the right-hand side of the equation —>0, 
therefore yz approaches the limit bce, and similarly for any finite 
number of factors. 


(iii) The limit of the quotient of two quantities is equal to the quotient 
of their limits, provided the limit of the denominator is not gero. 
y_ b_ b+a db _ca—b cx bp 
oe £. 6 6s eon e(c+B)’ 
and here, again, the expression on the right-hand side —>0 when 
& and B —>0, provided ¢ is not zero. 


-. Y/e tends to the limit b/c. 


Examples ITI, 
Find the limiting values of the following : 


2 = 
1. eee teen x—>2 [asin Art. 13 (1)]; 2, See he x1; 
x—2 a—l 
xv—8 aS | 1 
3. wing When #2; 4 3 +9 t..+ an when n>; 


5. ‘38+ °03+'003+... to m terms when n> oo. 
Find the limits of the following, when «0 and when 4-0: 


ax +b. 307 —S5a+2 x?—axtb w+? 
“ cx+d’ "5a +7246’ : pete : * +58? 
w(8ae—2) . (22-1). 
10. (@—1?(4—2)' 11. x (e+3) 12. ae (n positive), 
Find the limits of 
J (52-4) — /2x x 
* . ° 
ig ig whenx->1; 14. Vite vies when 70; 
== ; (Dis 9/9 — 
15. /[8a=e) OED) a a>a; 16 — ee ae when x1; 
4x—4a «z—l a—1 
— qld 10 _ 710 
ce oa ——— ete and a when 2a; 
Ja —/a 
18 Vaya when 2->a; 19. /(1+a)—./x when x0 ; . 
20. (x? +ax+b)—x when r>w; PATE ite when n>; 


(n—1)? 


* In this and the following examples, the positive value of the root is to 
be taken, 
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1—cos2 = 
22. — when x0; oes when «0; 
sin 79 
24. when 6-50; op, ee hen a +0; 
sin g@ 
tan m6 
26. a when 60; 27. inning when «+0; 
tan na 
1—cospé a. 
a8, SP" when ¢->0; RENE when 6->0- 


29. Taking a circle as the limit of (i) an inscribed, (ii) a circumscribed 
regular polygon of msides, when n> 00, prove that its area is m7’, 


30. Find, by Art. 14, the area of the curved surface of a right circular cone, 


$1. Find the area of the curved surface and the volume of a right circular 
cylinder. 


$2. Find the volume of a sphere by the method of Art. 14 (4). 


3s. Find —cosmé 
i “a 


84. Find Lt (secd—tand) as 6->}m, 35. Find [os a s 6-0. 


86. Find, by the method of Art. 14 (4), the volume formed ns rotation 
about the axis of x of the area between the parabola y’? = 4az, the axis 
of x and the latus-rectum. 


: 174274 3?+...+n? 

87. Find | SS SS 
iF $3 
Ter @ % 


[See Art. 14 (4) for the sum of the series in the numerator.] 
38. Find Lt (1+22+4+32'?+...n terms] when |x|<1. 


nro 


16. Continuous functions. [Nc itindad a7 riger a] 


Let y be a function of x; then a change in the value of a will 
produce a change in the value of y. The change in y due to a given 
increase in z may be positive, i.e. it may be an increase, as in the 
functions y = 23, y= 2%; it may be negative, i.e. a decrease, as in 
the functions y = (1—2z)3, y=10-"; it may be large, as in the 
function y = z!° when z is large; it may be small, as in the function 
y =logz when zis large. But in all such cases it usually happens 
that, when the change in x —> 0 as a limit, the change in y also 
—>0 as a limit, and when this is the case, the function y is said 
to be continuous. 

A more precise definition is as follows :—Let y = f(x) be a function 
of x; when z is changed to x+h, y becomes f(z+h), i.e. an increase 
of h in the value of x produces an increase of f(a+h)—/(x) in the 
value of y. Now let o be any arbitrarily selected positive small 
quantity; if, for a particular value of x, it is possible, however 
small ¢ be taken, to find a positive quantity « such that the increase 


48 LIMITS AND CONTINUOUS FUNCTIONS 


in y is numerically <o for all values of |h| which are < «¢, then 
the function /(x) is said to be continuous for that value of x If 
this property holds for all values of # between a and 6, the function 
f(a) is said to be continuous from «=a to x= bd. 

It is not easy to grasp at once what is involved in this definition ; 
we will illustrate it by some examples. 


(i) y = 2. 
If becomes a+h, y becomes (%+h)?, i.e. u?+2ha+h?; therefore 


the increase in y = 2hat+h2. 
Now 2hx+h? < o if (adding x? to both) (h+a)? < 042%, 


ie. if mo ean 
ie. if h<vV(o+2%)- . 
This is +, since o is + and therefore Vo+2 >, and is the ‘ 
of the definition. Any value of 2 smaller than this number ties 
the increase in y < 0, however small o be taken and whatever be 


the value of x. 
Hence the function y = a? is continuous for all values of x. 


(ii) y = (e@—-8)/2. 


In this case, if becomes «+h, y becomes ao : 
ee Pet ae +h=3 ~@~8e BR 
.. the incre Sere e eae ea 

This will be <o if gohe <o, in numerical value, 

x? + xh 
i.e. if 8h<oxu?+oxh, 
2 
ive. if -yes 
Bon 


Now, however small o is, 2 can always be taken smaller than this 
expression, except in the one case x = 0; the number on the right-hand 
side is then equal to zero, and no positive value for h can be found. 
Therefore the given function is continuous for all values of x, except 
x = 0; it is discontinuous when x = 0. 

Similarly, any function of x is discontinuous for a value of « which 
makes it infinite. 

(iii) y = tan a. 

If x becomes x+h, the increase in tana 

= tan(x+h)—tan2 

_ tana+tanh 

~ 1—tana tanh 

_ tanh (1+ tan? 2) 

~ T—tangtanh— 

_. tanhsec? x 

~ 1—tan tanh 

ss tanh 
 eos?a—sin x cosatanh 


— tanz 
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This will be <o if tanh < o (cos?~—sina cos tanh), 
o cos? & 
1l+osin2 cosz 
and h can always be chosen so as to satisfy this condition except when 

cos X = 0, i.e. except when 2 is an odd multiple of 37. 

Therefore tan x is a continuous function of 2, except when 

= +37, +37, +37, ... 

This gives us an example of a function which is discontinuous at 
an infinite number of isolated points; it is continuous throughout 
the ranges —}7 to +42, 47 to 37, and so on, but not throughout 
the range 0 to 7, or any range which includes one or more of the 
points mentioned above. 


Le. if tanh < in numerical value, 


; 


17. Properties of a continuous function. ) thet rye) 


(1) If y be a continuous function of a, an indefinitely small change 
in the value of 2 produces only an indefinitely small change in the 
value of y. 

This is involved in the definition above, since o is to be arbitrarily 
small, and this statement is sometimes given as a definition of 
a continuous function. 

Examples of discontinuities. (i) y = 1/x [see Fig. 3]. 

In this case, if = —a, y= —1/, andif x=+4, y=+1/a; 

Therefore an increase of 2 in the value of x (from —& to +) produces 
an increase of 2/X in the value of y. If & be indefinitely small, 1/a is 
indefinitely large ; therefore an indefinitely small change in the value of x 
as it passes through the origin produces an indefinitely large change in the 
value of y. Hence the function 1/x is discontinuous when x=0. It is 
continuous throughout any range which does not include the origin, for if x 
increases to «+h, y changes from 1/z to 1/(«+h), i.e. y increases by 

1 LS —h 
—— —_,ie.———_» 
ath «x °"«(x+h) 
and this > 0 as h~>0, provided x is not zero [cf. Art. 16 (ii)]. 

(ii) y = tan x. 

If x is very slightly <47, tana is very large and positive; if a is very 
slightly >47, tana is very large and negative. Therefore a very small 
increase in w from one side of 47 to the other produces a very large increase 
in tanx; the function tanz is discontinuous when « = 47; and similarly 
when z is equal to any odd multiple of 47. Tanz has an infinite number 
of discontinuities, isolated values occurring at intervals of m [cf. Art. 
16 (iii)]. 

(iii) y = the principal value of tan—(1/z), i.e. the angle between —}m 
and +47 whose tangent is 1/z. 

As x increases from — to 0, 1/z decreases from 0 to —«, and tan“ (1/2) 
decreases from 0 to —37; and as x increases from 0 to +0, 1/a” decreases 
from +c to 0 and tan™'(1/zx) decreases from +37 to 0, 

1528 E 
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When «x passes through the value 0, y takes a sudden jump from hs to 
+1 without passing through the intermediate values: an indefinitely 
small increase in the value of # on passing through the origin produces 
a finite increase 7 in the value of y. The function is discontinuous when 
x = (0 (Fig. 29). 


Fig. 29. 


A similar kind of discontinuity has already been mentioned in Art. 14, 
Ex. 1, where, at the point P, the gradient undergoes an abrupt change 
from tan PT’X to tan PTX in passing through the point P (Fig. 22). 

(iv) An example from Mechanics:—Consider the motion of two unequal 
masses connected by an inextensible string passing over a smooth pulley 
and hanging vertically. The larger mass M will descend with constant 
acceleration. Now suppose that at a certain instant the ascending mass 
suddenly picks up another mass, equal to the descending mass, say. At this 
instant its velocity will suddenly be diminished, and afterwards M will 
continue to descend for some time with constant retardation, come to rest, 
and then begin to ascend again. 

If we draw the velocity-time graph of the motion of M (Fig. 30), the 


0 


Fig. 80. 


straight line OP corresponds to the first stage of the motion when the velocity 
is increasing; there will bea discontinuity at A corresponding to the instant 
when the additional mass is picked up (and the velocity suddenly reduced 
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from AP to AQ), and the straight line QRS corresponds to the second stage 
of the motion when the velocity is decreasing; QR belonging to the interval 
during which M continues to descend, R to the instant when it is momen- 
tarily at rest, and RS to the time when it is ascending again (and therefore 
the sign of its velocity is reversed). 

: (v) Again, if we represent graphically the relation between the weight x 
in Ibs. of a parcel and the cost y in pence of sending it by Parcel Post 
[8d. for any weight up to 1 lb., 4d. for any weight between 1 and 2 lb., 5d. 
for 2-8 lb., 6d. for 3-5 lb., 7d. for 5-7 lb., and 1d. for every additional lb. or 
fraction of a lb. up to 11 lb.], as w increases from 0 to 1, y remains constant 
and equal to 3; as # increases through the value 1, y takes a sudden jump 
from 3 to 4 and remains equal to 4 until 2 reaches 2; y then takes another 
sudden jump from 4 to5 and remains equal to 5 until x reaches 8, and so on. 
The graph consists of 9 straight portions parallel to the axis of x, of which 
the 4'® and 5'» are of length 2 units and all the others of length 1 unit, and 
it is discontinuous when x = 1, 2, 3, 5, 7, 8, 9, 10 (Fig. 31). 


6 II lbs. 


Fig. 31. 


(2) The graph of a continuous function is a continuous curve 
without any breaks in it. 

Compare the graphs in the preceding examples with those of 
functions which are everywhere continuous, e. g. sin 2, x*, #?/(1 +x”) 
(Figs. 4, 6). 

(3) In passing from any one value to any other value within 
a range throughout which it is continuous, a function must pass 
at least once through every intermediate value. 

Let c (Fig. 82) be a value intermediate between two values a and 
b represented by the ordinates AM, BN. Draw the graph of the 
function, and the line y=c; then graphically it is obvious that 
a continuous curve cannot be drawn from A to B without crossing 

E 2 
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the line y=c at least once. It may of course cross it any odd 
number of times. 


Fig. 82. 


(4) A very important particular case of the preceding is that 
a continuous function cannot change sign without passing through the 
value zero; i.e. graphically, a continuous curve, in passing from one 
side of the axis of x to the other side, must cut that axis at some 
intermediate point. 

This is obviously not necessarily true for a discontinuous function ; 
e.g. secx, in changing from +1 (when «= 0) to —1 (when x = 7) 
does not pass through the value 0; it has a discontinuity (when 
x =i) between these points. Similarly, 1/z, in changing sign, 
does not vanish ; it is discontinuous at the origin [(1) (i) }. 

This theorem is very useful in dealing with algebraical equations. 
It will be seen [(6) below] that the expression 


ax" +bx"-1+ ... +k [where n is a positive integer] 
is continuous; therefore, if such an expression be positive when 
x = and negative when x = 8, it must be equal to zero for some 
intermediate value of 7 Hence the equation 
ax" +ba"14...4k=0 


will have at least one root (it must have an odd number) between 
two values of x which make the left-hand side take opposite signs. 
For instance, in the equation 


xe—32?+42—-10 = 0, 


x = 2 makes the left-hand side equal to —6, and «= 8 makes it 
equal to +2; therefore the equation has at least one root between 
2 and 3. 

(5) If f(x) be continuous when x =a, then its value when x =a is 
equal to the value of Lt f(x) as x—>a from either side, 
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; This may be, and often is, taken as the definition of eon- 
tinuity, i.e. a function f(z) is said to be continuous when x =a, 
if Lt f(x) = the definite number f(a). It is not true if f(a) = 0 


z>a 
a¢eZz 


and noe J (x) = 0, for infinity is not a definite value. This latter 


statement simply means that the value of f(x) can be made larger 
than any assignable value by taking sufficiently near a, not that it 
gets nearer and nearer to a certain definite value. 

It is not true in such cases as (1) (iii) and (iv); here the function 
tends to a different limit as 2 approaches a from the one side or the 
other, and whatever value be assigned to the function when «=a, 
it cannot be equal to both these limits. 


Returning to the example of Art. 13 (1), it was found that the limit of 
(x? —9)/(x—3), as 2 — 8, is 6 whether a approach the value 8 from above or 
below; when x = 3, the value of the function is at present undefined (since 
the zero factor x—3 cannot then be cancelled out), and can be assigned at 
will. If the value 6 be assigned to the function when «x = 3, then the 
function will be continuous when z = 8, since the value will then coincide 
with the limits on either side. If any other value than 6 were assigned, the 
function would be discontinuous. 

If we draw the graph of y = (x?—9)/(x—38), we see that it consists of two 
straight lines, since either x is equal to 3 and then y is indeterminate, or x 
isnot equalto 3 andthen y= +3. 
In the first case, « = 3 is the equa- 
tion of a straight line parallel to 
the axis of y; in the second case, 
y=2x+3 is the equation of a 
straight line equally inclined to 
the axes. The graph therefore 
consists of these two straight lines 
(Fig. 83). For any value of x other 
than 3, we get a single point on 
the graph, giving one definite value 
of the function for that particular 
value of x; but when x=3, we 
have an unlimited number of points 
since the whole of the line x =3 
constitutes part of the graph, and 
therefore y is quite indeterminate. 

If the value 6 be assigned to the function when x = 3, we are selecting 
the point on the line « = 3 where it is cut by the other line y= 2+3, but 
this is quite an arbitrary selection. 


Fig. 33. 
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Similarly, the t oa = 1, whether x approach zero from the positive or 
x>0 a 

the negative side. The function is undefined for the valuex=0. If the 

value 1 be assigned to the function when x = 0, (sinx)/x will be continuous 
when a = 0, since the value then coincides with the limits on either side. 


(6) It can be proved, by a method similar to that of Art. 15, that 

(i) The algebraical sum and the product of any finite number of 
continuous functions are themselves continuous. 

(ii) The quotient of two continuous functions is continuous except 
for values of the variable which make the denominator zero. 

The functions which are met with in elementary applications of 
the calculus are usually either continuous for all values of z, or have 
discontinuities only at a number of isolated points, e.g. tan, 
x/(%2—4); and such functions are of course continuous throughout 
any range which does not include a point of discontinuity. For 


instance, the function «/(z?—4) is continuous between = —oo and 
%= —2, between x = —2 and x= +2, and between x= +42 and 
x= +; it is discontinuous for two values of only, when x = —2 


and when x= +2, both of which values make the function infinite. 


Examples IV. 
1. Prove, from the definition, that the following functions are everywhere 
continuous : 
at+bx; 2+a—-2"; cosx; 1/(1+27); sin’. 
. Deduce, from Art. 17 (6) that the following functions are continuous: 
vw; x4; axv"+bx"1+...+k[n a positive integer]; a/(2*+1); sin’; 
sin z/(4+cosx); sin”acos"# [m and n positive integers]. 


1S) 


3. Where are the following functions discontinuous ? 
pee Di cota; secx; cosec2x; pianos asd 
22-3’ (x+1)8’ : > w'—1327+36’ cosa ’ 
tan 32; eS ; the principal value of cota. 

4. What value must be assigned to the function (#*+27)/(@+3) when 
xz = —8 in order that it may be everywhere continuous ? 


5. ee that the equation #°+827—52—3=0 has a root between 0 
and 1. 


6. Show that the equation a°—72!+9a?—-1=0 has one root between 
0 and 1, and another between —1 and 0. 


7. Prove that the equation 24a‘—682°—262?+4153%—63 =0 has roots 
between —2 and —1, 0 and 1, 1 and 2, 2 and 8. 


8. Prove that (x—a)/(Wa—V a)? is discontinuous when a = a. 
9. Prove that 2¥” is discontinuous when # = 0; draw its graph. 


10. Show that the principal value of tan {1/(a@+1)} is discontinuous when 
x =—1; draw its graph. 


CHAPTER III 


DIFFERENTIATION OF SIMPLE ALGEBRAICAL 
FUNCTIONS 


18. Rate of Increase of a Function. 


We now proceed to consider how to find the rate of increase, with 
respect to 2, of a given function of x As already pointed out > 
(Art. 11), this rate of increase is constant only for the linear function 
ax+b; for all other functions, it varies from value to value of the 
function. 

In the first place, instead of considering a number of disconnected 
values of y corresponding to disconnected values of x, as we do in 
actually plotting a graph from its equation, we imagine x to be 
growing or increasing continuously just as, measuring from a 
particular instant, time goes on, or as, starting from a particular 
position, a train travels onward, so that, in changing from one value 
to another, x passes through all the intermediate values, just as the 
train in passing from one point to another passes all intermediate 
points. As x changes thus, the function y will generally change in 
a similar manner, sometimes increasing, sometimes decreasing, 
sometimes changing rapidly, sometimes slowly, sometimes for an 
instant stationary (Art. 54), but occasionally, at a point of discon- 
tinuity, taking a sudden jump from one value to another (Art. 17). 

A given increase in the value of z from a to b produces an increase 
in the value of the function y; and it is obvious that the resulting 
increase in the value of y depends not solely upon the increase in 
x, but also upon the actual value of x before the increase (Art. 11). 
The ratio of the increase in the function to the increase in # gives 
the average rate of increase of the function per unit increase of x 
throughout this particular interval a to b; but the average rate 
of increase throughout a finite interval will probably be quite 
different from the rate of increase at, say, the commencement 
of the interval, just as the average velocity of a train during any 
interval of time may be quite different from its actual velocity at the 
commencement of the interval. 
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Consider further the analogy with the motion of a train. The 
value of the function for any particular value of x corresponds to 
the distance of the train from some fixed point of the line (which 
distance is a function of the time) at any particular instant ; the rate 
of increase of the function with respect to x corresponds to the rate 
of increase of this distance with respect to the time, i.e. to the 
velocity of the train. This velocity may be constant for a time, but 
probably it will not be constant for a very long time; it may be 
large or small, increasing or decreasing rapidly or slowly; and so 
with the function (except that its rate of change is never constant for 
a finite range of values of 2, unless it is linear, and then it is always 
constant). 

In the case of the train, if we take any interval of time and divide 
the distance therein travelled by the length of the interval, we get 
the ‘average velocity’ during that interval. This average velocity 
may be quite different from the velocity at the commencement of 
the interval, but the distance of the train from the fixed point will 
be a continuous function of the time, so that a very small increase in 
the time will produce only a very small alteration in the distance, 
and if the length of the interval —>0, this average velocity will 
approach some fixed limiting value. This limit is defined as the 
velocity at the commencement of the interval. 

This is what is meant when it is stated that the velocity of a train 
is, at a particular instant, 830 miles per hour (which is 44 feet per 
second) ; it does not mean that in the next minute it will go half 
a mile, because even in a minute there is time for the velocity to 
change appreciably ; but in a second the distance that the train 
goes will be nearly 44 feet, and in 4 of a second the distance will 
be still more nearly 4°4 feet, and so on, because in a second the 
velocity will change very little, and in 5 of a second still less, 

Again, if the train travels 30 miles between 5 o’clock and 6 
o’clock, the average velocity during that hour is 30 miles per hour, 
but this gives us no information as to the velocity at 5 o’clock. If the 
distance travelled between 5 o’clock and 5.10 be divided by } hour, 
we get the average velocity between 5 and 5.10; if the distance 
travelled between 5 o’clock and 1 minute past be divided by gy hour, 
we get a result nearer to the velocity at 5 o’clock, and if we could 
measure the distance travelled between 5 o’clock and 1 second past 5, 
this, divided by sz'99 hour, would be nearer still. This series of 
average velocities through diminishing intervals of time, all com- 
mencing at 5 o’clock, tends to a limiting value, and this limiting 
value is ‘the velocity at 5 o’clock’, . 
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We proceed in exactly the same manner with any function of 2. 
We find the average rate of increase of the function with respect 
to x for a given increase in x; and then we find the limit to which 
this average rate of increase tends when the increase in x —> 0, 
i.e. the actual rate of increase for any value of x is the limit of the 
average rate of increase throughout a range commencing at that value, 
when the range is indefinitely diminished. As the range decreases, we 
get values for the average rate of increase which approach nearer 
and nearer to the actual rate of increase at the beginning of the 
range, and (from the definition of a limit) we can get as near as 
we please to this actual rate of increase by taking the range 
sufficiently small. This limit is called the differential coefficient of 
the function with respect to x In the illustration above, the 
velocity of the train is the differential coefficient, with respect to 
the time, of its distance from some fixed point of the railway line. 


19. The function y = x*. 

Let us consider in detail the very simple function y = x. 

If x= 10, y= 100; if x becomes 11, y becomes 121. If x becomes 
10°1, y becomes 102°01 ; if x becomes 10°01, y becomes 100°2001. 

In the first case, the average rate of increase of y per unit increase 
of = 21/1 = 21; in the second case, it is 2°01/°1, i.e. 20°1; in 
the third case, it is °2001/°01 = 20°01. These numbers 21, 20°1, 
20°01, ... tend to the limit 20. 

Generally, if x becomes 10+ h, y becomes 100+ 20h+h*%. Therefore 

increase iny 20h+h? 
increaseinz h 

Clearly, as the increase h in x gets less and less, this ratio gets 
nearer and nearer to 20, and we can make it as near to 20 as we 
please by taking h sufficiently small; therefore when x= 10, the 
limit of the average rate of increase of the function 2? is 20. 

This means that, when x has the value 10, x is increasing at the 
rate of 20 units per unit increase of x, just as the statement, that 
at a given instant a train is travelling at 20 miles per hour, means 
that its distance from some fixed point on the line is at that instant 
increasing at the rate of 20 miles per unit increase of the time 
(measured in hours). 

Similarly, in the general case, if # is increased to +h, y becomes 
(at+h)?, ie. a?+2he+h, Therefore the ratio 

increase iny  2hx+h® 
increaseinz h 


= 20+h. 


= 2x+h, 
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which, when h —> 0, tends to the limit 22. That is, the rate of 
increase of the function x? with respect to w is 2a, or the differential 
coefficient of x? = 2x. 

Tt should be noticed that if x is increased by a very small amount, 
y is increased by approximately 2” times as much; approximately, 
not exactly, because # is here stated to increase by a very small 
amount but not an indefinitely small amount. The smaller the 
increase in a, the more nearly is the statement true (because the 
actual amount of the increase in y is (2x+h) times the increase 
in z, and the smaller the increase in a, the nearer is this to 22). 


20. Geometrical Illustrations. 


The preceding results can be illustrated geometrically : 

(i) If the length of the straight line OX represents w, y will be 
represented by the area of the square 
OM which has OX as side; if OX is 
increased to OX’, the resulting increase 
in y is represented by the shaded area 
in Fig. 84. This is equal to twice the 
rectangle MZX’+the square UM’. 

If XX’ is very small, the square 
MM’ is very small compared with the 
rectangle 1X’ (the ratio of their areas 
= XX’/MX, which can be made as 

Fig. 34. small as we please by taking XX’ 
small enough). 

Therefore the increase in y is represented approximately by twice 
the area of the rectangle 1X’, which 


= 2MX. XX’ = 2x~x the increase in 2. 


(ii) Again, referring to the graph of y=? (Fig. 35), let P be 
any point (a, y) on the graph, and let @ be the point on the graph 
whose abscissa is +h. Draw PN, QN’ perpendicular to the axis 
of x, and PM perpendicular’ to QV. Then MQ represents the 
increase in y due to the increase NN’ in 2, and the average rate of 
increase of the function in the interval NN’ 


Sheree eee is 
inorensa ing. MPa 


so that the average rate of increase of the function between any two 
values is represented geometrically by the tangent of the angle which 
the chord joining corresponding points on the graph makes with the 
positive direction of the axis of a. 
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As NN’, the increase in 2, is taken smaller and smaller, the point 
Q moves nearer and nearer to P, and when the increase in & is 
indefinitely small, Q is indefinitely near to P. The limiting posi- 
tion of the chord PQ when Q approaches indefinitely near to P is 
(Art. 14 (1)) the tangent to the curve at P, and therefore the limiting 
value of tan PKX is tan PTX, if the tangent at P meets the axis 
of xin T. This is called the slope [or sometimes the gradient] of the | 
curve at the point P. Hence, for any value of x, the rate of increase 
of the function per unit increase of x is represented geometrically by the | 
slope of the graph of the function at the corresponding point. 

This result is true in general. In the case of the function at 
present under consideration, y = x?, the slope of the graph at any 
point (x, y) is 22. 

Taking numerical cases, when «= 8, y= 9 and the slope = 6; 


Fig. 35. 


therefore the tangent at the point (3, 9) is inclined to the axis of x 
at an angle whose tangent is 6, i.e. a little more than 80}°. 

When xz = —2, y= 4, and the slope= —4; hence the tangent 
at the point (—2, 4) is inclined to the axis of w at an angle whose 
tangent is —4, i.e. 104° 2’. 


21. Another illustration. 


As a further illustration of the meaning and use of the differential 
coefficient of the function y = 2”, let us consider the following example: 

The radius of a circle is increasing at the rate of 1 inch per second; find 
the rate of increase of the area of the circle at the instant when the radius 
is 20 inches. (The circle is supposed to be continuously increasing in the 
same way as the circular ripples caused by dropping a stone into water.) 


60 DIFFERENTIATION OF SIMPLE 


At any particular instant, the radius and the area of the circle will 
have definite values; both are functions of the time. The differential 
coefficient of the area A with respect to the radius r gives the rate of 
increase of the area per unit increase of the radius. The differential 
coefficient of r? with respect to ris 27, and the increase in 77? is obviously 
m times the increase in 7?; therefore the differential coefficient of the area 
nv with respect to r is 277. Hence the rate of increase of the area = 2rr 
per unit increase of x From this it follows* that 
the rate of increase of the area per sec. = 277x rate of increase of r per sec. 

=2nrrxl 
= 407 sq. in. per sec. 
at the instant when r= 20 in. 

It should be noticed that this does not mean that in the next second the 
area will increase by 407 sq. in., because as soon as r is a little greater, 
the rate of increase, 277, will also be a little greater. The fact that the 
rate of increase of the area of a circle is equal to 277 times the rate of 
increase of the radius is verifiable geometrically, because if the radius is 
increased from r to r+h where h is small, a very narrow strip is added on 
to the circle all round it. Ifh is very small, this is practically the same as 
a rectangle whose width is h, and whose length is the circumference of the 
circle, 277 (it is really rather more); therefore, approximately, the increase 
in the area = 2arh = 2arx increase in the radius, and hence the ratio 
increase in area 


>=———..— tends to the limit 277 as the increase in r >0. 
increase in radius 


The differential coefficient of x, and illustrations of it, have been 
discussed at some length, because it is of the utmost importance that 
the student should grasp at the outset the meaning of a differential 
coefficient, and should clearly understand what is involved in such 
a statement as ‘the differential coefficient of a? is 2x’. 

We next proceed to the definition of the differential coefficient of 
a function in general. The following examples should first be 
worked through. 


Examples V. 


1, The side of a square is increasing at the rate of 1 foot per minute; find 
the rate of increase of (i) the area, (ii) the perimeter, (iii) the diagonal 
of the square, at the instant when the side is (a) 1 yard, (b) 2 yards, 
(c) 10 yards. 

2. Find the inclinations to the axis of x of the tangents to the curve y = a? 
at the points (14, 24), (4, 16), (—3, 9). 

3. At what point of the curve y = 2? is the tangent inclined {0 the axis 
of x at (i) 20°, (ii) 60°, (iii) 185°? 

4. Find the slope of the curve 4y = 82? (i) at (2, 3), (ii) at (—4, 12), 
Where is the tangent inclined to the axis of a at 45°, 70°, 120°? 


* See also Art, 34, 


5. 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 
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Find the average rate of increase of the function y = a as x increases | 
(i) from 10 to 11, (ii) from 10 to 10°1, (iii) from 10 to 10°01, (iv) from 


10 to 10+h. To what limit do these increases tend ? Show that the 
limit is the same when z increases from 10 —h to 10. 


. Find the differential coefficient of a, and verify geometrically as in 


Art. 20 (i). 


. Find the inclinations to the axis of x of the tangents to the curve y= 23 


at the points (4, 3), (1, 1), (—2, —8). 


. Where is the tangent to y = a inclined to the axis of w at 45°? Find 


the slope of 8y = x* at (2, 1). 


. At what angle do the curves y = 2? and y = a8 intersect ? 


The side of a cube is increasing at the rate of 1 inch per second; find 


the rate of increase of (i) the volume, (ii) the superficial area, (iii) a | 


diagonal of the cube, at the instant when the side is 1 foot. 


The radius of a sphere is increasing at the rate of 1 foot per minute; — 


find the rate of increase of (i) the volume, (ii) the superficial area of the 
sphere, at the instant when the radius is 1 yard. 

The height of a cone is 15 inches and remains constant, while the radius 
of the base is increasing at the rate of 6 inches per minute; at what 
rate is the volume of the cone increasing, at the instant when the 
diameter of the base is 1 yard ? 

At what point of the parabola y = 2? is the curve twice as steep as 
at the end of the latus-rectum ? 

The area of the surface of a sphere is increasing at the rate of 1 square 
inch per second; at what rate is the volume increasing, at the instant 
when the radius is 3 inches? (Find the rate of increase of the radius 
first.) 


A point moves along the curve y = 2? in such a way that its velocity 


‘parallel to the axis of x is constant and equal to 2 foot-seconds; find its 


velocity parallel to the axis of y (i) when x= 83, (11) when y= 16, 
(iii) when 2 = —2. 

A point moves along the curve y = 2° so that its velocity parallel to the 
axis of y is constant and equal to 12 foot-seconds; find its velocity 
parallel to the axis of x (i) when x=1, (ii) when 2 = —2. 

Each face of a cube is increasing in area at the rate of 2 square inches 
per second. At what rate per second is (i) the side, (ii) the volume 
increasing, at the instant when the side is 10 inches in length? 

The volume of a sphere is increasing at the rate of 5 cubic inches per 
second ; at what rate is (i) the radius, (ii) the superficial area increas- 
ing, at the instant when the radius is 6 inches ? 

The area of a circle is increasing at the rate of 4 square inches per 
second; at what rate is the circumference increasing, at the instant 
when the radius is 8 inches ? 

The side of a cube is equal to the radius of a sphere, and both are 
increasing at the same rate. Show that the volume of the sphere 
is increasing more than four times as fast as the volume of the cube, 
and the area of the surface of the sphere more than twice as fast as the 
area of the surface of the cube. 


22. Definition of a differential coefficient. 


Let y be a continuous function of x; then an increase in the value | 


of x will produce an increase, positive or negative [i.e. an increase or 


yatig , 
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decrease], in the value of y. These increments are generally denoted 
by the symbols dz and dy respectively ; dy is + or — according as y 
increases or decreases, and similarly for dx. [Notice carefully that 
the 6 in 5 and dy is not a quantity, but a symbol; 6x has nothing 
to do with 5 x z, but merely stands for ‘the increment of x’. | 

If 5x, the increase in z, is indefinitely small, dy, the resulting 
increase in y, will also be indefinitely small, since y is a continuous 
function of # [Art. 17 (1)]; but usually the ratio dy/d%, i.e. the 
average rate of increase of y with respect to x, tends to a definite 
finite limit * as 6a—>0. This limit is called the differential coefficient 
(sometimes the derivative) of y with respect to x, and is denoted by 


the symbol v or dy/dx. 


It must be carefully borne in mind that dy/dzx is not a fraction 
whose numerator and denominator are dy and dx respectively, but it 
is the ‘limiting value’ of the fraction y/dx; the d/dx is a symbol 
which, placed in front of y denotes the result of performing a certain 
operation (described above) upon the function y, in the same way 
that the symbol 4+/, placed in front of a number y, denotes the 
result of performing a certain operation upon the number y, viz. 
the extraction of its square root. 

This particular symbol is used in order that it may be possible to 
indicate both the function y whose differential coefficient or rate of 
change is to be evaluated, and also the variable « with respect to 
which it is differentiated, i.e. the variable whose variation causes the 
change in y. For instance, the velocity v of a moving point may be 
regarded both as a function of the time ¢ it has been in motion, and 
also as a function of the distance s it has travelled. Hence dv/dt 
represents the rate of increase of the velocity per unit increase of 
time, i.e. the acceleration, and dv/ds stands for the rate of increase 
of the velocity per unit increase of distance, which is quite different. 

Similarly, if V cubic inches be the volume of a sphere of radius 
r inches and surface S square inches, dV/dr is the rate of increase of 
the volume per unit (inch) increase of radius, dS/dr is the rate of 
increase of the superficial area per unit increase of radius, dV/dS is 
the rate of increase of the volume per unit (square inch) increase of 
surface. Again, dr/dV and dS/dV represent the rates of increase 


* For all the functions considered in this book, this limit exists, and is the 
same whether 5a be positive or negative. Continuous functions, which do not 
possess a definite differential coefficient, can be constructed, but such functions 
are very seldom met with, 


ALGEBRAICAL FUNCTIONS 63 


of the radius and surface respectively per unit (cubic inch) increase of 
volume. 

Sometimes the differential coefficient is denoted by the symbol 
D,y, or simply Dy, if there can be no doubt as to what is the 
independent variable. Sometimes the actual function, in terms of 2, 
is written after the symbol d/da; e.g. the differential coefficients * 
of z” and sinw may be written 


d(x") ie : d (sin ) (ae 
de ae and Dsin# or aa «OOF: Gy Sine. 


If a function of be denoted by the symbol f(z), its differential 
coefficient is usually denoted by the symbol /’ (2), and is often called 
the derived function. 

The differential coefficient of a function gives an exact measure of 
the rate of change of the function with respect to the variable for 
any particular value of the variable. In exactly the same sense 
that the velocity of a moving point is said to be so many miles 
per hour or so many feet per second at a particular instant, so the 
rate of increase of a function of x, for any particular value 2, of 2, 
is equal to the value of its differential coefficient when «= 4%, 
per unit increase of x. 


Dx" or 


23. Geometrical meaning of the differential coefficient. 

This has been found in the case of the function 2? in Art. 20 (ii). 
The reasoning given there is quite general, and applies to all 
functions whose graphs are con- 
tinuous curves; the form of the 
curve is immaterial. Hence, if the 
graph of a function be drawn, 
the differential coefficient of the 
function is represented geometri- 
cally by the tangent of the angle 
which the tangent to the curve 
makes with the axis of 4; i.e. 
if the tangent to the graph at a 
point (x, y) makes an angle w with the positive direction of the axis of x, 
the corresponding value of dy/dx is equal to tan. 

This result can also be stated in the alternative form: the value 
of dy/dx, for any value of x, is equal to the slope of the graph at the 
corresponding point. 


Fig. 36. 


* The letters d. c. will often be used as an abbreviation for the term 
‘ differential coefficient’, 
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The statement that the limiting value of dy/é% is the same 
whether 6” be + or — is equivalent to the statement that the 
tangent is the same from whichever side the point Q approaches 
the point P. 

This would not be the case at a point such as P in Fig. 37, in 
which PB, PC represent the positions of the tangent at P according 
as Q@ approaches P from the left or the right. In such a case as 
this, the ordinate is continuous, but the slope discontinuous, at the 
point P, i.e. the function is continuous, but its rate of increase is 
discontinuous. Such points, however, do not occur in the graphs 
of elementary functions. 

It must be carefully noticed that dy/dx = tan, where w is the 
angle which the tangent at (x, y) makes with the positive direction 


Fig. 87. 


of the axis of x For instance, at the point R in Fig. 87, is an 
acute angle, therefore tan and dy/dx are positive. At S, y is an 
obtuse angle, therefore tan and dy/dx are negative (see Art. 25), 


24. Differentials. 

It has been stated (Art. 22) that the limit, when 52 —>0, of dy/da 
is usually a definite quantity denoted by dy/dx. Hence it follows 
that, in such cases, 6y/6x = dy/du+e, where ¢—>0 as a0, ie. 


— YY 
sy = Fy OUT E Oa 
Therefore, if 5% be very small, it follows that 
dy : : 
by = ae" d# approximately, (i) 


and the smaller 6% is, the more nearly does this become true, since 
e gets less and less with 62, i.e. the term €.dx gets smaller and 
smaller in comparison with the other two terms, or, as it is usually 
expressed, €. dx” is a small quantity of higher order than 5 or dy. 

Hence, if x be increased by a very small amount, y will increase by 
(approximately) dy/dx times as much. 
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The expression on the right-hand side of (i) is called the differential 
of y. [The name ‘differential coefficient’ for the function dy/dz 
is due to the fact that it occurs as the coefficient of da in the 
differential of y. | 

It must be carefully noticed that equation (i) does not mean that 
the two expressions become approximately equal because they are 
both very small, but that their ratio tends to the limit 1; their 
difference becomes very small compared with either of them. For the 
amount of error involved in the use of equation (i) see Chap. XIII. 


Orders of small quantities, 


The ratio of two quantities which are both indefinitely small may be 
finite, or it may be indefinitely small, or it may be indefinitely great. This 
leads to the notion of ‘orders of small quantities’. 

Two variables & and 8, each of which tends to the limit zero, are said to 
be indefinitely small quantities or ‘infinitesimals’ of the same order if 
the ratio B/a& be finite. If this ratio > 0, 8 is said to be an infinitesimal 
of higher order than a; if it + o, £8 is said to be an infinitesimal of 
lower order than &. If the limit of the ratio B/a? be finite, then B is called 
an infinitesimal of the second order if & be taken as an infinitesimal of the 
first order. Similarly, if the limit of 6/a® be finite, 6 is an infinitesimal of 
the third order; and generally, if Lt 8/a” be finite, 8 is an infinitesimal 
of the n*+ order. For instance, if the radius r of a very small sphere be an 
infinitesimal of the first order, the superficial area A of the sphere will be 
an infinitesimal of the second order since A/7? = 47, a finite number; and 
the volume V of the sphere will be an infinitesimal of the third order, since 
V/i? = 4x, a finite number. 

Examples from geometry. 

If TB be the tangent toa circle at B, and TQQ’ the chord perpendicular 
to TB meeting the circle in Q and Q’, we know from elementary geometry 
that TB? = 7Q.7TQ’. Therefore, if 7 
move along the tangent towards B so 
that TB — 0, TQ will be an infinitesimal 
of the second order, if TB be taken as 
an infinitesimal of the first order, since 
TQ/TB* = 1/TQ’, of which the limit is 
1/d, if d be the diameter of the circle. 

Again, if AB be a diameter of the 
circle, and PM perpendicular to AB 
from the point P where 7'A cuts the 

circle again, it is obvious that PM, PB, 
MB all tend to 0 as P approaches in- Fig. 88. 

definitely near to B, but they do not on 

that account all become nearly equal. In fact, by similar triangles, 
MLB/BP = BP/AB, which > 0 as P approaches B; therefore MB becomes 


1528 F 
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indefinitely small compared with BP, i.e. it is an infinitesimal of higher 
order. Since MB/BP* = 1/AB, which is finite, it follows that, if BP be 
regarded as of the Ist order of small quantities, MB will be of the 
2nd order. Also MP/BP = AP/AB, which tends to 1 as P approaches B; 
therefore MP and BP are small quantities of the same order, and moreover 
become ultimately equal. Since BP and MP are of the same order and MB 
is of the 2nd order compared with BP, it follows that MB is also of the 
2nd order compared with MP, as is easily seen independently by taking 
the relation MP? = AM. MB. 

Again, if PN be perpendicular to TB, TN/PN = PM/AM, which > 0 
as P approaches B; therefore J'N is an infinitesimal of higher order 
than PN. 

Also TN.NB = PN? = BM? = MP*/AM? = BN*/ AM’. 

Therefore TN/BN* = 1/AM?*, which tends to the finite limit 1/d?. 

Hence, since BN is of the Ist order, ZN is an infinitesimal of the 3rd 
order. 

Examples from Trigonometry are furnished by the results of Art. 13 (10), 
where it was shown that the limits, as x0, of (sinx)/a and (l—cos2)/zx? 
are respectively 1 and }. It follows that, if x be taken as an infinitesimal of 
the Ist order, sinz will also be an infinitesimal of the Ist order, and 
1—cos x an infinitesimal of the 2nd order, or, as it is sometimes expressed, 
‘ of the second order of small quantities.’ 


The geometrical meaning of the differential of y should be noticed. 


fe) NN’ X 
Fig. 39. 

If NN’ represents 62, the resulting dy is represented by MQ. 
Now, if the tangent at P makes an angle y with OX and meets MQ 
in 7, the differential of y 

= Le ba = tan. PM = MT. 

Equation (i) therefore is equivalent to the statement that, if Q be 
taken very near to P, MQ and MT become approximately equal, 
their difference TQ (this will be the ¢.52 above) becoming very small 
compared with either of them, i.e, 7Q will be an infinitesimal of 
order higher than the first. 
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25. Sign of the differential coefficient. 
We have, from the preceding article, 
dy dy 
bn dz 

Suppose that dy/dx is not zero. Then it follows that, if dx be 
taken sufficiently small, the sign of dy/dx-+« will be the same as the 
sign of dy/dz, since « can be made as small as we please (and there- 
fore certainly numerically smaller than dy/dz) by taking 52 small 
enough. Hence, for such values of 62, the sign of dy/da is the same 
as the sign of dy/dx. Therefore, if d% be +, dy will be + or — 
according as dy/dz is + or —. Now y increases or decreases 
according as dy is + or —; therefore y increases as x increases if 
dy/dz is +, and y decreases as x increases if dy/dx is —. 

Geometrically, if dy/dx is +, tanw is +, and the angle w is an 
acute angle as at the point # in Fig. 37; in this case the ordinate y 
increases as the abscissa x increases. If dy/dx is —, tanw is —, and 
w is an obtuse angle as at the point S in Fig. 37; in this case, the 
ordinate y decreases as the abscissa x increases. 

The case when dy/dx = 0 will be discussed later (Art. 53). 

Hence, a function of x increases or decreases when x increases accord: 
ing as its d.c. is + or — ; and, conversely, the d.c. of a function is + 
or — according as the function increases or decreases when x increases. 


+¢€, where « —> 0 as d2->0, 


26. General method of finding differential coefficients from 
first principles. 


Theoretically, the method followed in finding the differential 
coefficient of ~* may be employed for any function of a, as follows: 
Let y be any function of 2, denoted by f(x). If « is increased to 
z+h, then y becomes f(x+h) ; 
.. the increase in y = f(x+h)—/(2), 
by _ flat n)—fa)_ 
ba h 
The d.c. of f(z) is the limit to which this tends as h—>0, and 
the method to be adopted in evaluating this limit depends upon 
the nature of the function f(z). This process of calculating the 
d. c. directly from the definition is generally referred to as differen- 
tiation from first principles. It consists of four stages: we first 
take an arbitrary increment for x, next calculate the corresponding 
increment of y, then find their ratio, and lastly the limit to which 
this ratio tends as the increments —> 0. 
F2 


and the ratio 
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As a matter of fact this method is employed only in a few simple 
cases; it would generally be long and tedious in other than the 
simplest functions. 

These few simple cases are known as standard forms, and general 
rules are obtained which enable the d.c.’s of more complicated 
functions to be deduced from these standard forms. At the same 
time it is advisable, and the student is strongly recommended, to 
work out a number of differential coefficients from first principles ; 
the process serves to fix in mind the meaning of the differential 
coefficient which is otherwise rather apt to be forgotten. A few 
examples are appended. 

Ohi Line: 

If x is increased to x+h, y becomes 1/(4+h)? ; 

*, the increase in y = eer) = adel Ca 
B (v+h)> 2 x (x+h)* 
—32°h—32h?—13 
x (a+ hj ; 


Dividing this by h, the increase in 2, 
we have sy —38.227—32h—h? 
én a (a+ hj 


which, as h—» 0, approaches the limit 


—3a? . 
a 2 1. e. Bass 

Therefore the differential coefficient of 1/z° is —3/z*. 

It could have been foreseen that a negative result would be obtained 
in this case, since it is obvious that if /x> decreases as % increases ; 
hence its d.c. is — (Art. 25). 

Consider a numerical illustration. It follows from this result and Art. 24, 
that if a is increased by a very small amount, 1/x* will decrease by approxi- 
mately 3/a‘ times as much, and the smaller the increase in x, the more 
accurately will this statement be true. 

Now, if x= 2, y=4='125, and dy/dx = —3/2'; therefore, if x be in- 
creased by ‘001, y will decrease by (approximately) 3/2‘ x ‘001, i.e. ‘0001875. 

Therefore, when 2x = 2°001, y =‘125—°0001875 

= 1248125, 
which can be verified by working out the value of 1/(2°001)*; the exact 
result to7 figures thereby obtained is ‘1248127 —, giving a difference from the 
previous result of less than ‘0000002. This slight discrepancy is due to the 
fact that the increase in the value of x, although small, is not indefinitely 
small; if a smaller increase in x were taken, the results would agree even 
more closely. 
4x2+5 
3a+4 


(ii) y= 
4(x+h)+5 , 


In this case, when 2 is ine dt h Ss 
f reased tc ¢+h, y becomes S@ph+4a 
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4e+4h+65 40+5 
8xt+38h+4 8244 
h 
~ (8a+8h+44) (824 4) 
jy 1 
da (8a4+8h-+4) (8244) 
which, when h—>0, tends to the limit faa . 
: } (82+ 4)? 

_Since this, being a perfect square, is always +, it follows that the 
given function always increases when & increases. If its graph be 
drawn, it will be seen that as # increases from —o to —4, y increases 
from $ to 0; when «= —3, y is infinite and the function is discon- 
tinuous; as @ increases from —4 to o, y increases from —o to 4. 
[The graph is a rectangular hyperbola whose asymptotes are the 
straight lines = —4, and y = $.] 


.°. the increase in y = 


(after simplification). 


As a numerical illustration, find, approximately, the value of y when 
x = 2°0185. 
When x=2, y=1'3 and dy/dx = hp. 
The increase in y = dy/dx x increase in x, approximately 
= ‘01 x 0135 = ‘000135. 
y = 1300185 nearly, when w = 2'0185. 

(iii) y= Vx. 

When z is increased to +h, y becomes /(x+h) ; 
the increase in y= V/(x+h)— V2, 

dy V(e@th)—v2 
ja heros 

Before making h tend to zero, it is necessary to transform this 
expression into such a form that the numerator and denominator 
do not both —>0 with /; in the case of algebraical expressions, this 
generally means that the expression must he transformed until the 
h (which is not exactly 0) divides out. 

In this case, the desired result is obtained by rationalizing the 
numerator; multiply numerator and denominator by V(x+h)+ V2 
oy at+h—« 1 

aes ba h{V@tht+va} V(eth+ve° 
which, as  —> 0, approaches the limit 1/(/a+ V2). 


the d.c. of /2= 


As a numerical illustration, find 4/257. 
Since 256 = 162, this can be written 164/284, i.e. 16 /(1 +543) 
To find /(1+5},), we take y=/”. Ifa#=1, y=1, and dy/dx =}. 
Hence, if # be increased by g},, y will increase by, approximately, 3 x gi 
. A(1+ghg) = 1+ 442 approximately, 

and 4/257 = 16(1+ 445) = 16+ = 16°03125 approximately. 
The true value is 16°031219.... 


and 


om . 
2/72 
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Examples VI. 


Find from first principles, the differential coefficients of : 


1. 


fos) 


28. 


29. 


- 80. 


81. 


at, 2. (l—x)*. 3. 1/x. 4. 1/2. 5. 1/(p— ga). 


. (4”—5)/(8x%—-2). 7. (a+bx)/(c+dzx). 8. 22?-Tx. 

. ax? + bate. 10. x/(x?+1). 11. 1/2. 12. 1/./(a—be). 
. A (a? — 2’). 14. (x?+ a7)8/2, 15. 1/./(1—2). 

. Use the d.c. of 1/4/x to find the approximate value of 1/,/401. 

. Use the d.c. of 1/x? to find the approximate value of 1/(10°07)%. 

. Find the slope of the graph of y = 1/.,/x at the point (4, 4). 


” ” ” Gf — 1/2? ” ” (10, 01). 
” i mee a/ (a? + 1) ” (2, 4), 


9” ” 
. Find the d.c. of 32?—72+8, and deduce the approximate numerical 


value of this expression when # = 2'015. 


. Find the d.c. of (7~—4)/(10+5z), and deduce the approximate 


numerical value of this expression when x = 18°03. 


. Find the d.c. of 1/(a?—1), and deduce the approximate numerical value 


of this expression when x = 8°96. 


. Prove that the function (3—52)/(7~—2) decreases as x increases [save 


in passing through the value 2 = #]. 


. Prove that the function (a+bx)/(c+dx) increases or decreases as x 


increases according as be—ad is + or — [save in passing through the 
value x = —c/d]. 


. Find the slope of the graph of y= az*?+ba+catany point. At what 


point is the tangent to the graph parallel to the axis of x? 


. Where is the slope of y = x/(x?+1) zero? Draw the graph. What are 


the greatest and least values of the function ? 
Where does the function y = a5 — 3x increase, and where does it decrease, 
as x increases from —oo to +00? 
Express in symbols the following statements : 
(i) The rate of change of x per second is equal to » times the rate of 
change of z per second. 
(ii) The rate of change of y per unit increase of a is n times the rate 
of increase of y per unit increase of z. 


(iii) The rate of increase of y is equal to the sum of the rates of increase 
of w and v with respect to x. 

Express in symbols : 

(i) The velocity of the point (a, y) parallel to the axis of a is equal to 
n times the velocity parallel to the axis of y. 

(ii) The acceleration of a point moving in a straight line with velocity 
v is proportional to its velocity. 

(iii) The retardation of such a point is proportional to the time. 

Express in symbols: 

(i) The rate of increase of the area of a circle per unit increase of the 
radius is proportional to the radius. 

(ii) The rate of increase of the volume of a cone of constant height, 
pent increase of the radius of the base, is proportional to the 
radius. 

(iii) The rate of increase of the volume of a cube is proportional to 


the square of the rate of increase of the area of the surface, with 
respect to the length a of the edge. 
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(iv) The rate of increase of the volume per second is proportional to 
the rate of increase of the area per second. 
82. Express in symbols: 


(i) The slope of a curve at any point is proportional to the abscissa. 


(ii) ate ordinate of a curve at any point varies as the square of the 
slope. 


(ili) At any point P of a curve, the slope of the curve is equal to half 
the slope of the line joining P to the origin. 

27. Differential coefficient of x”. 

We have found the d. c. of 2” for several particular values of 
[for nm = 2 in Art. 19; for m =—38 and mn =—} in Art. 26]; we now 
proceed to the general case. * 

If x is increased to x+h, y becomes (a+h)"; 

.*. the increase in y = (v+h)"—2"; 
. dy by a —an (e+h)r—2" 
a taal =L;' = oatesiers (e+h)—# 


It has been shown in PER B (8) that the limit of (@”—a”)/(x— a), 
when z— >a, is na”™~} for all rational values of ~; applying this 
to the expression just obtained, since a: h—»«x when h—>0, we have 


(e+h"— re 
Nescgaence (@+h)— - nee at 


Therefore, whether n oe + or —, integral or fractional, 
the. d.¢. of x8 = nx® 1, 
E. g. the d.c. of 2° = 62°; d. ¢: of 2° = 202"; 
d.c. of 4/2, i.e. of 2®= Ae°% = 1/(8 4/2’); 
d.c. of 1/a4, i.e. of a4 = —42°% = —4/2°; 
d.c. of 1/1/x, ie. of a-¥?= -ta-% = -1/(27 2). 
Two particular cases + are of special importance : 


1 
Gites 7 = 218 thet tm: [Of Ari.26(8).] 


da “OV 2 
Pa dy n 1 
(ii) if Uy el 1/2 = a, then 7 = # ere 


28. An important approximation follows from the preceding 
result. 


hy— 10) 
We have CL. ot ; S = na; 


h>0 


* For another method of differentiating 2”, which does not require the use of 
the limit of Art. 13 (8), see Art. 32. 

+ These two cases occur so frequently that it is advisable to commit them to 
memory as separate standard forms. 
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Nn 
-*. asin Art. 24, = na"™-14 6, where «—>0 as h->0. 
i.e. (w+h)" = a+ na"—"h + eh. 


.. when h is very small we have, neglecting terms of the 2nd 
order (Art. 24), 
(+h)" = a +na""h, approximately. 
If = 1, then (1+h)" = 1+ nh approximately, when his very small. 
e.g. 4/1002 = (10004 2) = 10(1+43,)% 
10(1+ z255) using the approxima- 
tion just obtained 


= 10(1+°00067) 
= 10°0067 nearly. 
The illustrations given in Art. 26, Ex. (i) and (iii) are also particular 
cases of this approximation. 


Examples VII. 


Write down the differential coefficients of: 

2, a, a9 27%, Q. Sax, Wa, Yu? xt, Vat, Ye. 
Feud Week Wil yi CRs Wyte al 9 

1/Y0%, 1 %x, Wa, 1/70, 1/72". 

. Find approximately the values of 4/127, 4/623, 1/1030. 

. Also of 1/4/99, 1/2/995, 1/4/245. 7. Also of ($3), 1°01, (,98)! 


an r Oe 


29. General Theorems on Differential Coefficients, 

Theorem (i). The d. c. of a constant is zero. 

By the term ‘constant’ here we mean a quantity which has the same 
value for all values of ~ An increase in the value of « produces no 
change in the value of a constant, therefore dy/da is in this case 
a fraction whose numerator is zero and whose denominator (although 
ultimately very small) is not zero. Its limit is therefore zero. 

Graphically, if y is a constant, the graph is a straight line parallel 
to the axis of 2; its slope is always zero, i.e. dy/dx is zero (Art. 28). 


Theorem (ii). The d. c. of the algebraical sum of a finite number of 
Junctions is equal to the algebraical sum of their d. c.’s. 

If y= u+v—w where wu, v, w are functions of x, the total increase 
in y, due to an increase da in 2, is equal to the algebraical sum of 
the increases in u, v, and w, 

a: by = Cutdv—lw, 
oy ou tv ow. 
ba be) (be (8 
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.*. when 52—>0, we have, by Art. 15 (i), 
dy du dv dw 


de de dae de? 
and similarly for the algebraical sum of any finite number of 
functions of 2. 

For the conditions under which the d. ¢. of the sum of an infinite 
number of functions can be obtained by differentiating each term 
and taking the sum of the infinite series formed by the d. c.’s, the 
student is referred to more advanced works. 

Theorem (iii). The d.c. of ay, where a is a constant, is equal to 
ax the d. c. of y. 

The increase in ay is evidently a times the increase in y, ie. 
8 (ay) = a.dy; 


S(ay)_ by 
"82 or 
and therefore, in the limit, ig. (ay) =a ay 
dx dx 


Geometrically, this theorem shows that, if all the ordinates of 
a curve are increased in the constant ratio a:1, the slope of the 
curve at any point is increased in the same ratio. 

These three theorems, together with the result of Art. 27, enable 
us to write down at once the d. c. of any rational integral function of x. 


E.g. the d.c. of az*+brt+e=2axr+b; 
the d.c. of a2t—3a°+52?-774+6 = 4a°-927+4107-7; 
and generally, the d. c. of 
aa” + ba®-)4 ca™-24 ...4ka+] = nax™)4 (n—1)bx 2+ (n—-2)ca"?4+...4k. 
Again, the d.c. of (2—27)?, ie. of 4-4a°+a4= -8x%+42°5; 
the d.c. of (a? +277)’, Le. of 274324 3a-V7+a? 
=3 eves Ra V-Ba-3? —3 a, 


It must be carefully noticed that, although the d.c. of 2° with | 
respect to x is 8x2, the d. c. of such a function as (a?+1)® with re- 
spect to x is not 8(a*+1)?; this is the d. c. with respect to a? +1, 
i.e. it is the limit of the ratio of the increase in (x?+41)® to the 
increase in 2?+1, not the limit of the ratio of the increase in| 
(x? +41)® to the increase in z. In order to find the d. ce. of (a?+1)° 
with respect to 2, it can either be expanded as in the last two 
examples given or, as is better, it can be dealt with by Theorem | 
(vii) on p. 79, which gives a general method of dealing with such 
cases. 
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Examples VIII. 


Differentiate the following functions with respect to x: 


1. @’—Tx+5. 2. 32?-82—-4., 3. pa't+qutr. 
4. 2a5-97+6. 5. ax? +ba?+ca+d. 6. 8x1°—6a5+ x. 
7. w'—2ax?+ at, 8. 27° 4 2a"x" + a”. 9. (w—5)*. 
10. (4/2 + /a)*. 11. (1—2)*, 12. (aa —b)s, 
2 
13. 5S deacon 14, aan 15. (2- *) 
x x w. x 
We rt+3a oo (=. oe (“7 ). 
Vx Mee j as 
19. (4/x —2)$. 20. (1— /x)?/x. 21. (a—b/x)s, 


80. Theorem (iv). To find the differential coefficient of a 
product of two functions of z. 

It is obvious, by taking two simple numerical factors such as 5 x 8, 
that the total increase in the product of two factors is not obtained 
by multiplying together the increases of the separate factors; and 
therefore the d. c. of a product is not equal to the product of the 
d. c.’s of its factors, 

Let y= uv, where uw and v are both functions of x When x 
becomes 7+ 62, u and v, being functions of x, will change; let them 
become u+6u and v+56v respectively ; 

.. their product, y, will become 

(ut 6u) (vt+ov) = wtu. dv+v. dut du. do, 

.. 6y, the increase in y, = uw. dvt+v.dut+iu. dv, 
and us ype Deiel elbt75 (i) 

In the limit, when dz and therefore du, dv, dy all —>0 (u, », 
and therefore y being supposed continuous functions of 2), dy/d2, 
6u/ox, dv/d” tend to limits denoted by dy/dz, du/dx, dv/dx respec- 
tively, so that the foregoing relation (i) becomes 

ay _ 00, 2, 

dx dx = dx 
since, in the last term of (i), the first factor du/da tends to the finite 
limit du/dxz, and the second factor 4v tends to the limit 0.* Therefore 
_ this term tends to the limit zero. 

This result must be remembered, and it is most convenient to 
remember it in the verbal form : 
the d. c. of a product = 1st factor x d. c. of 2Qnd+ 2nd factor x d.c. of 1st. 


* 5x, du, 5v each separately 0, but the ratio of any two of them tends to 
a finite limit, 
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Examples: 
d.c. of (a +1) (x? +2) = (a3 41) 2x4 (a? +2) 82? = 5at+ 6x242a; 


d.c. of 
1 5ax?+3brt+e 

A a(ax* + be +0) = x/n(2ax+b) +(x" +-be +0) «= = a ; 

d. c. of (aa?+ba+ce)*, i.e. (ax? + ba +c) (ax? + ba +c) 
= (ax? + bat c) (2ax+b)+ (aa + ba+e) (2ax+b) 
= 2(ax?+ba+c)(2ax+b). 

The preceding working can be illustrated graphically as follows: 
If the values of w and » are represented by lengths OX and OY 
measured along two straight lines at right angles, y is represented 
by the area of the completed rectangle OXZY; if XX’, YY’ denote 
du and dv respectively, then dy is represented by the increase in 
the area of the rectangle, i.e. by the shaded area in Fig. 40. 


Le 6y= ZY’ 4+ZX'+ZZ’=u.dv+v.5u+5u.5v as before, 


1@) 


Fig. 40. 


When 6u and dv are very small, the last term is of the second 
order of small quantities and can be neglected in comparison with 
the first two terms; i.e. the area ZZ’ is very small compared 
with the areas ZY’ and ZX’. 

Therefore approximately (i.e. to the first order of small quantities) 

oy = wu. bu+0. du 

whence, dividing by 52, and taking the limit, 
dy =u dv a v ae 
dx da dx 

31. Theorem (v). Differential coefficient of a product of any 
number of functions of 2. 

The rule for finding the d. ¢. of a product of two functions of x 
can be extended so as to apply to the product of any (finite) number 
of functions of 2. 
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If y = ww, where wu, v, w are all functions of 2, then, regarding 
this as the product of the two factors wv and w, we have 
dy __——s dw d (uv) 
da da dz 


= wy + (w+ oH) 


w dv du 
= Ww — LL Te pe poh 


and similarly for any finite number of factors. 

Hence the d. c. of a product is obtained by multiplying the d. c. of each 
Sactor in turn by all the other factors, and adding the results. 

This result, in the case of three factors, can be illustrated geometri- 
cally. See Examples IX. 25. 

A very important result follows from these rules. The d.c. of y? 
with respect to « may be found by regarding it as the product of two 
factors, each y, whence the d. c¢. of y? 

dy vy dy 
=y ae +y ae = 2y ae . 

Similarly, if m be any integer, by taking the product of m factors 
each y, we get the d. c. of y™ with respect to x = ny® 1 dy/dx. (See 
also Art. 34.) 

The d.c. with respect to x of a function of the form 2” y™, where y 
is a function of 2, can now be written down, as follows: 


d. c. of zy with respect to x = a5. wy. 822; 


d 


d.c. of x? y? with respect to «= 2?. ay +y?.22; 


d. c. of zy? with respect to x= a‘. ay +y°.425, and so on. 


32. Alternative method of differentiating x”. 


It should be noticed that, from these rules for differentiating a product, 
the d. c. of x” may be deduced for positive or negative, integral or fractional 
values of n, without having recourse to the limit of Art. 13 (8). 

For (i) ifn be a + integer, 

a =2xazx... n factors. 
By the preceding article, since the d.c. of each factor is 1, and this, 
when multiplied by all the other factors, gives 2"—!, we have a"—! repeated 
n times, hence 


al a” = nor), 
dx 
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(ii) If n be a positive fraction p/g, we have y= ax; wy? = x? 
.. differentiating with respect to 2, 
gy? = par; 
dy _ Es as +y q—-1 __ 14 Po) = (a®/2)9-1 = Pp geal PtP/t — P xP/I-r 
dx Qe q ar 


(iii) a be — and equal to —m, 
Gee = ifs. ay = 1; 
differentiating with respect to 2, 


dy 
a a ty.maz™=0; 
dy myx i 
Shaadi =", reg emia ad c 
= —mae "a t= —mz™, 


Hence we have proved that the d.c. of z"=nz""}, for all rational values 


of n. 


Examples IX. 


Differentiate with respect to x the following products: 


1. (a? —4) (‘+ 8). 2. 2” (14 /z). 3. (a +a") (2&™+a™). 

4, /x(a°+3x"). 5. (a+b) (a*+cx+0c2). 6. /x(a/x+b/2*). 

7. «(a”’?—1) (@?+4). 8. per 9. (8x+ 2)8, 

10. (824+2)". 11. /x(x—1) (2-2). 12. (a—bat cx’)?, 

13. (a—bx+ cx’). 14. (a—ba+cx?)”, USe ryt ate ys, 

Ss EOE foe Wi RTP ee 18. 2"y". 

19. x +ayty’. 20. a+a?y’+ y', 21. aa? + bx’ y + cay? + dy®. 
22. (aytb)?. 23. (ay+b)s. 24. (ay+b)". 


25. Illustrate the result 


of Art. 31 for three factors, by taking a rect- 


angular block with edges u, v, w respectively, and proceeding as in 


Art. 30. 
83. Theorem (vi). 


To find the differential coefficient of a 


quotient of two functions of x. 

Let y = u/v, where wu and v are both functions of z. Proceeding 
as in the case of a product, when 2 becomes +2, let wu and v 
become w+ 6u and v+v respectively. 


Therefore y becomes 


and éy= 


Therefore 


u+cu 
’ 
vo+tév 


uteu ue vdu—udo. 


vtiv vo vv +0) 
cu tv 
— — { — 


by ba bn, 
tz v(v+ bv) 
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and in the limit, when 6, and therefore also du, 5v, dy, —> 0, 


this becomes 
du dv 


dy _ "ae de 

dx eo 
This result must be remembered, and it can be put in the following 
convenient verbal form : 


. , den” x d. c. of num” —num’ xd. c. of den” 
d.c. of a quotient = “(dander anaes ° 


It should be noticed that this result cam be deduced from the preceding 
result as follows: 


If y=u/v, then u = vy. 
. a oY dv dy . ud. 
dx "dx ioe Weds v da’ 
du _ spdy | a 
ier ore tus ; 
i _,& 
whtenee pore eee as before. 
dx vw 
Examples: f 
The d.c.of —@  —(e+2)2x-a".8 _ 3attda 
saa (80+2) Bx+2p 
Thed. cof BIB#+1 _ (#48241) (82"—3) —(o*—B241) S244 9), 
e+3a4+1 (a+ 3x41) > 
i 122°—6 
which reduces to és . 
(v*+3a+4+1) 
The d.c.of ¥% = (22+ b/QVa)-/e.a_ _ b-ar 
ax+b (ax +b)? 2 /x(ax +b)? 
dy dy 
2 x. Q2y —y'. 2x 2y (22 -y) 
Whe dsc. of) 22) = e act dx "/. 


Examples X, 


Differentiate the following functions with respect to x: 


3a+4 K 1-22 ax+b 
5ae8 oe ae ee 
w+ 4 xv? —Qe+4 x"+1 
"hm 4 “a4+2r44° ae 5 
8 
= 8. ve Oi oe 


Lorn cai baal ‘Ite 
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14/2 aat+bete. (a—1)P 
10. . . 
—V/2 1 il bate 12. 41 
ax (a —2) = (~—3) | a (a — 1) 
13. -;—-+ SS a Se sal Bat A 
82-1 eT ie = 1) 15. 2) (@—3) 
16. x/y. 17. 4 sk 18. 27/y?, 
lo. y8/x, a0? a*/y™, 21. y"/x". 


84. Theorem (vii). To find the differential coefficient of a 
function of a function. 


Consider the function y = (z?—8)'!. This is an expression of the 
kind known as a function of a function; 2?—38 is a function of 2, 
and y is a function of a?—38. Other examples are logsinz, cosa, 
V7 (a —28), &e. 

The d. c. of such an expression as (x?—38)!° cannot be conveniently 
worked out at once from first principles, but may be obtained in 
two stages by denoting x?—3 temporarily by u, and writing y = wu, 

Generally, let y be a continuous function of u, where wu is a con- 
tinuous function of z When z is increased to «+62, u will become 
w+6u, and this change in the value of w will make y become y+5y; 
then it is an obvious identity that 

dy dy | bu 
ba bu * ba 

When 52 —> 0, du will —> 0, since wu is a continuous function 
of x, and 6u/dx will tend to the limit du/dz; and when du —> 0, 
dy will —> 0, since y is a continuous function of u, and dy/du will 
tend to the limit dy/du; also dy/d% will tend to the limit dy/dz. 
Therefore, by Art. 15 (ii), the preceding relation becomes 

dy __dy | du 


dz du’ dx 


For instance, in the example mentioned above where 
y= ul and u = 2?—3, 
dy dy | du “ 
eee = 10wW x 2x x (x*—38) 
Tho d.c. is the limit of (increase in y)/(increase in 2), and by 
this method it is found in two stages : : 
‘ increase in y increase in um 
pee sual to Wize in u aman increase in «’ 
increase in w}° increase in (x?—8) 
Li increase in w ~ Li increase inz 
i.e. to d.c. of u!9 with respect to u xd. c. of (c?—8) with respect to 2, 
i.e. to 10u? x 22, 


i.e. to 
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This theorem can be illustrated geometrically as follows: 

Let y be a continuous function of u, f(u), where uw is a continuous 
function of x, F(x). 

Let AB (Fig. 41) be part of the graph of u = F(x), drawn with reference 
to the axes OX, OU, and let AC be 
the corresponding part of the graph 
of y=f(u), drawn with reference to 
the axes OU and OY (the continuation 
of XO). Let P be any point on AB, 
and Q the corresponding point on AC. 
If OM, the abscissa x of P, be in- 
creased by MN, the ordinate is thereby 
increased from OH to OK, and this 
increase in one of the coordinates of 
Q produces an increase in the-other 
coordinate of Q from OF to OF. Now 

dy EF LY LQ . Pay 
Fig. 41, ’2 MN PD LQ” PD 
= slope of QQ’ x slope of PP’. 


When P’ approaches indefinitely near P, Q’ approaches indefinitely near Q, 
and PP’, QQ’ become the tangents at P and Q respectively. Therefore, 
taking the limits, 


dy _ LI ate 

aoa slope of AC at Qxslope of AB at P = Bee ae 

This is a rule which has constantly to be applied, and the student 

must, by doing many examples, make himself so thoroughly familiar 

with it that he will always avoid such mistakes as giving the d. ¢. 
of (2x—1)' as 8(2x%—1)? instead of 3(2x—1)*x 2. 


Examples : 
if y =(a?-a’)", ie. uw" where u = 2*-a?; 
dy _ dy du n-1 yao 
ye ake 22a = 2ne(a?—a?)r; 
if y= /(5—42), ie. /u where u=5-4a; 
dy = dy . du = he x —4 = 2 i 
dx du dx 2/u 7 Seta 


_>1ea* 
~ (L=29)8" 


After a little practice, it will be unnecessary to insert the « 
explicitly, and the results can be written down at once as below. 
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The d. c. of (4442) = 3 (4v+2)?xd.c. of 4a+2 = 38(4242)?x 4, 


= » (l—2) =3(1—-2z)? xd.c.of l-x =3(1—2")x -1. 
” » (a +a?)® = 3 (a? +07)?xd.c. of ee 8F 
a? 8 
” ” (“,) = 3(—* =) x d.c. of = 
=3(= r ea 22-2! _ 3a5(x—2) 
x—1 (v-1)? —  (a—1) 


and generally, 
the d. c. of wu’ = 3u?xdu/dx, where u is any function of x. 
Similarly, 
the d.c. of u”"= nu""'xdu/dx, whatever the value of n. 


This last result has already been obtained (Art. 31) from the rule for 
differentiating a product, in the case when n is a positive integer; we here 
obtain it in the more Ce case when » is positive or negative, integral 
or fractional. 

Taking, as another erent different powers of the same expression, 
the d.c. of (l—22”)* = 4(1—2a7)§xd. c. of 1-227 = 4(1-22°)x —42; 

” ” V1=22") = 55 —aan Xe. of Te ees x —42; 

1 — 

an (LES a*)8 = 
and generally, the d. c. of any power 

(1—227)" = n(1—2 27)" 9 x —42. 


~5(1-22")-®x dc. of 1-2a®= —5(1—-2a2)-§x —4a; 


Again, the d. c. of 


x 
J (a? +2) = sre +2) x 2a = Tara) 


The d. c. of a4/(a?+2”) (a product in which the second factor is a func- 
tion of a function) is, using the result just obtained, 


eee el 24 a2 _ eta" 
wx VW (a? +2") +/(a?+2*)x1= V (a+) 
The d. c. of the quotient /(a?+2?)/x 
V (a? +2) 2 
aE : Gy 
CEE # = ’ which reduces to x(a? + a) . 


85. Theorem (viii). The relation between differential co- 
efficients of inverse functions, 

If y is a continuous function of a, then z is generally a continuous 
function of y. 


1628 G 
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Let 5” and dy be corresponding increments of x and y, then 
evidently 


ba by 

by a an 1, 
and therefore, when 6a and dy —> 0, 

dx re art 

dy "dee oy 


i.e. the differential coefficients of two inverse functions are reciprocals. 

This result may be regarded as a particular case of the preceding 
result, from which it may be obtained by putting y= a; the rule 
' for a function of a function then gives 


1= dae x du ie da =1 du 
du“ du’ "~~ du da 
_ This theorem is also obvious geometrically. It has been seen 
| (Art. 23) that dy/dw is the tangent of the angle y which the tangent 
to the graph of the function makes with the positive direction of 
_ the axis of x; similarly, dz/dy is the tangent of the angle y which 
the tangent to the graph makes with the positive direction of the 
axis of y. 


Fig. 42. 


The sum of these angles is either }7 or $7 (Fig. 42), and in either 
case the tangent of one of them is equal to the cotangent of the 
other, ie. tany = 1/tany’. 
dy _  /%, 

dx dy 

Examples. If y= */a, then a=y>; .°. de/dy=5y'= 52th; 
Gym 81 

ee dx — 5 t/5" 

of the corresponding power. 


In this case the d. c. of a root is deduced from that 


ALGEBRAICAL FUNCTIONS 83 


Again, if y2+3y=42, de/dy=2y+8; .*. dy/dx=1/(2y+8), 
which gives dy/dx in terms of y. To find y in terms of «, and then 
differentiate, is a more troublesome operation and involves a much 
more complicated differentiation. 


Examples XI. 


Differentiate the following with respect to x: 
1 1 1 1 


pea aihe 83) Seat tae ~8)8- ges V(4a—5)’ W(4a—5) 
1 1 


6. . 1 - (§ yy)": 1 : i aa 
2. (3-72); /(3-72); @-tTa 8-92 Bray Vern! Ve-7Ta)' 


1 2 n, 1 . htt Nt . lt . 
Ate VEY ce yA Cee? Oar pee Jeol) Veta) 
8 diced de, A Sa ee ee Lj dy 
4. (a—2) ; V/(a-2) ; (a—a)?’ (a-2) ) a—2’ /(a—a)’ 1/(a—2x) 
n n n nm), = n n\n, 1 7 tne Bl ae _ eer 
5. (x"—a")$; V(x —a"); (@"—a"p? (2"—a")"; Peer V(x"—a")*? B/(a"—a") 
6. (ax? +ba+c)*; J (ax + bate); cornea (ax? + ba +c)"; 
ans esi to 15 3b 4) AP aire ceautfin » 
ax'*+bate’ J(ax*+bate)’ W(ax'+bate)" “(a= 27)” 
1 ie f Ml dt Niall 
& V(@—a) 9 (a2) 10. (a2) 
1. ~/(a?— 2°). 12. 4/(a?— x5), 13. ( zt). 
6//a—1 ome \ ae 
14. (=): 15. (=) ° 16. A/ ae 
x ie Vos 
17. /(,). 18. (=) C 19. a/(22+1). 
x / (2a +1) 
20. x?4/(1—2). Pai V@z+l) Ct Nearer 
x? Jz). 2 gees 
23. laa) 24. a 25. x VJ (a ae) 
Fred V(x? —a ) S\N 
26. ataah). PY a . 28. x(a—2x)". 
(a—2)” 2. we 
pou. 80. (ea 31. (a—ax)?(b—z) 
(a-—« J n m (a—a)" | 
82 a 83. (a—x)"(b—x)”. 84. =a)" 
Find dy/dx in the four examples following. 
35. +3y7=2+1. 36. (8y+2)/(84+2y) =a 
87. a(yta)=y’ 88. zytaxtbyty’ =0. 


a2 
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89. Prove that the d. c. of an even function of x is an odd function of x, and 
conversely that the d. c. of an odd function is even. 


40. Illustrate Theorem vi, Art. 33, geometrically, by taking u as the area of 
a rectangle of which v is one side. 


41. Find the slope of the curve y°+4ay =5 at the point (1, 1). 
42. Find the slope of the curve y83—3zy?+a’x =a* at the point (a, 3a). 


36. Differentiation of Implicit Functions, 


In the case of implicit functions (Art. 4), it is often difficult or 
impossible to find y explicitly in terms of x, and then by differentiat- 
ing obtain the value of dy/dx in terms of x alone; but the value of 
dy/dz in terms of x and y can be obtained by differentiating, with 
respect to x, each term of the equation between z and y as it stands. 

It has been proved (Arts. 31 and 34) that the d.c. of y” with 
respect to x is ny""1dy/dx. The terms which occur most frequently 
in practice, when y is given implicitly as a function of x, are terms 
of the type ax” y"; and the d. ¢. of this term is equal to 
dy 


a (a. nyn 1 ae 


+y".ma™-1), 


by using the ordinary rule for the d. ¢. of a product. 
One or two examples will now suffice to show how to find the 
value of dy/dx in such cases, 


Examples: 
(i) 2+y?=a". Since x+y’ is constant, its d.c. is zero. 
2a+2y dy/dx =0, whence dy/dx = —x/y. 
[In this simple case, y can be at once expressed explicitly in terms of a, 
for we have y= /(a?—2*); 

dy 1 aA ze : x 

ie Sao) x -2¢ = Jaa)’ which = — A as before.] 
(ii) a+ 8ary+y3 = a’, 
Differentiating each term with respect to a, 


dy dy 
2 Rees C= 
327+3a (2° +y) ou 5 = 0, 


lac 
dy dy 
h Ay ae pp OEE ee 2 een 3 
whence ane te oe ay—x', 
2 
and J See 
dx ax+y? 
(iui) ays +y%a*+ a5 = 0, 
dy dy 
H Do Aha 3. 2 Oy 8) Ogee 
ere w.8yis ty 2at+y 3a +2 Y oe 0, 
dy Bary +2ay> Saryt2y? 


h eb ME at Sd EIS ANN El! 5 
be dz Bury? + 2a%y Bay t+2a? 
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(iv) If y isgiven in the form %/(a"—2"), we may write y"=a"— 2"; then, 
differentiating with respect to x, we have 


dy dy gn} 
dx 


= na Le == 


n n—l ° 
y dx ge 


Examples XII, 


Find dy/dx when x and y are connected by the following relations: 


ety — 0. 2. Jat J/y = V/A. 

8. a" +y" =a". 4. xv'+ay+y’ = 0. 

5. S+aytaoeyty=a, 6. 1+a*%y+ay? = 0, 

Yi ery. = Gute: 8. ag” — b"y™, 

9. (x+y)? = ax? + by’. 10. (w+ y)§ = 8axry. 
11. (a? + y?)? = a? (a? - y’). 12. aa?+2bay+ cy’? = 1. 
13. ax* + bay + cay? + dy? = 1. 14. y = (a —2*)9, 
15. y = (a7? — 37/1) Y/?, 16. 2?" + a"y"+y?" = a", 

17. ay*+ ay’ = a’. 18. ax?+ 2hay + by? +29x%+2fyt+c=0. — 
19. l+e+yt+ay=a. 20. (a@+ax)(aty)=a2?+y’. 


21, Find the value of dv/dp (i) when pv =k, (ii) when po’ = k, (ili) when 
(p+av™*) (v—b) =k. | 


87. Calculation of small corrections, 


We have, in several numerical examples in Art. 26, shown how 
the result of Art. 24 can be used to find the approximate change in 
the value of a function due to a given small change in the value of 
its argument. Numerical results are frequently calculated from 
given data by aid of a mathematical formula. These data are often 
obtained by measurement or observation, and therefore cannot be © 
found with absolute accuracy. An error in one or more of the data 
will produce an error in the value of any quantity calculated from 
them, and an important practical application of the differential 
coefficient is to determine the influence, upon the result of a 
calculation, of given small errors in the measurement of the 
quantities upon which it depends. At present, we shall confine | 
ourselves to finding the effect of an error in one variable only. The 
general question of finding the aggregate effect of errors in several 
observations will be considered later (Chapter XXIII). 

It is generally the relative or proportional error (i.e. the ratio of 
the error to the calculated value), or the percentage error, which is 
of importance, rather than the actual error. 


Example 1. A given quantity of metal is to be cast into the form of a right 
circular cylinder of radius 5 inches and height 10 inches ; if the radius is made 
dy inch too large, what will be the difference in the height ? 


86 DIFFERENTIATION OF SIMPLE 


Let 7 and h denote the radius and height respectively. Then 
rh = the volume = 725 x10, and therefore h = 250/?’. 


We want to find the change in / due to a given change in 7, therefore we 
need the d.c. of h with respect to ~ 

We have dh/dr = 250 x —2r°§ = —500/r5. Therefore if r be increased 
by ay, h will decrease by (approximately) 35 x500/5°, i.e. } inch; hence 
the height will be 9°8 inches approximately. 


Example 2. The pressure p and volume v of a given mass of gas at constant 
temperature are connected by the relation py =k (a constant). If the pressure 
of 10 cubic feet of the gas be 14 1b. per square inch, find the pressure when the 
volume is reduced to 9°92 cubic feet. 

Here we need the change in p due toa given small change in v; therefore 
we find the d.c. of » with respect to v. 


k _ dp [es 5 00 ade D 
P= 53 Pa eae 
i.e. if the volume be increased by a small amount, the pressure will decrease 
by nearly p/v as much. 
In this case, the volume is decreased by ‘08 cubic foot. Therefore the 
| pressure will increase by 74x ‘08, i.e. ‘112]b. per square inch, i.e. the 
pressure will be 14°112 lb. per square inch. 


Example 3. The time of oscillation t of a simple pendulum of length | is 
given by the formula t= Qr/(l/g). Find (i) the percentage change in the 
value of t if the length be increased 1 per cent. 

29 ; _ dt eta 1 7 
gee ape oe ab liafy ViBa/ bees 


Tv 
ore by Art. 24, st= V7 (gh) 


T Z 7 1 
an oF gl) Woe 100 Ni 
eth AknedOO as it 
NOD EI 2 
Find (11) the percentage change in the value of t, if the pendulum be removed 


to a place where the value of g is diminished by ‘2 per cent., the length being 
unaltered, 


: 1 
x 67 approximately, and 6] = {00 : 


and the percentage error = a x 100 = 


In this case we need the d.c. of ¢ with respect to g. 


t=IrJ/lxg; Oe lnylx 59% =n bis 


dg gy’ 
.. approximately, 
U l g T 1 t 
t=-— 3 = oe - = = —- =—iesa ae e 
: a NE X Og site Ne * ~ 500 — + 500 NE {000° 
the percentage change in ¢= = x00 a" 


and the time of oscillation is increased by ‘1 per cent. 
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Example 4. If the preceding formula be used to calculate the value of g 
from observations of t and 1, find (i) the possible error in the value of g, if 
the error in | may be ‘5 per cent. either way, t remaining constant. 

We now need dg/dl. 
47° | e dg eae 


exPare rele gts sihpetr enn say's 


. . 2 
*. approximately, the errorin g = = x the error in] = g EOL 


r) él 
vo Ze = 4005. 
g 1 
The proportional error in the value of g is equal to the proportional 
error in the value of J, as is obvious at once from the fact that g varies 


directly as J. 

Find (ii) the relative error in the value of g owing to the observed value of the 
time of oscillation being "1 per cent. too much. 

Here we need dg/dt. 


Sh89m wenthe 4n8l 
Cr Thane SF ara ‘~ =a? 


i.e. the value of g is too small by about gt, of its calculated value. 


38. Coefficients of expansion. 


It is a well-known fact that most substances expand when heated, and 
that the amount of the expansion depends upon the rise in temperature; 
hence the dimensions of such a body are functions of its temperature. 
Consider a uniform bar which is of length 7 when its temperature is 6. Let 
the length be 7+87 when the temperature is raised to 6+60, so that 7 is 
the increase of length due to the increase 56 in temperature. As 560, 
81> 0, but the ratio 61/56 tends to a limiting value dl/d6. dl/ldé is called 
the coefficient of linear expansion. This is frequently a small constant. Denot- 
ing it by &, we have dl/d@= ail. If 80 be small, we have approximately 
61=10.66 and 14+51/=1(1+0656); d5J=«a if 1 and 56 are each unity, 
therefore & is approximately the increase per unit length of the bar for one 
degree rise in temperature. 

Similarly, if A be the area of a lamina of the same material at tempera- 
ture 6, and if 6A be the increase of area when the temperature is raised by 
an amount 56, dA/Adé is the coefficient of superficial expansion. It is 
approximately the increase per unit area for one degree rise of temperature. 
If the lamina be a square of side 7, 4 =/?, and we have 

1dA_1 d_2dl 


Ta Ze 148° 
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Therefore the coefficient of superficial expansion is twice the coefficient of 
linear expansion. 

Again, if V be the volume of a quantity of the material at temperature 0, 
and if dV be the increase of volume due to a rise 56 in temperature, 
dV/Vdé is the coefficient of cubical expansion. It is approximately the 
increase per unit volume for one degree rise of temperature. If the volume 
be a cube of side 1, V=I5, and 

aye 3 di 3dl 

v a6 B* >" go 7 a0" 
Therefore the coefficient of cubical expansion is three times the coefficient 
of linear expansion. 


Example. A gramme of water (of which the volume at 4°C. is 1 c.c.) 
occupies at temperature 6°C. a volume 1+%(6—4)? c.c. where & is a small 
numerical constant ; find the coefficient of expansion at 0°C. and at 10°C. 

Since V=1+k(6—4)?, we have 

dv 1dV_  2k(6-4) 
ag ~2#O-4) and 5 a9 ~ THe 4 

When 6 =0, this is equal to —8k4/(1+16k). When 6=10, this is equal 
to 12%/(1+86k). Neglecting squares and higher powers of k, these results 
become —8é and 12k respectively. 


Coefficient of elasticity of volume of a fluid. 

Again, suppose that a quantity of a fluid of unit mass changes so that the 
volume »v is a definite function of the intensity of pressure p. An increase 
of pressure Sp will produce a decrease of volume 5v; —5Sv/v is called the 
mean compression. The ratio of the increase of pressure to the mean com- 
pression, ie. —vdp/dv, tends, as dv-—>0, to a limiting value —vdp/dv, and 
this is defined as the elasticity of volume of the fluid. 

If a gas expands at constant temperature, then, by Boyle’s Law, pv = k. 


Differentiating this equation with respect to v, we obtain 
dp dp 
Dio 0, whence —»v dp Pe 


i.e. the elasticity is equal to the intensity of pressure p. 


If a gas expands adiabatically, then po” = a constant hk. Differentiating 
with respect to v, we have 
d 
pyr’ 14" = =0, 
dp 


whence, dividing by v’—, we obtain —v - = yp, 


i.e. the elasticity is equal to yp. 


10. 


11. 


13. 


14. 
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Examples XIII. 


. If the side of a square can be measured accurately to 35 inch, find 


the possible error in the area of a square whose side is measured to 
be 15 inches. 


. If the diameter of a sphere can be measured to #5 inch, find the possible 


error in (i) the volume, (ii) the superficial area, when the diameter is 
found to be 20 inches. 


. Find the possible error in the area of a circle whose circumference is 


measured and found to be 56 inches with a possible error of zy inch. 


. A given quantity of metal is to be cast into the form of a cylinder of 


radius 4 inches and height 15 inches; if the radius is made @, inch 
too small, what will be the difference in the height ? 


. Twenty-seven cubic feet of material are to be put in the form of a cube; 


if there is ‘1 cubic foot short, what will the length of the edge of the 
cube be ? 


. A square plot of ground is to be measured out with an area of 900 square 


yards. What error in the length of the side will make the area 
1 square yard too much? 


. The diameter of a sphere can be measured to 4}, inch; find the per- 


centage error in (i) the volume, (ii) the area of the surface of the 
sphere. 


. Two sides and the included angle of a triangle are measured as 80 inches, 


40 inches, and 60° respectively; if an error of } inch is made in 
measuring the first side, what will be the resulting error in (i) the area 
of the triangle, (ii) the length of the third side, when calculated from 
those values ? 


. The side c of a triangle is calculated from the formula 


2 = a’?+b?—2abcosC; 


find the percentage error in the value of c due to an error of 1 per cent. 
in the value of a. 

Four rods, each 15 inches long, are joined together to form a square. 
If two opposite corners are pressed towards each other until their 
distance apart is just 21 inches, how far apart will the other two 
corners then be? 

A ladder 50 feet long rests with its upper end against a vertical wall 
and its lower end on the ground 14 feet from the wall; if the lower 
end is pulled a distance of 3 inches further from the wall, how far will 
the upper end descend ? 


. The pressure p and volume o of a given mass of gas at constant 


temperature are connected by the relation pp=k; if the pressure 
of 10 cubic feet of the gas be 14 lb. weight per square inch, find. 
(i) the pressure when the volume is reduced to 9°9 cubic feet; (ii) what 
change of volume will increase the pressure to 14°21b. per square inch. 

The distances x and 2’, from a lens of focal length f, of a point on the 
axis of the lens and of its image are connected by the relation 
1/x+1/x’ = 1/f; find the magnification of a small object in the direo- 
tion of the axis if a’ = 1 foot when x = 4 inches. 

The value of g is calculated to be 32°2 from the formula t =27 v(1/g) 
where ¢ is the time of oscillation of a pendulum of length 7; if an error 
of 1 per cent. is made in measuring ¢, find (i) the actual error, (ii) the 
percentage error in the value of g. 
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15. 


16. 


17. 


18. 


19. 


20. 
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Find the change in the time of oscillation of a pendulum if its length 
be increased 1 per cent. Find also how much it will lose per day, if it 
originally kept correct time. 

Find the change in the time of oscillation, and the number of seconds 
gained or lost per week, if a pendulum, which keeps correct time in 
a place where g = 32°2, is removed to a place where g = 32'1. 

A formula for the variation of electrical resistance R of a platinum 
wire with the temperature 6 is R= R,(1+a9+ 06") where Ry, a and b are 
constants ; find the increase of resistance due to a given small rise of 
temperature. 

With the data of the example in Art. 88, find the coefficient of 
expansion of water at 9°C. 

The coefficient of expansion of a bar of metal is ‘00008; find the 
increase in the length of a bar originally 10 yards long, when its 
temperature is raised 1°C. 

Twenty cubic feet of air at atmospheric pressure are compressed to 
a volume of 5 cubic feet; find the greatest cubical elasticity when 
the expansion follows (i) the law po=&, (ii) thelaw po*=h&, 


CHAPTER IV 


DIFFERENTIATION OF SIMPLE TRIGONOMETRICAL 
FUNCTIONS 


39. Differential coefficient of sinz. 


This can be obtained either analytically, by the method of Art. 26, © 
which inyolves the use of either the ‘addition formulae’ or the— 
‘product formulae’ of trigonometry, or geometrically. The latter 
method involves merely the simplest ideas and properties of the 
trigonometrical ratios, and we will therefore consider it first. 


(i) Geometrically. Let AOP (Fig. 48) be an angle of radian 
measure x at the centre O of a circle of radius 7; and let AOQ be 
an angle «+h, so that POQ is the increase h in x Let PM, QN 


(a) Fig. 43, (b) 


be drawn perpendicular to OA, PL perpendicular to QN, and PH 
parallel to the positive direction of the axis of x. 


Then sing = MP/r, sin(«+h) = NQ/r; 
.*. the increase in sing = (NQ—MP)/r = LQ/r. 
the increaseinsing IQ LQ 
ous the increaseinz ~ r.h are PQ 
mere 24) chord PQ gin HPO chord PQ 


= chord PQ * are PQ arc PQ 
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As h—>0, Q moves indefinitely near to P; the limiting position 
of QP is the tangent at P, and the limit of the angle HPQ is the 
angle X7P which the tangent at P makes with the positive direc 
tion of the axis of 2, ie. 3742. 

Therefore sin HPQ tends to the limit sin (}7+ 2), and [Art. 18 (10)] 
the ratio chord PQ/are PQ tends to the limit 1. 

X increase in sin x 

-*. the d. ce. of sing = | 4 — 

= sin (47+2) x1= cos. 

In figure (a) the angle x is taken less than 37, but by drawing 
figures for the other cases (b), it is easily seen that, with the usual 
conventions of sign and supposing the angle between PH and PQ 
to be always measured in the positive direction from PH, this angle 
always tends to the limit }7+a as h—>0, and the above reasoning 
always holds. 


(ii) Analytically. Let y = sina, and let x be measured in radians. 
If x is increased to +h, y becomes sin (x+h). 
. Oy =sin(«+h)—sin x = 2 cos (x+ $h)sin 3h (Product formula). 


by 2 cos (z+ 4h) sin th sin 2h 
Ree 2 eee — = = cos(x+ th) x Th ; 


as h—>0O, the first factor —> cosx and the second factor —> 1. 
dy _ fy _ 
ae = Liss => coszZ. 


Or we may proceed as follows: 
oy = sin(x+h)—sinxg = sinxcosh+cosxsinh—sin a (Addition formula). 
= cosxsinh—sin x(1—cosh) ; 
sinh . 1—cosh | 


= C0s % —— — 


y 
ba h h : 
dy AbD 
ag ries the limit of this when h > 0 


= cosax 1—sina~x 0 [Art. 13 (10)] 
= COS @. 


The student must notice carefully that the d.c. of sin mx (where 
misaconstant) is not cosma, but, by the rule of Art. 34, cos ma x m, 
i.e. the d.c. of sinmx is mcosmx, 

e.g. the d.c. of sin2x2 = 2cos2z, 


the d.c. of sing =} cosa, 
> 
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40. Differential coefficient of cos 2. 


This may be found by exactly the same methods as the d. ¢. of 
sing, Since cosa decreases from +1 to —1 as x increases from 
0 to a, it is evident that for such values of 2, its d. c. will be negative 
(Art. 25). 

(i) Geometrically. From Figure 48 we have 

cosa = OM/r, cos(x+h)= ON/r; 
.. the increase in cosx = (ON—OM)/r 
= —NM/r=—LPy/r; 


the increase in cos x LP PL ; 
** “theinereasoing 7h are PQ’ —-IP=+PI, 
Paes 8 2 chord PQ 
~ chord PQ are PQ 
va chord PQ 
= cos HPO! SerebOr : 


As before, when  —> 0, the angle HPQ —> 17+z2, and the second 
factor —> 1. 


.. thed.c. of cosx=cos(}7+2)x1=-—sing. 
(ii) Analytically. 


Proceeding exactly as in the case of sin x, we get 


Cyr > Fi sin th 
Bg Sn (et ah)x — ro ie 


As h— 0, the first factor tends to the limit sin x and the second 
to the limit —1; therefore dy/dz=—sinxz, and by the general 
rule of Art. 34, it follows that 

the da. c. of cos mx = —M Sinmx. 
If the angle « be measured in degrees instead of in circular measure, 


these differential coefficients take a less simple form, an inconvenient 
numerical factor being introduced. 


For, in that case, the radian measure of h° = glg7h. 


. since Lt sin 6/46 = 1, as 6 measured in radians > 0, 
sin h® 1 sin h° 7 
a ——_- = = 1 
se ar eam inane 1S0. 


and hence the differential coefficients of sinz°® and cosa° are y}g5mcos2° 
and —,i57sin 2°, respectively. 
41, Differential coefficient of tan 2, 


(i) Geometrically. In Fig. 48, let OQ produced meet ALP produced 
in R, 
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Then tanz = MP/OM, and tan(x#+h) = MR/OM; 
.*. the increase in tanxz = (MR—MP)/OM = PR/OM = PR/r cose. 


the increase in tan x ‘eh ETg PO ee PR 
the increase in 2 rhcosz  cosxz° arc PQ 
=secr x 2 x 70, 
in PQ ~ are PQ’ 


Now the angle PQR—> 37 as h—>0; therefore the triangles POR 
and LQP are ultimately similar, and PR/PQ— PQ/LQ, i.e. cosec HPQ, 
which —> cosee (47+2); 7 


.. thed.c. of tana = secxxcosec (7+2)x1 
= sec x X sec = sec? Z 
(ii) Analytically. 
Let y=tanz. If is increased to +h, y becomes tan(x+h); 
sin(e+h) _ sin % 
cos(x+h) cosx 


. y= tan (v+h)—tane= 


&: sin (v +h) cos %—sin x cos (x +h) 
cos (+h) cos % 


sin (x+h—2x) sinh ; 
Se ee SS eS 
cos (z+h)cosx  cos(%+h) cos x 
. dy_ sinh 1 
“" 82° h  cos(%+h)cosx 


As h—>0, the first factor —> 1, and the second —> 1/cos”. cos” 
.. thed.c. of tanxz = 1/cos? « = sec? a. 


This is always +, whatever be the value of x; therefore tang 
_always increases as # increases (except as it passes through its points 
of discontinuity, and then 6y/d2 does not tend to a finite limit) as 
is obvious from its graph. Geometrically, the tangent to the graph 
always makes an acute angle with the axis of z. 

From Art. 384, the d. c. of tan mx = m sec? mx. 


42, Differential coefficients of other circular functions. 

The differential coefficients of cot x, secz, and cosec2 can be 
obtained in a similar manner to those of sinz, cos, and tana, by 
either of the preceding methods. 

It should be noticed that, from the d.c. of sin 2, the d.c.’s of all 
the other circular functions can easily be deduced by the aid of the 
general rules of the last chapter: 
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We have 
d. c. of sinz = cosa. 
d. c. of cosx, ie, of sin (}7+2), = cos(}a+2) x1[Art. 84] 


= —sin x. 
- sin & cos x —si —sl 
Pmeacmah si eroh se prec US, [Art. 33] 
5 3 
cos & cos? x 
cos? 47+ sin? x 1 A 
SS = | = 00? 2, 
cos? & cos? a 
: COS & sin xX —sinx—cos2Xx cos x 
Beeeo ech ine Of) ae [Art. 33] 
sin & sin* x 
—sin? x—cos? az 1 ; 
=? = — = — cose? a, 
sin? x sin? x 
- 1 . gin # 
d.c. of seca, i.e. of ——-, =——— x ~sina[Art. 34] = —, 
cos x cos? & cos? x 
= sec x tang, 
: 1 1 
d. c. of cosec 2, i.e. of ——, =—-- — xcos#[Art. 34] 
sin x sin? x 
cos x 
= ——7 = —cosec x cot x, 
sin? a 


43. Application to numerical examples. 


We have now found the rates at which all the circular functions 
are changing for any value of z, and will apply them to numerical 
examples. 


Ex. (i). To find the value of sec 60° 1’. 

From elementary geometry, sec 60° = 2, and it has just been 
shown that the d.c. of secx is seca tanz. Therefore (Art. 24) if x 
is increased by a very small amount, sec x will increase by approxi- 
mately secatanz times as much; hence, if 2 be 60° and if it 
increase by 1’, i.e. in radian measure 17/10800, which is small, 
the secant will increase by sec 60° tan 60°x7/10800, i.e.’ by 
2x 73x 7/10800, which works out to "001008 nearly ; 


sec 60° 1’ = 2°001008 approximately. 


(ii) To find the value of cos 185° 1’. 

From geometry, cos 185° = —1//2. The d.c. of cos x = —sin a, 
and therefore if x increases by a very small amount, cos% will 
decrease by approximately sina times as much. Hence if x be 
increased from 185° to 185° 1’, cos” will decrease by sin 135° x the 
radian measure of 1’, ie. by 1//2x7/10800 nearly; this works 
out to °0002057. 

we c08 185° 1’ = —1//2—"0002057 = —°7078125. 
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(iii) The height of a tower is calculated from its observed elevation at 
a point which is a measured distance from its base in the horizontal plane 
upon which it stands. If this distance is 450 feet, and the elevation is 
_ observed as 85° 80’, find the approximate error in the height due to an 
error of 5’ in the angle of elevation. 
Taking first general values 0 and h for the elevation and height, 
' which are being varied, we have 
h = 450 tan 6, and therefore dh/dé = 450 sec? 6; 


hence a small increase in the value of 0 produces an increase of 
approximately 450sec?@ times as much in the value of h. 

In the example given, 0 = 85° 80’, and the error in 0 = 5’ = 7/2160 
in radian measure. 


.. the resulting error in the height of the tower 

= prso 7 X 450 sec? 35° 80’ approximately. 
Evaluating this by logarithms, we get °9875, i.e. the error in the 
height of the tower is nearly °9875 of a foot. 


44, Application of general rules to trigonometrical functions. 


By the aid of the differential coefficients of sinz, cos, and tana, 
together with the general rules for differentiating products, quotients, 
and functions of a function, many other differential coefficients can 
be at once written down. The following are typical examples: 
The d.c. of a@sinz = 2"cosz+nx""1 sin x (Art. 80) 
5 »  cos(a—2xz) = —sin (aA—22) xd.c. of x—2x (Art. 34) 
= 2sin(a—22), 
., ,  sinta = 4sin?axd.c. of sin 2 (Art. 34) = 4sin3z cos 2, 


rs » | tan®*r =n tan"-lex'd.'c. of tans =" tan”: 2 eee a. 
rs ; ng A, 
sin? a  cosx“.2sinxcosx—sin*x(—sinx 
. ; = S87 EAU YO eee eee 33, 34) 
cos x cos? £ 
sin x (cos? x + 1) 
SS. ee: 
cos? x 
a »  cosect a, i.e. of (sin xz)~*, = —4 (sin x) ~> x cos x (Art. 34) 
= —4cosz/sin® a. 
= » sin” me = nsin®-1 ma xd.c. of sin mx (Art. 34) 


= nsin”-!mx x m cos ma. 


Examples XIV. 


Differentiate with respect to x: 


1. sinda, sinda, sin(m~—Q), cosax, cos(a/p), cos(47—2z). 
2. tan3a, tan(x+Q). 8. cotmx, cot(X—-2z). 

4. secma, sec(17r+2). 5. cosecmx, cosec(B—}2). 

6. sin’z, sin"a&. 7. C08, COS’ 2, 8. /sin a. 

9. cosec?a. 10. /cosec 2. 11. 4/cos 2. 


12. seca, 13. cot" a 14. sin? 2.x, 
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15. cos*ax 16. tan"3 2. 17. cot?32, 

18. x‘sin3z. 19. x" cos x. 20. /x.tanz. 

21. (sin 2r)/2*, 22. sin32 cos4a, 23. sin mx cos nx. 

24. sina tana. 25. sin’z tan x. 26. (a+bsin x)’. 

27. /(3+4cos 2). 28. sina —4sin’z. 29. tan r+} tan’ a. 
3+4sin x a—bcosax 1+tanaz 

30. ipa mp ss 31. ak oom 32. ay : 

a+bcosx 1-tanz 
83. sin?a/(l+sinx), 34, sin22cos?a. 85. sin?xcos’a. 
36. sin «/cos’x. 387. sin”x cos" 2. 38. sin” ax cos" bx. 


39. a" tan™ az. 

Find dy/da in the following cases: 
40. sin mz—cosny = ¢. 41. sin?x+cos?y = a’, 
42, sina cosy =c. 43. ytany=@. 


Obtain, by the aid of the d. c.’s of the circular functions, the approximate 
values of : 


44, cos60°1’. 45. sin 120° 2’. 46. tan 45°1’, 
47. cot 135°3’, as. ./sin60°5’. 49. */tan 135° 2’. 
50. cosec? 30° 2’. 51. sin? 29° 57’. 


52. The width of a river is calculated from the elevation, at a point on one 
bank, of a tree 50 ft. high on the opposite bank; find the approximate 
error in the width due to an error of 5’ in the angle, which is observed 
as 18°. 

53. Two sides ofa triangle are 20 ft. and 40 ft. and the included angle is 30°; 
if the angle be increased by 2’, find the resulting increase in the length 
of the third side. 

54, In the preceding question, find the resulting increase in the area of the 
triangle. 

55. The side a of a triangle is calculated from the values b = 80, B=70", 
A = 42°; find the error in a due to an error of 15’ in A. 

56. The angle A of a triangle is calculated from the values a = 70, b=90, 
B = 65°; find (i) the actual error, (ii) the percentage error due to an 
error of ‘2° in B. 

57. The area of a triangle is calculated from the observed values of b, c, 4; 
find the relative error due to a known error 64 in the value of A. 

58. If 2° be the reading of a tangent galvanometer when a current y passes 
through it, y= Ctan x, where C is a constant; find (i) the error, (11) the 
percentage error in the value of the current due to an error of $° in the 
reading when a = 40°, 

59. The distance of a boat at sea is calculated from its angle of depression 
15°, observed at the top of a cliff 120 ft. high; find the error in the 
distance if the azgle be 2° too small. 


60. The height of a tower is calculated from its angles of elevation 35° and 
28’, observed at two points 150 ft. apart in a horizontal straight line 
through its base. If the former measurement is found to be 4° out, 
what will be the resulting error in the calculated height ? 


Miscellaneous examples for practice in differentiation. XV. 


Find the differential coefficients of the following functions of x: 
1. (x—3)5 2. (7-2). 3. /(1—2’). 
¢. x’ (1—2z)*. 5. 1/4/(a?-82—2). 6. 1/(5—7x)*. 


1628 H 
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100. 


108. 
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- 1/4/(a* +1). 
(A= a) | 


x 

. J {(4~2)/2}- 
. e—tan xe. 

. (tan x)/x. 

. Ya/sin x. 

. sin 2. 

. (sin w/z), 

. sing/ a. /ar. 

. 2//sin x. 

. (sin far)/4/2. 
. sec (x/a). 

. 2™/(a—x)". 

. J (a"—2"). 

. sin 3(X—2). 

. (w cos 2x). 

« (eos? oa) /a*. 

oy a COB ware 

- (L—cos2a)*. 


1 


* 14sin"2 


1l+sin?a 


* 1-sin?z 


A] +sin x 
l-—sine 
a-x 
(a= a?) ” 


. sin’ cos 3a. 


. sin’ cos®a, 


sin 32 


* cos? a 


cos38a 


* gin 8a 
. sin82cos’® 3a, 


sindx 


* cos’ 8x 


sin? 8a 
cos 38a 


. sin’g cos’ 3a. 


cos*a sin® 3.x. 


sin’ sin 3a, 


74. 


77. 


x/ (4-2). 


x 
" V(4=a4) 

. sin? (x—Q). 
. x tan x, 

. sin x cos’a. 
23. 
. (a sin x). 

. &/sin fa. 

. wr/sing. 

. J x. sin Ja. 

. 2a/(1—x). 

. sec (a/zx). 

. (a—ax)"/x™. 

. J (a—a)” 

. sin (A—2z)*, 

. x/cos 2a, 

. @ COS 2a. 

. z/cos? 2x. 

. (a+ bsin?x)™. 


Ne 
¥ (a+bsin§ ) 


(sin x)/ 4/2 


l+sin?2e | 
l—sin?2z 


A Gee 


a’? —2? 
(w-3) (@+2) 
(a+) (#—2) 
sin 82x cos®a. 
sin’ a " 


* cos 3a 


cos*a 
sin 38a 
sina 


* costa 


89. cos3asin® 3a. 


cos® 8a 


* sin8a 


sin’ 3x 


* cos 8a 


sin’ x 


* cos’ 3a 


9. 


12. 


90. 


102. 


105. 


* sina 


/ {a (4-2). 
Nie 


. cos"4a. 

. z/tan x. 

. /2#. 810 2X, 
24. 
. xsin /2. 

. /(a/sin 2). 
. VW (sin x)/a. 
. fae/sin fx. 
. (sec x)/a. 

. 2" (a—x)™ 
. WY (a-z). 

. sin’(X—2). 
. x cos 2a. 

- (cos? 2a)/a. 
- (cos 2.x) /x?. 


Asin x. 


(1 + sin? 22). 


. 4/(1+ cos nz). 


l+sin2a 


* 1-sin 2a 


1 
z+4/(a? +24) 


xv? —8a4+5 


‘2 4+5a—3 


x 


* V (2ax— 2)" 


. sin82c0s 8a, 


cos 3a 
sin’ 
sin 32 ’ 
cos 8a 
cos*a 


sin’ 3x cos* 3a, 
cos38a 


* sind 3a 


cos’ 3a 


* sin’ 8a 


cos’ 32x 
sin’ 
sini3e 
costa: 
sin32 
sin’ a 


106 


TRIGONOMETRICAL FUNCTIONS 


cos®x cos 3a. 


. singsin®3x. 
. cosxcos® 3a. 
. sinacos® 32. 


3. cosxsin® 32. 
. 2 /(a?— 2"), 
. a8 4/(a?— 2), 


. 2" (a? —2")", 


(l+a)? 


*(1+22)> 


1-22 


"(1482)" 


(+27) 
1-2? 


a—x\" 
beh 
. arn(8—40422*). 
. Ita)//f (2x2+2”). 


. a2” sin" 2, 


107. 


cos’ x 
cos 82 
sin x 


* sin’ 8a 


. / (a? — 22") / 2°. 
. a8// (a? — 27”). 


(l+2a) 


"1422 


(1-2), 


‘(1+2) 


(a-2)*, 


(ara) 


v—z? 


. (a—a)"(b—x)". 


. ©(8-424227)8?. 
. 2/(8—-4a + 2x2"). 
. we sin? ne. 


108. 


111. 


114. 


ALT. 


120. 


123. 
126. 


129. 


1382. 


135. 


138. 


141, 


144. 
147. 
150. 
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cos 38a 
cosa 
sin’ 3a 
sina 
cos’ 3x 
cosa 
cos’ 38x 
sina 
sin’ 38a 


COS @ 
2*/4/(a? — x"). 
a3 (a? — 2°)", 

l+a \? 

aos ors a 
(1=2) | 
(2-2) 
1+2? 


ai’ 
( + a) : 
(a? — a:*)” (b? — x)". 


Baa Lay 
x?// (8-40 +227), 


aw" sin” na. 


CHAPTER V 


GEOMETRICAL APPLICATIONS OF THE DIFFERENTIAL 
COEFFICIENT 


45. Direction of tangent. 


It has been shown (Art. 28) that if the tangent at any point (2, y) 
of a curve, whose equation is y = f(x), makes an angle w with the 
positive direction of the axis of x, then the value of dy/dxz at that 
| point is equal to tanw. This is the starting-point of many applica- 
_ tions of the calculus to geometry. 


Examples: 
(i) Find the inclination to the axis of x of the tangent at the point (2, 4) to 
the curve y = x/(1+x’). 
dy _ (l+2?)-—2x.2x al 1-2’? . 
dze hte Sst 
at the point (2, 4), this = —3/5? = —'12; 
tan = —‘12, and w=178°9’. 
The tangent makes an angle of 173°9’ with the positive direction of the 
axis of a. 
(ii) Find the direction of the tangent at (3, 2) to the curve x°+y* = 35. 
In this case, differentiating the equation as it stands with respect to x 
(Art. 36), we have 327+ 8y? dy/da = 0 
dy/dx = —x?/y*, which at the point (3, 2) becomes — 2. 
tany = —}= —2°25, and w=113°58’. 
The tangent makes an angle of 113” 58’ with the positive direction of the 
axis of a. 
If a curve passes through the origin, the value of dy/dx there 
gives the form of the curve at the origin. 


For instance, in example (i), when x=0, dy/de=1; .. tanpe=1 
and y= 45°; the tangent to the curve at the origin bisects the angle 
between the axes. 

In the curve y= 2?/(1+<2°"), 


dy  (1+2a")2x-2' .22 2a 
dx (1 +22)? ~ (1+ a)? 
at the origin, dy/da = 0 and y =0; the curve touches the axis of x 
at the origin. 


GEOMETRICAL APPLICATIONS 101 | 


In the curve y = x7/8/(1+ 2), 

dy — (l+a*) fa —2?? 22 

dz (i+ 24)? 

_-§ (1+27)-227 
~ gS (1427)? 
a ek ee ‘ 
82 (1 +27)? 
As x0, this > and hence y— 90°; the curve touches the axis of y 

at the origin. 


46. Equation of tangent to a curve at any point. 


The fact that dy/dx= tan enables us to find at once the equation _ 
of the tangent to a given curve at a given point, 


f Fig. 44, 


Let the tangent at the point P(x, y) of a curve cut the axis of x 
in T (Fig. 44), and let (X, Y) be the coordinates of any other point — 
Q on the tangent. Draw the ordinates PM and QN, and draw PK 

» perpendicular to QN. 

Then KQ/PK = tan KPQ = tan NTP = tan = dy/dxz 


and KQ=Y-y, PK=X-2z; 
‘Y-y_ wd. %. dy 
Percy ae ae: Y—y =(X—a)7 


This equation is quite general, and gives the equation of the © 
tangent at any point to any curve whose equation is known; (z, y) 
are the coordinates of the point of contact, and the value of dy/dx 
is obtained by differentiating the equation of the curve and sub- 
stituting in the result the values of x and y. 
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Examples: 
(i) Find the equation of the tangent to y’ = x® at the point (8, 4). 
Differentiating, we have 3y’dy/dx = 2a; 
: dy a2 elon 
| at the point (8, 4) dx 3y~ 483 
_.'. the equation of the tangent is 


¥-4=(X-8)}, 


i.e. X-3Y+4=0; 
or, using the ordinary notation, since # and y are no longer required for 
the point of contact, a—dyt+4=0. 


(ii) Find the equation of the tangent to the ellipse x?/a?+y?/b® = 1 at any 
point (x, y) on the curve. 
Differentiating, a2 2y dy 
da 
a = —bx/a’y, 
and the equation of the tangent is 


=O); 


ba 
1, @. a’yY—a’y? = —b’aX +b*x? 
VarX+a°yY = vax? + ay’; 
: Rae Xora a ye nny 
» dividing by a7b?, Stat atso iE 
This is the required equation in its simplest form, 
Xx 
aaa 


(ili) Find the equation of the tangent to the circle 
x’+y’—3x+4y—31=0 
at the point (—2, 3). 
Differentiating the equation as it stands with respect to a, 


20+2y ou — 344% 
-. at the point (—2, 3), 
446% —3+4% ty 0, whence 10% ~7, 
dx 
Hence the equation of the tangent is 
y—3 = (x+2)5, : 
i.e. Tx—-10y¥+44=0. 


The next two examples show how geometrical properties of a curve 
may be deduced. 
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(iv) Find the equation of the tangent to the parabola yt = 4ax (p. 17) at 
any point on the curve, and prove that if the tangent at P (Fig. 45) meets the 
axis in T, and PN be the ordinate of P, then T and N are equidistant from 
the vertex A of the parabola, i.e. AT = AN. 

Differentiating the equation y? = 4ax with respect to 2, we have 

2y dy/dx = 4a, i.e. dy/dx = 2a/y; 
hence the equation of the tangent is 
Y—y = (X-2)2a/y, 
i.e. Yy-y' = 2aX-2az; 
oe. Yy = 2aX-2axty? = 2aX-Qaxt+4axr = 2a(X+z2), 
This is the equation of the tangent PT. 
Where this cuts the axis of 7, Y=0; oo O= 2a(X4+2); 
X, ie. AT= —x= —AN. 

Bence A is the middle point of Z7'N always. 


(v) Find the equation of the tangent to the hyperbola xy = c? (p. 21) at any 
point on the curve, and show 


(a) that the portion of the tangent between the asymptotes is bisected at the 
point of contact ; 


(0) that the tangent cuts off from the asymptotes a triangle of constant area. 


Y 


N 


Fig 45. Fig. 46, 


Differentiating the equation ay = ¢? with respect to a, we have 
xdy/dx+y=0, ie. dy/da = —y/zx. 
- the equation of the tangent is 
Y-y= — (X-a) y/x. 
a = Xyt Ya = ay. 

. dividing by xy, X/at+ Y/y = 2. 

Let the tangent at P (Fig. 46) cut the axes in Z and K, and let PN be the 
ordinate of P. 

Where the tangent cuts the axis of 7, Y= 0; Se BG EREPP 
i.e. X (which is OL) = 2@ (which is ON), so that OL = 20N. 

. KL =2KP, and Pis the middle point of KL. 
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Again, where the tangent cuts the axis of y, X = 0; 
Y/y = 2, i.e. Y (which is OK) = 2y. 
Now area of triangle KOL =} OK. OL =}. 2y. 2x = 2ay = 2c", which 
is constant for all positions of the point P. 


47. Equation of normal to a curve at any point. 


The normal at a point is the perpendicular to the tangent through 
the point of contact; its equation can be found in the same way as 
the equation of the tangent. 

Let the normal at P(z, y) meet the axis of # in G (Fig. 47), and 
let (X, Y) be the coordinates of any point Q on the normal. Draw 
PK perpendicular to the ordinate of Q. 


¥ Q (X,Y) 


Fig. 47. 
Done Sse = 
Then Yor PK tan MPQ = tan XGP 
= tan (ir4y) = —coty = aye 
3 da 
i (Y-9) > = —(X—2). 
Hence the equation of the normal at (2, y) is 
dy _ 
X—2+(Y¥—y) = 
Examples: 


(i) Find the equation of the normal to the curve 9x?—4y?= 108 at the 
point (A, 3). 
Differentiating with respect to 7, 182—8ydy/dx = 0; 
dy/dx = 182/8y = (at the given point) 72/24 = 8; 
-. the equation of the normal is X—-44(V¥-2)83=90; 
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or, using the ordinary letters, now that x and y are no longer required 
to denote the coordinates of the point of contact, 
x+3y = 13. P 

There is of course no need to use the general formulae for the equations 
of the tangent and normal ; in any particular example, the numerical value 
of dy/dx at the given point can be obtained as in Art. 45, and then by 
drawing a figure as in this or the preceding article, the required equation 
can be written down at once. 


(i1) Find the equation of the normal at any point of the ellipse x?/a? + y*/b? = 1, 
and prove that if the normal at P (Fig. 48) meets the axis CA in G, and PN be 
the ordinate of P, then CG =e?CN, where e is the eccentricity of the ellipse 
(p. 19), 


A 
Fig. 48. 
From Art. 46, Ex. (ii) dy/dx = —b’x/a*y, 
equation of normal is 
va 
X—ax-—(Y-y) Bote Os 
i.e. Xa’y —aay—Yx+ bay = 0; 
2 2 
dividing by zy, = - =a’—)}, 


This is the equation of the normal at any point (x, y). 
Where this cuts the axis of a, i.e. atG, Y=0 and X= CG; 


?X/x = a?—b}, 
b? 
and X=(e-0) 5 =(1-)en ee; 
i.e. : CG =eCN. 


Examples XVI. 
Find the inclinations to the axis of x of the tangents to the following 
curves : 
1. 2y+7 =2* at (8, 10). 2. y =6ax/(a?-1) at (2, 4). 
8. a't+y! = 17 at (--2, 1). 4. y=sin’a at (47, 3). 
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Find the equations of the tangents and normals to the following curves: 


25. 


26. 


27. 


| 28. 


29. 


80. 


81. 


y = 2x°—4e4+5 at (3, 11). 6. y= 527/(1+2*) at (2, 4). 
.a+y?=20 at (—4, —2). 8. /x+/y=5 at (9, 4). 
. 22?—ayt+3y? = 18 at (3,1). lo. wv’? +y’?—4x—2y+1=0 at (2, —1). 


. Find the equation of the tangent to the hyperbola 2?/a?—y*/b®>=1 at 


any point (#, y) on the curve. 


. Find the equation of the tangent to #?+y?+29x712fytce=0 at any 


point («, y) on the curve. 


. Find the points where the tangent to y = #°—12%+44 is parallel to the 


axis of x. 


. Find the points where the tangent to y = a’x/(a?+ <2”) is parallel to the 


axis of a. 


. At what point of y?+a?= aa will the tangent be inclined at 45° to 


the axis of 2? 


. At what points of the circle 2?+y? = 25 is the tangent parallel to the 


straight line 4a = dy? 


. Prove that the curves y= a? and 6y = 7-2 intersect at right angles 


at the point (1, 1). 


. Find the angle of intersection of the curves xy=6, xy =12. 
. At what angle do the parabolas y? = 8x, «? = 4y—12 intersect ? 
. Find the angle at which the circles #+y?=16 and a?+y?’=62 


intersect. 


. Show that the ellipse g:a*+2y?=1 and the hyperbola 2?—y?=8 


intersect at right angles. 


. Find the equation of the tangent at any point of the curve 27° + 47/5 = a4, 


and show that the portion of the tangent intercepted between the axes 
is of constant length. 


. Prove that the tangent at any point of the curve Va+V7y =a makes 


on the axes two intercepts whose sum is constant. 


. Show that at not more than n—1 points can tangents to 


y=ax"+bo" 4+ ... +k 
be parallel to a given direction. 
The tangent at any point P of the curve y= 2° cuts the axis of in T, 
and PN is the ordinate of P, prove that OT = 2TN. 
Find the corresponding result for the curve y = 2, 
Find the equation of the tangent at any point to a”y"=a™'™, and 
prove that the portion of it intercepted between the axes is divided in 
the ratio m:n atthe point of contact. 
Prove that the length of the tangent to the hyperbola zy = c? inter- 
cepted between the axes is twice the distance of the point of contact 
from the origin. 
Find the equation of the tangent to the conic 
ax? + 2hay+by?+2ge+2fyt+e=0 
at any point. 
Find the equation of the tangent at any point to the curve 
y (a? + y?) = ax’. 
Find the forms of the following curves near the origin: y = 27/(1—2”), 
y=2/(1—2%), y= 2%/(1- 2°) 
Prove that, at the origin, the curve 4? = 2° touches the axis of g, 
y? = 2 (e— Y(a- 2) touches the axis of y, and y? = a? (1— 2’) bisects 
the angle between the axes. 
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82. Prove that the curve y™ = «"/(1+«) touches the axis of « or the axis of 
y at the origin according as m < or > n. What happens if m = n? 


83. If the tangent at a point P of an ellipse meet the axes CA and CB in T 
and ¢, and if PN, PM be perpendiculars to these axes respectively, 
show that CV.CT=a?; CM.Ct=0b?. 


34. Find, in terms of x, y, and dy/da, the inclination of the tangent at any 
point P of a curve to the straight line joining P to the origin. 


85. The tangent at any point P of a curve meets the axes of wand y in 7 
and 7", and the normal at P meets them in N and N’ respectively ; 
prove that 7’N/TN’ = dy/dz. 


48. Lengths of tangent, normal, subtangent, and subnormal. 


If the tangent and normal at a point P (Fig. 49) of a curve meet 
the axis of x in J and G respectively, and if PN be the ordinate 
of P, then NZ and NG are called the subtangent and subnormal 


“A 
Fig. 49. 


respectively, and the lengths of PT and PG are called the lengths 
of the tangent and normal respectively. 

All these lengths can, on drawing a figure, be at once written 
down in terms of y and dy/dx. For ZGPN=ZPTG=y, and 
NP=y; 

hence the subnormal NG = ytanw = ydy/dx ; 


the subtangent NZ’ = ycoty = of 3 
dy \*) 
the normal PG =yseew=y faa) fs 


2 
the tangent PTZ’ = yeoseey =o, /14(2)} wy. 


The student should not attempt to remember these results, but 
should draw a figure, and obtain from it as above the particular 
results he requires. 


SS 
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Examples: 

(i) Prove that, in the parabola, the subnormal is constant. 

The simplest form of the equation of a parabolais y’=4az; differen- 
tiating with respect to 2, Qydy/dx = 4a; 

the subnormal ydy/dx = 2a, 
i.e. if in Fig. 10 the normal at P be drawn to meet the axis in G, 
NG = 2a =2AS = } the latus rectum (see Ex. II, 20). 

(ii) The tangent at any point P of the curve y = x" cuts the axis of x in T, 
and PN is the ordinate of P (Fig. 50); prove that OT = (n—1) TN. 

Here the subtangent 

TN =ycoty = v/t i See Te One 


whence OT = tis ; 


bs 


Fig 50. Fig. 51. 


49. Further properties of curves. 

The lengths of many other lines connected with a curve can be 
obtained in a similar manner. First the length of the line is 
obtained from the figure in terms of 2, y, and was in the preceding 
article, and then from the fact that tan = dy/dx, the value of any 
other ratio of Ww can be obtained in terms of y and dy/dx by 
elementary trigonometry. 

For instance, suppose the lengths of the perpendiculars from the 
origin to the tangent and normal are required. Let OV, OZ 
(Fig. 51) be perpendiculars from the origin O to the tangent PT and 
normal J G. 

Then OV = OTsiny = (ON—-TN)siny = (ce—ycoty)siny 


dy dy 
“(e) 

) Th 

dx uA 


dx = ee 
+(2)t fe Ot 
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And 0Z = 0G cosy = (ON + NG) cosy 


Wiexeay +(2 


In particular cases, it is best not to use these lee formulae, 
but to draw the curve roughly and work out each case from the 
figure. 


= (x+y tan) )eosy = 


Two examples of a rather more difficult nature than those already given 
are here worked out: 


Ex. (i) In the curve x/%+y%*® =a, find the lengths of the perpendiculars 
from the origin to the tangent and normal, and if V be the foot of the 
perpendicular from the origin O to the tangent at P, prove that the locus of 
the middle point Q of PV is a circle. 

This curve is a very well known one, and on account of its shape, is named 
the ‘astroid’. 


B 


Fig. 52. 
Differentiating its equation ite respect to 2, 
2 Pe dy ge 
os rp pt edi sbepa psi saa 
| ge tay 0 or Je as 
This is tan yy, as eR pane = —tany = y'4/a2l’, 
yi ys xs 
sin PTN = : 


V(x? +98) al? and cos PTN= 7; 
Draw NK perpendicular to OV, cutting PG in H. 


Then OV = OK+ HP = ONsinONK + PNcos HPN 
yV3 a3 
=x “ai ote YTB 
wSyl/s sy 


= aA (a +y7*) = a? = (aay) 


ai/s 
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| Similarly OZ = KN—HN= ON cos ONK—PNsin NPH 
= al — 1 Che 
eS Mh ao Gis 
aA — yf _ (a8 9) (oP + 9?) 
= a8 (x7 —y%), 
These are the lengths of the perpendiculars from O to the tangent and 
normal at P in terms of the coordinates of P. 
Next, if the locus of Q is a circle, it is evident from symmetry that O 
must be its centre. Therefore, finding the length of 0Q, 
OQ? = OV?4+ VQ = OV? +3102? 
= (ary) P+ ah (aA? + yf —2a° yA) 
= 1a? [40° y + af + 8 Qa] 


= ha [2 +y7)? = Lax a8 = a2. 


Hence 09 =a, which is constant, so that the locus of Q is a circle, 
centre O and radius } a. 


Ex. (ii) Find the condition that the curves 
x*/a?+y?7/b?=1 and x*/a*+y%/b?=1 
may cut at right angles. 


The value of dy/dx for the first curve is given by the equation 


2x  2y dy _ dy Ot a 
ne eee 1.e, da ~ ay? 
similarly for the second curve 
dy bx 
dx a’*y 


The curves cut orthogonally, i.e. the tangents at their points of inter 
section are at right angles, therefore the angles which these tangents 
make with the axis of x differ by 90°, and the tangent of one = — the 
cotangent of the other; 


va a4 * x* 7 
y 10. ne = eee (i) 
ara * bb’? 


At the points of intersection, both equations are satisfied; 
etaibietgat ig 
PESTA, enema ee (Ne 


al 1 Aj Als | 
“(b-d)=9(b-#) 
x? (a2 — a?) y? (D2 —B) | 
Sigh = otra 
-’. substituting the result of equation (i), a/?—a? = b'?—}2. 
Hence the required condition is a?—}? = a’?—p'%, 
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50. Expression of coordinates and y in terms of a third 
variable. The Cycloid. 

In many cases, instead of finding the equation of a curve as an 
algebraical relation between a and y, it is more convenient to express _ 
both a and y as functions of some third variable; the equation 
connecting # and y can then be obtained, if required, by eliminating 
this third variable from the two equations given. 

For instance =acos), y=bsin#@ are the coordinates of any | 
point of an ellipse whose semi-axes are of lengths a and b. What- 
ever value be assigned to 0, the point (acos 6, bsin@) is always on 
the ellipse, and the ordinary equation of the ellipse is found by 
eliminating 0; for 2/a = cos, y/b = sin 9, and therefore squaring 
and adding, 2*/a*+y?/b? = 1. 

As a particular case, = acos0, y=asin9@, are general expres- 
sions for the coordinates of any point on a circle, radius a and centre 
the origin. 

Similarly, «= am?, y=2am, where m is variable, denote the 
coordinates of any point on the parabola y? = 4a; for, eliminating 
m, we have 

2/a = ov = y*/4a*; ...°. y* =4az; 
so that, whatever the value of m, the point is on the parabola. 

It is often of advantage to use these forms of the coordinates in 
investigating properties of conics. * 

Again, in the ‘astroid’ mentioned in the preceding article, 
if «=acos*¢, we obtain, on substituting this in the equation 
LF +4y73 = a, y=asin®d. Hence the coordinates of any point 
on this curve are given by the equations 

x = acos® 0, = cine e. 

In these examples, the equation between x and y is quite simple, 
but in some cases, although the equations which give % and y in 
terms of the third variable are simple, the equation between x and y 
obtained by elimination is very complicated and most inconvenient 
to work with. 

A good example of this is furnished by the well-known curve 
called the ‘cycloid’. 

The cycloid. A cycloid is the locus of a point on the circum- 
ference of a circle which rolls (without sliding) along a fixed straight 
line ; its equations are obtained at once from a figure, 


* For the hyperbola, see Ex. XVII, 18. 
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| Let a circle, centre C (Fig. 58) and radius a, roll along a straight 
| line OX ; let P be the position of the tracing point when the radius 
| CP has turned through an angle 6, starting from the position in 
which P coincides with 0. Therefore the are NP = the straight 
line VO. 
If (x, y) denote the coordinates of P, referred to O as origin and 
OX as axis of x, then 
) x = ON—PUM = arc PN—PCsin 0 
== a0—asin 0 = a(0—sin 8); 
y = NC—MC = a—acosé = a(1—cos 8). 
These two equations constitute the most convenient form of the 
equation of a cycloid.* 
In cases such as this, since and y are both continuous functions 
of 6, a small increase 50 in 6 will produce small increases 6% and dy 
in # and y. 


It is evident that S. = by Le wake 


Fig. 53. 


Hence, by Art. 15 (iii), when 60 and therefore also dx and dy +0, 
we have 
dy _ dy Jae, 
dx dd/ dé 
In the case of the cycloid, this gives _ 
dy _asind __2sin}@cos}0 _ b19 
dz” a(1—cos#) 2sin?2@ ayy fois 


* The student should eliminate 6 and obtain the Cartesian equation in order 
to see how complicated and inconvenient an equation it is. 
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Referring to Fig. 58, 306=32PCN= ZPTN; 
dy/dz = cot PIN = tangent of angle which PZ makes with 

the axis of 2, from which it follows that PZ’ is the tangent to the 
cycloid at P, and PN, being perpendicular to it, is the normal at P. 

This follows at once from the definition of the curve, for, as P 
traces out the curve, its motion is for an instant one of rotation 
about J, i.e. in direction perpendicular to NP, i.e. along PTZ, since 
the angle NPT in a semicircle is a right angle. Hence PT is the 
tangent at P, and PN the normal at P. 


Examples XVII. 


Find the lengths of the tangent, normal, subtangent, and subnormal in 
the following cases : 
1. y?=4(x+5) at (4, 6). 2. y=asin (x/b) at (47b, 34). 

3. py a’?t+ty?=8 at (8, 6). 4. a? +y-62-2y+5=0 at (2, —1). 

5. Prove that the subnormal at any point of the curve z?—y? = a? is equal 
to the abscissa. 

6. In the curve zy = c’, prove that the subnormal varies as the cube of 
the ordinate. 

7. Show that, in the parabola y?7=4az, the subtangent varies as the 
square of the ordinate. 

8. Prove that, in the curve y"t!=a"z, the subtangent varies as the 
abscissa, and find the subnormal. 

9. Show that, in the curve ay? =(#+b)’, the subnormal varies as the 
square of the subtangent. 

10. Prove that, in the curve az?+by? =c, the subnormal bears a constant 
ratio to the abscissa. 

11. Find the subtangent, at the point where «x = a, in the curve 

ay’ = (a+x)? (8a—2). 
12. Find the subtangent and subnormal at any point of the ellipse 
v/a +y7/b? = 1, 
and prove that the subtangent is the same (at the point with the same 
abscissa) as in the circle on the major axis of the ellipse as diameter. 

13. In a certain well-known curve (called the tractrix), the slope at any 
point (a, y) on the curve is equal to —y/4/(a’—y’); prove that the 
length of the tangent is constant. 

14. Prove that x = acos*6, y= asin’ are the coordinates of a point on 
the astroid 2? +¥7/* = a8, and find, in terms of 6, the equation of 
the tangent at any point. 

15. Find, in terms of 6, the lengths of the tangent, normal, subtangent, 
and subnormal at any point of the astroid. 

16. Find the equation of the tangent to the cycloid (i) when 0 = $7, 
(ii) for any value of 0. 

17. Find the lengths of the subtangent and subnormal at the point on 
a cycloid where 6=}r. 

1s. Prove that a = asec, y=btan@ are the coordinates of a point on the 
hyperbola 2?/a?—y’?/l? = 1, and find the value of dy/dzx in terms of 0. 


1528 I 
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19. 
20. 
21. 


22. 


23. 


24. 
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Find the equation of the tangent to the ellipse 2?/a?+y?/b? =1 at the 
point (a cos 4, bsin @). 

If the coordinates of a point on the parabola y? = 4axz be taken as 
(am*, 2am), what is the geometrical meaning of m? 

Find the lengths of the subtangent and subnormal at any point of the 
cardioid, given by « =a(2cos6+cos2 6), y=a(2sin 6+ sin2 6). 

Find, in terms of y and dy/dz, the lengths of the perpendiculars from 
the foot of the ordinate to the tangent and normal at any point of 
@ curve. 

Find the length of the perpendicular OY from the origin to the tangent 
at a point P of the hyperbola zy = c*, and show that the rectangle 
OY . OP is constant. 

Prove that, if a gas obeys Boyle’s law pu=k, the cubical elasticity 
(Art. 88) is represented by Z'M, where T is the point in which the 
tangent to the curve pv=k at the point P cuts the axis of p, and 
PM is perpendicular to that axis. 


CHAPTER VI 


MAXIMA AND MINIMA 


51. Definition of maxima and minima. 


We shall now show how to find the maximum and minimum 
values of a function of one variable, confining ourselves to cases 
where the function and its differential coefficient are continuous. 

If a continuous function increases up to a certain value and then 
begins to decrease, that value is called a maximum value of the 
function; similarly, if the function decreases to a certain value 
and then begins to increase, that value is called a minimum value 
of the function; in other words, a maximum value is one which 


Fig. 54. 


is greater and a minimum value is one which is less than all 
other values in the immediate neighbourhood on either side. 

According to this definition, a function may have any number 
of maxima and minima; and a maximum value is not necessarily 
the greatest nor a minimum value the least of all the values of the 
function; in fact it is quite possible for some or even all of 
the maxima to be less than some or all of the minima. 

- This is illustrated by the function secz. Asa increases from —}7 
to 0, seca decreases from © to 1; as # increases from 0 to $7, seca 
increases from 1 to 0. Therefore seca has the minimum value 1 

12 
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when x= 0. When 2= 32, sec is discontinuous. As 2 increases 
from }7 to 7, secx increases from —o to —1; as x increases from 
n to 37, secx decreases from —1 to —o. Therefore secx has the 
maximum value —1 when x=7. When x= $37, secx is dis- 
continuous. 

These variations are repeated an indefinite number of times, and 
the variations begin to recur after x has increased by 27 or any 
multiple of 27. (This is expressed by the statement that seca is 
a periodic function of x, and its period is 27.) Therefore seca” has 
an infinite number of minima, each +1, and an infinite number of . 


maxima, each —1, and the minima are greater than the maxima 
(Fig. 54). 

52. Alternate maxima and minima. 

It is evident that, in a function which is always continuous, 
maxima and minima must occur alternately; because after any 
maximum the function is decreasing, and before the next maximum 
it is increasing, therefore, if it is continuous, there must be some 
intermediate point where the function ceases to decrease and begins 
to increase; such a point isa minimum. Hence between any two 
consecutive maxima there is a minimum, and similarly between any 
two consecutive minima there is a maximum. 

The circular functions furnish good illustrations of these definitions 
and ideas. Secx has been considered in the preceding article, and 


_ cosec a may be used to illustrate the same points. 


Sinz and cosx are always continuous; both have an infinite 


number of maxima, each +1, and an infinite number of minima, 


each —1, occurring alternately at intervals of a in the value of 2. 
(Sin and cosa are periodic functions whose period is 27.) 

Tanz and cotz have no maxima or minima. As @ increases 
from —}a to +27, tanz increases from —o to +0; when 
x= 47, tana is discontinuous; and as 2 increases from 37 to 37, 
tang again increases from —o to +0, and so on. There is 
therefore no value of x at which tan ceases to increase and begins 
to decrease. Similarly for cota. (The variations in the values of 
tanz and cotz begin to recur after intervals of 7; therefore tanz 
and cotz are periodic functions whose period is 7, not 27, as in 
the case of the other circular functions.) 


53. Conditions for a maximum or minimum. 


It has been pointed out (Art. 25) that the differential coefficient 


of a function /(x) is + or — according as the function increases or 
decreases as X increases. 
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Just before a max., f() is increasing as x increases, . its d.c. is + ‘} 
MA ALUOL Ds yy »» 9) decreasing ,, ,, iS Geo) fay end 
» beforeamin., ,, ,, decreasing ,, ,, 3 Bil ise go 9) eS 
ee Otter 5 ME INCKeASIN Oe, x Seems) wish 99. atte 


Hence, in passing through a maximum or a minimum value, the 
d.c. of the function must change sign, and therefore, at the maximum 
or minimum, the d.c., if continuous, must equal zero (Art. 17 (4)). 

Hence a value of y is a maximum or a minimum value when dy/dx 
is equal to zero and changes sign as y passes through that value. 


If dy/dx changes from + to —, the value is a maximum. 
If dy/dx changes from — to +, the value is a minimum. 


Notice that the condition dy/dz =0 alone is not a sufficient 
condition for a maximum or minimum; y may increase up to a 
certain value (dy/dz+), remain constant for an instant (dy/dx = 0), 
and then begin to increase again (dy/dx again +); dy/dz in this 
case does not change sign, and the value for which dy/dx = 0 is not 
& maximum. 


54. Geometrical treatment of maxima and minima. 


All these results follow at once from geometrical considerations. 


Fig. 55. 


In the curve shown in Fig. 55, the ordinates at A and C represent 
maximum values of the function, and the ordinates at B and D 
represent minimum values. If the tangent at a point (x, y) of the 
curve make an angle wy with the positive direction of the axis of 2, 
dy/dz =tany. At A, B, C, D the tangents are clearly parallel to 
the axis of x; therefore ~y=0O and tany=0, ie. dy/dx=0. 


Just before A or C, Wis acute, .. tanyis +, ie. dy/dx is ei 


gs, BIECK 55 moins elon yn, OtUBE, STS ahiiea ee ae) ” ” ” 
Ve before B or if). 99 obtuse, Cea oe eae aa ea) ” ” ” = 
MEPOILCrIe eet yay, os eUcute, ees esi acts » np a Re 
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Hence in passing through a maximum, dy/dx changes from + to 
—, and in passing through a minimum, from — to +. 

But A, B, C, D are not the only points where the tangent is 
parallel to the axis of x; at such points as H and F, the tangent 
is parallel to OX and therefore dy/dz = 0, but in passing through 
these points dy/dx does not change sign. 


Just before and after H, yWisacute, .. dy/dax is + in both cases. 
Just before and after F, wis obtuse, .. dy/dx is — in both cases. 


The points E and F are called points of inflexion, and such points 
will be considered more fully later on (Art. 59). 

All points where dy/dx=0 are included in the term stationary 
points, because the rate of change of the function at such points is 
zero. They include, as we have just seen, maxima, minima, and 
those points of inflexion at which the tangent is parallel to the axis 
of x. A curve may have points of inflexion where the tangent is 
not parallel to the axis of «; at such points, of course dy/dx is not 
ZeY0. 


It is possible for a function to have maxima and minima of a different 
nature from those indicated above, e. g. at points such as A, B, C, in Fig. 56. 
The ordinates at A and C are 
maxima, and the ordinate at B 
is a minimum according to the 
definition of Art. 51. At such 
points as these, y is continuous, 
but dy/dzx is discontinuous; at 4, 
it is infinite, the tangent being 
perpendicular to the axis of 2, 
and therefore tani =0o; at B 
and C, dy/dx suddenly changes 

Fig. 06. by a finite amount as the tangent 

passes from one side of the point 

to the other. [In these cases, the condition that dy/dx changes sign 

in passing through the point is fulfilled; in passing through A and GC, 

dy/dx change from + to —, and in passing through B, from — to +.] 

Such points do not occur in the functions which are encountered in 
elementary examples. 


It is evident that the determination of the maximum and 
minimum values of a function, the ‘turning-values’ as they 
are often called, is of great assistance in drawing the graph of the 
function. 
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55. Examples. 


We will now apply these principles to a few algebraical and 
trigonometrical examples. 
(i) Find the maximum and minimum values of x®—9x?2+15x, and 
draw roughly the graph of the function. 
Here dy/dx = 8x2°—182+415 = 8 (w—1)(x—5); 
dy/dx = 0 when «=1 and when x= 5. 


To find whether and how dy/dx changes sign as x passes through 
these values, it is best to start below the smallest value and trace 
the changes in the sign of dy/dxz as x increases through each value 
in turn. 


If x is slightly <1, the first factor is —, and the second —, .. dy/dwis + } 
Ifwisslightly >1, ,, 53 Ee 35 5 —, .% dy/dxis — 
If«xis slightly <5, ,, ee Be ae ” —, .% dy/dxis — 
Ifzisslightly >5, ,, -F aay 9 +, . dy/dwis + } 
Therefore dy/dx changes from + to — as & increases through 


the value 1, and from — to + as 2 increases through the value 5; 
hence y is a maximum when w= 1, and is then equal to 7, and 
a minimum when z = 5, and is then equal to — 25. 

Moreover, the graph goes through the origin since y= 0 when 
a= 0, and it cuts the axis of where y=0. .*. a—92?+4152=0, 
ie. x(z?—9x2+15)=0, whence = 0, 2°2, 6°8 nearly. 


6,-25) 
Fig. 57. 

Therefore the graph is roughly as shown in Fig. 57, Clearly no 
finite value of w can make y infinite, and after passing the point 
(5, —25), y must continually increase and the graph rise; for if 
it ever descended again, there would be another maximum, since 
the function is always continuous. Similarly, it must continually 
ascend from —© to the point (1, 7). 
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(ii) y = a*—627?4+8x%+10. 
dy/dx = 4435-12748 = 4(x—1)? (x4 2), 
.. dy/dx = 0 when «=1 and when 2 = —2. 
To find the change of sign, starting below the smaller value, 


if x is slightly < —2, the signs of the factorsare +, —, .°. dy/dx is eT 
if x is slightly > —2, iy 3 ¥ +, +, .. dy/dxis + 

_ if x is slightly <1, . 3 49 +, +, .. dy/dxis + } 
if xis slightly > 1, 3 * © +, +, .. dy/dxis + 


Therefore dy/dx changes from — 
to + as 2 increases through —2, 
and does not change sign as % in- 
creases through +1; hence y is 
a minimum when «= —2, and is 
then equal to —14; and there is a 
point of inflexion when x= 1, and y 
is then equal to 18. 

The curve cuts the axis of y 
where «= 0, and therefore y = 10; 
it is shown roughly in Fig. 58. It 
must continually descend from © to 
(—2, —14), and continually ascend 
from (1, 13) to o. There is no 
maximum. 


dy _ (x? +4249) (2u—4)—(2?—4 249) (20+ 4) 


dx (x274+4%+49)? 
ete 
_which reduces to Bed Uae) 
(x? +4249)? 
»* ady/dx=0 when «= +3. 
If x is slightly < —3, the num.is +, and the denom.is +, .. dy/dwis + 
If zis slightly >—3, ,, oy “n eS +, .% dy/dx is — 
Ifawisslightly< 8, ,, es 3 An +, .% dy/dwis — 
Ifzisslightly > 3, a “a +, = ve +, . @y/dvis + 
Therefore y isa maximum when 2 = —3, and a minimum when 
2 + oe 
When «=—8, y= %=5, and when 2=+43, y= S,=1, 


When 2=0, y=1; and by writing the equation in the form 
1—12/r49/a? 
y= 1+ 12/249/a3 (see Art. 13 (7)), we see that, as w—>», 
y approaches the limit 1. Therefore y= 1 is an asymptote. 
The general trend of the graph is therefore as shown in Fig. 59. 
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Fig. 59. 


(iv) y = asind+bcos0. 
dy/d@ = acos0—bsin 6; 
dy/d8@ =0 when bsiné=acos@, i.e. when tand=a/b, 
and then sin@ = +a/V/(a2+b’), cos@ = +b/V(a?+b%), 
both signs being + or both —, since tan@ is + a/b. 
Therefore the maximum and minimum values of y are 


ax perendN +bx ie. + V(a7+0?). 


weet £ 

V (a? 4-b?) v (a? + b?)’ 

Since y is always continuous the greater value is the maximum ; 
therefore y has an infinite number of maxima, each + v7(a?+b”), 


and an infinite number of minima, each — V/ (a? + b%), occurring 
alternately at points where tand= a/b. Since 

tan (n7+ 6) = tan 6 = a/b, 
the turning-points occur at intervals of 7 in the value of @ (Fig. 6 
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Examples XVIII. 


Find the stationary points of the following functions 1-36, and dis- 
criminate between them. Also, draw roughly the graphs of the 
functions 1-20. 


1. w’—62+8. 2. 16-62-32". 
3. a —122%+5. 4, 209-1527 +362. 
5. 2° +327+20x—10. 6. e —9a?+152411. 
7. 2 —32°+3x2—-1. 8. #*—825+1027+40. 
9. x*—825 + 2247-244 4 12. 10. 2° —5at+ 525-1, 
Ll. vt —2a3+22?-6443. 12. (7—1)? (#—2). 
13. (w—1)* (a—2)%, 14. (8a—38)?/(@+1)% 
a —2x+4 9-2 
16 Pala th Cea ara 
(4—x)§ x 
peers 18. (48) (@ +2) 
19. (w«—2) (6-2) /x%. 20. (x+a) (x+b)/x. 
21. (2-3) (~— 6), 22. a /(ax—x"). 
2 2 
23. 2 + VR 24. /(a/a+a/zx). 
25. («—8) /(1+ 2). 26. sina+cosa. 
27. asin?x+bcos’x. 28. sin2a”—«2. 
29. 4x+ tan3a. 30. cos2a+sin a. 
$1. tan?’x—2 tana. 82. acotx+btan a. 
83. sin’z cos x. 34. sin (x—Q) cos (w—f). 
35. sinw/(1+tanz). 36. tana—8 sina. 
37. Prove that (a#—4a,)?+(a—a,)?+...+(a—a,)? isa minimum when zis the 


39. 


40. 


41. 


42. 
43. 


| 44. 


45. 


46. 


arithmetic mean of @,, Gg, .. Gy. 


. The bending moment of a beam of length /, at a distance x from one 


end, is equal to 34wlx—3wa?, where w is the (uniform) load per unit 
length; prove that the maximum bending moment is at the centre. 
The force exerted by a circular electric current of radius a on a small 
magnet whose axis coincides with the axis of the circle varies as 
a/(a? + 27/9", where x is the distance from the plane of the circuit. 
Find when the force is a maximum. 
The total waste per mile in an electric conductor is equal to C?7+A4/r, 
where C is the current in amperes, 7 the resistance in ohms per mile, 
and Aa constant; for what value of r will the waste be a minimum ? 
Prove that 4/{(g?—n?)?+4f%n7} (where g and fare constants) is least 
when n?= q’- 2%, 
Find the minimum value of C?R+289/R [C constant]. 
The velocity of certain chemical reactions follows the law 

o=k (b+2a)(a—2z); 
when is the velocity a maximum ? 
Find where the width of the loop of the curve in Art. 9, Ex. viiis greatest. 
[Find when y? (not y) isa maximum, | 
The curve y’ = x (a?—x’) consists of two loops; find where their width 
perpendicular to the axis of x is greatest. 
Find the maximum ordinate of the curve y= (~—1)?(5—2z). 
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47. When is the ratio of an integer to the square of the integer next above 
it a maximum or minimum ? 


48. Find when 27/’—2!*/Y is a maximum. What is the maximum value 
if y= 14? 

49. The current sent through a resistance R by a battery consisting of 
a fixed number of cells, each of voltage HZ and internal resistance 7, — 
arranged with @ cells in series and »/z rows in parallel, is 


nxHi/(a’?r+nR) amperes. 
How many cells must be in series in order to give the maximum 
current ? 


50. If y/R = (1—2x)/x, find the percentage error in y due to a given small 
error & in the value of w For what value of 2 will the percentage 
error be least ? 


56. Problems on maxima and minima. 


A large number of very interesting problems on maxima and 
minima can be solved by the aid of the foregoing principles. - A few 
typical examples will be worked out. 

In the first place, it frequently happens that the quantity whose 
maximum or minimum is required appears, when first expressed in 
symbols, as a function of more than one variable. It must be care- 
fully borne in mind that the next step is to express it as a function 
of one of these variables only. By means of geometrical or other 
given relations between the variables, all but one of these variables 
must be eliminated. Having thus expressed the quantity as a 
function of a single variable, we proceed exactly as in the algebraical 
examples just considered. We differentiate with respect to the 
variable; and the values which make the differential coefficient 
vanish include the values which make the quantity a maximum 
or minimum. In many cases it is not necessary to examine the 
change of sign as was done in the preceding examples; it is often 
easy to see at once whether the solution be a maximum or minimum, 
as will be indicated in some of the examples which follow. 


Examples: 

(i) Find the rectangle of given area which has the shortest.diagonal. 

If « and y be the lengths of the sides, the length of the diagonal is 
V(x? +y"). 

It will evidently serve to find when the square on the diagonal is a 
minimum ; the differentiation is then simpler. 

x and y are connected by the relation zy = A, the given area; and there- 
fore, eliminating y, the square on the diagonal = 2?+.A’/a?. 

The d.c. of this is 22—2.A?/x’, which is equal to zero when 2a = 2.A”/2*, 
i.e. when 2‘ = A’, 

.. a= A (since 2’ is necessarily +) = zy. 
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“. x=y (since x =0 is not admissible) and the figure is a square. 

If a2?< A, then x< A?/z* andthed.c.is —; 

if 2?>A, then a> A?/2* andthed.c.is +. 

Therefore the solution is a minimum, as is evident geometrically, because 
a rectangle of area A with a either very small (y would then have to be very 
large) or very large (y would then be very small) would evidently have 
a very long diagonal. 

(ii) A figure consists of a semicircle with a rectangle constructed on its 
diameter; given that the perimeter of the figure is 20 feet, find its dimensions 
in order that its area may be a maximum. 

Let r be the radius of the semicircle, and 27 and x the lengths of the sides 
of the rectangle. 

Then the perimeter nr+2a+2r = 20. (i) 

The area A= }rr'+2re. 

We begin by eliminating one of the variables; x is the more convenient 
to eliminate. 

From (i) 2a = 20-—rr—-2r; 

-. substituting in the expression for A, 

A=}rr+r(20—-mr—-2r) 
= 20r—4077-2r'; 
and dA/dr = 20-—rr—4n 
This vanishes when ar+4r= 20 
=nr+2x2+2r from (i), 


' ice. when r=. 


The side of the rectangle is therefore equal to the radius of the semicircle; 


Fig. 61. Fig. 62. 


this gives the shape Fig. 61. The actual dimensions are given by the 
equation above, 77+47 = 20, 
1.8, r = 20/(4+4 7) = 20/7'1416 = 2'8 feet approximately. 
If wr+4r<20, dA/dr is +; if mrt+4r>20, ddA/dr is —-. 
Therefore the solution is a maximum. 
(iii) A straight line drawn through the point (8, 2) cuts the axes of 


coordinates on the positive side of the origin in P and Q (Fig. 62) ; find when 
OP +0Q is a minimum. 
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In questions of this type, an angle is generally the most convenient 
variable to use. 


Denoting the angle OPQ by 6, and OP+0Q by u, we have 
u = OM+MP+0N+NQ = 8+2 cotd+2+8tan 4, 
du/d@ = —2cosec?d + 8 sec?d, 

This is equal to 0 when 2cosec?@ = 8sec?@, i.e. when tand = +3. 

From the conditions of the question, tan@ must be acute; therefore 
taking tand=2, we have 

u = 84+2x24+24+8x2i = 18, 

This is obviously a minimum, for it is clear that w« will increase inde- 
finitely as 6 approaches either of the values 0 or 47. In the first case OP, 
in the second case OQ, becomes very large. 


(iv) The increase in consumption of an article is proportional to the decrease 
in the tax upon it; if the consumption be a Ib. when there is no tax, and 
b 1b. when the tax is n pence per lb., find the amount of tax most profituble 
to the exchequer. 


Let z lo. be the amount consumed when the tax is # pence per lb.; then 
y, the yield to the exchequer, is equal to wz pence, and this is to be 
@maximum. One of the two quantities 2 and z must now be eliminated. 

The consumption increases from z to a when the tax decreases from x to 0, 
and from 0 to a when the tax decreases from n to 0. 

Since the increase in the consumption is proportional to the decrease in 
the tax, it follows that 


a-z x = n (a—2) 
a—b n Ss ~  a—b 
oe eee n(az—2* 
Eliminating a, y=re= es 
: Seg dy n(a—2z) . 
Differentiating, 7 ial ol a 


which is equal to 0, when 2=}a. 
This makes y a maximum, since dy/dz is + if z<4a, and — if z>}a; 


and then 

: n(a—z)_ n. a na 
~ a-b  a-b- 2(a—b 
This is the tax which yields the maximum revenue. 


x j pence per lb. 


(v) If v, and v, be the velocities of light in two different media, find the path 
by which light can travel in the shortest time 
(a) between two fixed points A and B in the same medium, by reflexion at 
the surface separating the two media ; 
(b) between two fixed points A and C, one in each medium. 


(a) Let MPN (Fig. 63) be the boundary between the two media, APB the 
path of the ray of light when reflected at MN. Since it is confined to the 
one medium, the distance AP+PB is to be a minimum. 

Let AM=a, BN=b, MN=c, MP=z2x; therefore PN=c-z. 
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Then y= AP+PB= J (a? +27) + /{b? + (c—2)}, 
5 tee 2a wed oe 
"de ~ Beta) * 27 (P(e ay} 
c—2 


. ° x 
This is equal to 0 when Vere) = Vv (bh +(c—a)}’ 


i.e. geometrically, when MP/PA = PN/PB, and therefore the angles APM 
and BPN are equal. 

It is obvious that this solution is a minimum. 

Hence the minimum path is that in which AP and PB are equally inclined 
to MPN. 

This is the ordinary law of reflexion of light. 


A 


Fig. 63. 


(b) Let APC be the path when the light is refracted into the second 
medium. 
Let NC=d, and let ¢,, #, be the angles which APand PC respectively 
make with the normal at P. 
Then the time talong APC = AP/v,+PC/y, 
= J (a?+2x")/0, + /{d? + (c—a)"} /vy. 


a es a 2 1 —(c—2) 
°° dx (a +2") oy Vib + (e—2x)} 
and this is equal to 0 when Le ee aos 


oy (ae +08) ~ 0,” {d+ (o— a2)” 

which may be written in the form (sin ,)/v, = (sin p,)/v,. 

This again obviously gives a minimum solution. 

Hence the path of the ray which leads from A to C in the shortest time is 
such that 

sin}, /sin by = 04/9, 

where ¢,, ¢, are the inclinations of the incident and refracted rays to the 
normal to the surface separating the two media, and »,/v, is a constant 
(called the refractive index from the one medium to the other) depending 
upon the nature of the two media and the kind of light. 

This is the ordinary law of refraction of light, 
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(vi) Two straight roads intersect at right angles; a motorcar, travelling 
at 20 miles per hour along one of the roads, passes the crossing at the instant 
when another motor-car, travelling at 15 miles per hour along the other road 
towards the crossing, is 10 miles distant from it; find when the two cars are 
at the least distance apart. 


Fig 64, 


After time ¢ (measured in hours) the first car is 20 ¢ miles from the cross- 
ing, and the second, having travelled 15¢ miles, is 10—15¢ miles from it, 
Therefore, if uw be the distance between them at that instant, 

u® = (20 t)?+ (10-15 #)? = 6252-30044 100. 

It is most convenient to find when w? is least. 

Its d.c. with respect to ¢ is 1250¢—300, which is equal to 0 when 
t = 899; = o = 24 hours, i.e. 14°4 minutes, and wu? is then equal to 
625 x #%& —300 x 5 +100 = 36—72+4100 = 64. 

Therefore w= 8 miles. 

The solution is a minimum, since the d. c. is — if ¢<‘24, and + if 
t>°24. Therefore the cars are at the least distance, 8 miles apart, 14 _ 
minutes 24 seconds after the first car has passed the crossing. 

This problem can easily be solved algebraically (see below), or by 
elementary mechanics. 

It should be noticed that any quadratic expression, such as the one which 
occurs in the preceding example, has one, and only one, maximum or 
minimum, which can easily be found algebraically by completing the 
square, thus: 

2 
azi+brt+ce=a [+ ees ‘|= a («+ ie ite cine 
a a 2a 4a 

The last term is constant, and the minimum value of (#+b/2a)? is zero, 
since, being a perfect square, it cannot be —. Hence, if a be +, the 
expression is least (since the least value of the variable term is then added) 
when x= —b/2a; and, if a be —, the expression is greatest (since the 
least value of the variable term is then subtracted) when 2 = —b/2a. 

Therefore aaz*+be+e is a maximum or a minimum when 2 = —b/2a, 
according as a is — or +. [Cf. with p. 18, where it was shown that the 
graph of y=aa?+ba+e is a parabola with axis vertical, and vertex at 
the highest or lowest point of the curve according as ais — or +.] 

_ In the example of the preceding article, we have 

u? = 625 t?— 3004100 = 625(t?—33t) +100 = 625 (¢ — 9)? — 625 x (3%)? + 100 

= 625 (t 2%)? + 64, 
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which is obviously least, and then equal to 64, i.e. w= 8, when ¢= 6/25. 

By the method of the calculus, in the general case, 

dy/dx = 2ax+b =2a(x+b/2a), 

and this vanishes when x = —b/2a. 

If a<—b/2a, ie.if x+b/2a is —, dy/dx is + or —, according 
as ais — or +; 
and, if «> —b/2a, i.e. if w+b/2a is +, dy/dx is — or 4, according 
as ais — or +. 

Therefore, as x increases through the value —b/2a, dy/dx changes from 
+ to — ifabe —, and from — to + ifa be +. 

Hence x = —b/2a gives a maximum or minimum value of y according 
as ais — or +, which agrees with the algebraical result. 

The maximum or minimum value of y is (4ac—b’)/4a. 


Examples XIX. 


1. The sum of two numbers is 40; find when the sum of their squares 
is a minimum. 

2. The difference of two numbers is 100; when does the square of the 
larger exceed five times the square of the smaller by the maximum 
amount ? 

3. The sum of two numbers is@; when will three times the square of one 
together with twice the square of the other be least ? 

4, When will the sum of a number and its reciprocal be a minimum, and 
when a maximum? Illustrate this graphically. 

5. The denominator of a fraction exceeds the square of its numerator by 16; 
find the maximum and minimum values of the fraction. Illustrate 
graphically. 

6. Find when the sum of the squares of the reciprocals of two numbers 
which differ by 1 is least. 

7. A rectangle has an area of 25 square feet; find when (i) its perimeter, 
(ii) the length of its diagonal is least. 

8. Prove that the rectangle of a given perimeter which has the shortest 
diagonal is a square. 

9. A rectangle is inscribed in a given circle of radius a; find when its 
perimeter is a maximum or minimum. 

10. Find the rectangle of maximum area whose sides pass through the 
angular points of a given rectangle with sides of lengths a and b. 

11. Find the dimensions of the cylinder of maximum volume which can be 
inscribed in a given sphere. Prove that its volume is ‘5778... of that 
of the sphere. 

12. The total area of the surface (i.e. curved surface and both ends) of 
a cylinder is 150 7 square feet ; find when the volume is a maximum. 

13. An open cylindrical vessel is to be made of thin material to hold 
100 gallons; find the dimensions in order that the amount of material 
used may bea minimum. [Take 1 gallon = ‘1605 cubic feet.] 


14, Find when the curved surface of a cylinder inscribed in a given sphere 
is a maximum. 


15. 


16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 
29. 
30. 


31. 


32. 


33. 


34. 
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A rectangle is inscribed in a given right-angled triangle with one angle 
coincident with the right angle; find when its area is a maximum. 
Show that its perimeter has no maximum or minimum. How do you 
explain this latter fact ? 

A cylinder is inscribed in a given right circular cone. (i) When is its 
volume a maximum? (ii) When is its curved surface a maximum ? 
(iii) When is its total surface a maximum? Show that in the last case 
there is no solution if the semi-vertical angle of the cone exceeds 
a certain value, and find this value. 

A cone is circumscribed about a given sphere; find when its volume 
is a minimum. 

A rectangle is inscribed in a given triangle; find its maximum area. 
When is the area of an isosceles triangle inscribed in a given circle 
a maximum ? 

Find the dimensions of the cone of maximum volume which can be 
inscribed in a given sphere. Prove that the cone has also a greater 
curved surface than any other cone inscribed in the sphere. 

Prove that a conical tent which is to have a given volume will require 
the least amount of canvas when the height is ./2 times the radius 
of the base. 

A sector is cut out of a circular sheet of paper, and the two straight 
edges of the remainder are put together so that a cone is formed; prove 
that the volume of this cone is a maximum when the angle of the sector 
removed is about 66°. Draw a graph to show how the volume of the 
cone depends on the angle of the sector. 

The regulations of the Parcel Post state that a parcel must not exceed 
6 feet in length and girth combined ; find the dimensions of the cylinder 
of maximum volume which can be sent. 

A cylinder is inscribed in a sphere of radius 7; find its height when the 
area of its entire surface is a maximum. 

A right circular cone is inscribed in a given right circular cone so that 
the vertex of the inside cone is at the centre of the base of the other; 
find when its volume is a maximum. 

Through a point whose coordinates referred to rectangular axes are 
(a, b), a straight line is drawn making positive intercepts OP, OQ on 
the axes; find the minimum area of the triangle OPQ. 

In the preceding case, find also the minimum value of OP+ 0Q. 

Find also the minimum length of PQ. 

Find also the minimum value of the rectangle OP. 0Q. 

Given the perimeter of a circular sector, find when its area is a 
maximum. 

Given the area of a right-angled triangle, find when its perimeter is 
a minimum. 

If the stiffness of a rectangular beam varies directly on the breadth and 
as the cube of the depth, find the breadth of the stiffest beam that can 
be cut from a cylindrical log of diameter 2 feet. 

A rectangular sheet of tin is 5 feet long and 28 inches wide; four equal 
squares are removed from the corners and the sides are then turned up 
so as to form an open rectangular box ; find the size of the pieces that 
must be cut out in order that the box may have the greatest volume. 

A rectangular sheep-pen is to be made alongside of a hedge which 
serves as one of the sides of the pen, and is to enclose an area of 
200 square yards; find the least number of hurdles, each 6 feet long, 
required for the other three sides. 

1528 K 
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85. 


37. 


38. 


39. 


40. 


41, 


42. 


43. 


44. 


45, 


46. 


47. 


48 


A statue 10 feet high stands on the top of a column 35 feet high; 
at what distance from the column in the horizontal plane through its 
foot should a man stand in order to get the best view of the statue, 
i.e. in order that the statue may subtend the greatest angle at his eye, 
which is supposed to be 5 feet above the ground ? 


. The sides of a wooden trough are each 1 foot wide, and are equally 


inclined to the bottom of the trough which is 9 inches wide; what 
must be the width across the top in order that the volume may be 
a maximum. 


If the power required to propel a steamer through the water varies 
directly as the cube of the velocity, find the most economical rate 
of steaming against a current which runs at a miles per hour. 


Two straight roads across a moor intersect at right angles; a man on 
one road, three-quarters of a mile from the crossing, wishes to strike 
across the moor in order to get to a place 2 miles from the crossing 
along the other road ; if he can walk 5 miles per hour along the roads, 
but only 4 miles per hour across the moor, where should he strike the 
second road in order to reach his destination in the shortest possible 
time ? How much time will he save by going this way instead of by the 
shortest way? Prove that the point at which he should strike the road 
is the same whatever be the distance of his destination from the crossing, 
provided it is more than a mile. 


An electric light is to be placed vertically over the centre of a circular 
enclosure 30 yards in diameter; at what height should it be placed in 
order that a path round the enclosure may be illuminated as brightly 
as possible ? (The brightness of a surface varies inversely as the square 
of the distance from the light and directly as the cosine of the angle 
which the rays make with the normal to the surface.) 


At what point on the line joining two sources of light will the 
brightness be least, if the intensity of one is 8 times that of the 
other ? 

Find the greatest rectangle which can be inscribed in the segment of 
a parabola cut off by the latus-rectum. 


Prove that the least intercept made by the axes on a tangent to an 
ellipse is equal to the sum of the semi-axes of the ellipse. 


One corner of a rectangular sheet of paper of width 1 foot is folded 
over so as to reach the opposite edge of the sheet; find the minimum 
length of the crease. 


In the preceding question, find the minimum area of the part folded 
over. 

A rectangular sheet of metal is bent into the form of part of the curved 
surface of a right circular cylinder; if it is then closed at the ends, 
prove that the volume of the trough thereby formed is greatest when 
the trough is exactly half a cylinder. 


The segment of a parabola, bounded by the latus-rectum, rotates about 
the axis, thereby forming a solid known as a paraboloid of revolution; 
find the maximum cylinder which can be inscribed in this solid. 


Find the maximum area of the triangle formed by joining the ends of 
a chord of a given circle to one extremity of the diameter which 
bisects the chord. 


A straight line is drawn through the angular point C of a triangle ABC 
inclined at an angle @ to BC; find when the sum of the projections of 
the sides AC and BC upon it is a maximum, 


49. 


50. 


51. 


52. 


53. 


54, 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 
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The section ofa dormer window consists of a rectangle surmounted by an 
equilateral triangle; if the perimeter be given as 16 feet, find the 
width of the window in order that the maximum amount of light. may 
be admitted. 


Find the area of the greatest rectangle which can be inscribed in the 
ellipse petty? =]. 

Find the area of the greatest isosceles triangle which can be inscribed in 
the same ellipse, with its vertex at one end of (i) the major axis, (ii) the 
minor axis. 

Find the minimum distance between the straight line a—2y+10 = 0 
and the parabola y? = 82. 

Show that the sum of the squares of the distances of a point from the 
angular points of a triangle is least when the point is the centroid of 
the triangle. ) 
Two straight roads intersect at an angle of 60°. A motor-car, travelling 
at 30 miles an hour along one road, passes the crossing atthe instant when 
another motor-car, travelling at 20 miles an hour along the other road 
towards the crossing, is 2 miles away; find when the distance between 
the cars is least and what this least distance is. 

Find a point on a given straight line such that the sum of the squares 
of its distances from two given points (not on the line) is a minimum. 


The perimeter of an isosceles triangle is given; what vertical angle 
will give the maximum area ? ; 

The strength of a rectangular beam of given length varies as the 
breadth into the square of the depth; find the dimensions of the 
strongest rectangular beam which can be cut from a cylindrical log 
1 foot in diameter. 
A given mass m raises another mass m’ by means of a string passing 
vertically over a pulley; find m’ in order that the momentum acquired 
by it in a given time may be a maximum. 

A mass M is drawn up a smooth incline of given height by a mass m 
attached to it by a string passing over a pulley at the top of the incline 
and hanging vertically. Find the angle of the incline in order that the 
time of ascent may be a minimum. 


How much water should be put into a closed right circular cylinder, 
standing on a horizontal plane, in order to bring the centre of gravity 
as low as possible, the weight of the cylinder being ;% of the weight of 
all the water it can contain? 


A wall 9 feet high is 21 feet 4 inches from a house ; find the length of 
the shortest ladder which will reach the house when the lower end is 
on the (horizontal) ground on the other side of the wall. 


A piece of wire of length 7 is to be cut into two pieces, one of which is 
to be bent into the form of a square, and the other into the form of 
a circle; find when the sum of the areas of the circle and square 
is least. 

A heavy lever (weight # per unit length) with the fulcrum at one end, 
is used to raise a weight W at a given distance a from that end ; find 
the length of the lever in order that the weight may be lifted with the 
least effort. 

Two ships are sailing with velocities « and » along courses which are 
inclined at an angle 6; if at a certain instant they are at distances a 
and b from the intersection of their courses, find their minimum 
distance apart, 
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65. 


66. 


67. 


71. 


72. 
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A man is to get as much land as he can compass in a given time; he is 
to moe in a circle, and if he does not get back by the end of the given 
time, he gets the segment whose arc he has traced. Prove that his best 
plan is to describe a semicircle. 

Find the rectangle of maximum area which can be inscribed in 
the curve (a/a)7* + (y/b)¥* = 1. 

Find the volume of the greatest cone which can be constructed with its 
vertex at the centre of a given sphere and the circumference of its 
base on the surface of the sphere. 


. A circular cylinder has a hemisphere hollowed out from each end. 


Given the total surface, find when the volume is a maximum. 


. The normal at a point (am?, 2am) of the parabola y? = 4ax cuts the 


parabola again in Q. Find the minimum length of PQ. 


. Ois a fixed point outside a circle, A one end of the diameter through 


O, and OPP’ a chord of the circle; prove that the area of the triangle 
PAP’ is greatest when PP’ subtends a right angle at the centre. 

A steamer travelling due west at 20 knots is sighted by another steamer 
going at 16 knots. What course must the latter steer in order to cross 
the track of the former at the least possible distance from her ? 

Find the area of the ground-plan of the greatest rectangular building 
which can be erected on a plot of ground in the form of a segment of 
a circle with a base of 120 yards and height 20 yards. 


CHAPTER VII 


SUCCESSIVE DIFFERENTIATION AND POINTS OF 
INFLEXION 


57. Differential coefficients of higher order, 

We have seen how various kinds of functions of x can he 
differentiated with respect to 2; the resulting differential coefficient 
is also a function of x (except when the original function is a linear 
function of z, ax+b, in which case the differential coefficient is the 
constant a), and therefore it can be differentiated again with respect 
to x. 

The result of this second differentiation is called the second 
differential coefficient of y with respect to x, and is denoted by the 
symbol 

d’y 
dx 

This again can usually be differentiated with respect to x; the 
result is called the third differential coefficient of y with respect 
to x, and is denoted by the symbol 

ay. 
dx ’ 
and so on. 

Generally, the result of differentiating y m times in succession 
with respect to x is called the nth differential coefficient of y with 
respect to 2, and is denoted by 

any: 
dx” 

If the original function is represented by the symbol f(x), then 
the results of differentiating it 1, 2, 3, ... » times with respect to x 
are called the first, second, third, ... mtb derived functions, and are 
denoted by 
t’ (2), F” (a), Sf” (a), --- £™ (a) respectively. 

The second differential coefficient is of very great importance in 
mechanics, The higher differential coefficients are of less frequent 


occurrence. 
In the case of some of the simplest functions, if the first few 
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differential coefficients be written down, the law of formation of the 
_ successive differential coefficients can be seen by inspection, and the 
nth d.c. written down at once. 


Examples : 

(i) y= 2", 

dy arent U bel Aaa os 
i Sid 28 a ie. ss —2)an-3, 
3 ee FF (n—1) x"-2, ae (n—1)(n—2) a 


n 
clearly, if m be a + integer, oe =n}, a constant, and all the higher 
d. c.’s are zero. 
(ii) y=1fe=a-. 


2 22 
w= 1.24 TY 1.993 =, 
dby Este 31 
a 1.—2.—32 aere® 
dy n 
Hence ae 8 yori“ 
(iii) y = sing, 
2 
© — cosa = sin (}n-+2), CY = —sing = sin (+2), 
ee 
oY — _cosm = sin (3742). 


Each differentiation merely increases the argument by 37. 
nr 
Hence = sin (}u7+2). 


Examples XX, 
Write down the Ist, 2nd, 3rd, and n™ differential coefficients of 


Lea. 2. a+b/x. Gh Wert 4. 1/./z. 
5. Ja. 6. (ax +b)". 7. 1/(2x4+1). 8. 1/(1—-2). 
9. sin (v+). 10. cos x. ll. sin? a. 12. cos? 2x. 
Write down the first 3 differential coefficients of 
18 wsin a. 14. x cos x. 15. tan 2. 16. 2 sin 32. 
17. 2?/(1+2). 18. 2” cos na. 19. sec a. 20. 4/(a? + x*). 


58. Application of the second differential coefficient to 
maxima and minima. 

We have seen that y is a maximum when dy/dx vanishes and 
changes sign from + to —, and a minimum when dy/dz vanishes 
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and changes sign from — to +. Since, as y passes through a 
maximum, dy/dx changes from + to —, therefore it is decreasing 
as x increases, and its d.c. is — (Art. 25), ie. d?y/da? is — at 
a maximum. Similarly, as y passes through a minimum, dy/dx 
changes from — to +, therefore it is increasing as # increases, and — 
its d.c. is +, ie. d?y/dz? is + at a minimum. 


Hence the conditions for a maximum are dy Ss Soy 
dx tee 

ss dy d?y 
and for a minimum cobs 0, dx? +. 


Sometimes it is more convenient to find the sign of the second 
d. c. than to find how the sign of the first d. ¢. changes. 

E. g. in Ex. (i) worked out in Art. 55, dy/dz =0 when #=1 or 5. 
d?y/da* = 6x—18, which is — when r=1, and + when w= 5. 
Therefore z = 1 makes y a maximum, and x = 5 makes y a minimum. 

In Ex, (ii) of the same article, dy/dz = 0 when x= 1 or —2, and 
a? y/da* = 1227-12, which is 0 when x= 1, and + when x= —2. 
Therefore «= —2 makes y a minimum, and «=1 gives neither 
a maximum nor a minimum. 

In Ex. (iii) a troublesome differentiation is required to find the 
value of d*y/dx*, and it is much easier to find the change of sign 
of dy/dzx. 

In Ex. (iv) on the contrary, it is easier to use the second d.c., 
ad y/dé* = —asin@—bcos@, which is — when the positive values 
of sin@ and cos@ are taken, and + when their negative values are 
taken ; hence the former give maxima and the latter minima. 


59. Geometrical meaning of the second differential coefficient, 


If, in the neighbourhood of a point P on a curve, the curve is 
above the tangent at P [as is the case at a point between A and B 


Fig 65. 


or between F and F in Fig. 65], it is said to be concave upwards ; 
1f the curve is below the tangent [as is the case at a point between 
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B and C or between D and F], it is said to be concave downwards. 
A point such as B or E, where the concavity changes from upwards 
to downwards or vice versa, is called a point of inflexion. The tangent 
to the curve at such a point crosses the curve; on opposite sides of 
the point of contact the curve is on opposite sides of the tangent. 

If, at all points in the neighbourhood of a point P on the curve, 
the curve is concave upwards, then as x increases, the slope of the 
curve, i.e. dy/dx, increases. Therefore (Art. 25) its d.c. is positive, 
i.e. d?y/dz? is +. Similarly, if at all points in the neighbourhood 
of P the curve is concave downwards, then the slope, dy/dx, decreases 
as x increases. Therefore its d.c., d?y/dx’, is —. 

Taking the case of a circle, we have: — 

in Ist quadrant, dy/dxz—, dy/dx*—, 


in 2nd _— ,, dy/dz+, d*y/dx*—, 
ingrd  ,, dy/dx—, d*y/dxz? +, 
in 4th o,. dy/dx+, d*y/dx?+. 


Also, ata minimum the graph is concave upwards, and d’y/dx? is + ; 
at a maximum the graph is concave downwards, and d?y/dx? is —, 
as in the preceding article. 

Hence a curve is concave upwards or downwards at a point P 
according as the value of d?y/dz? at the point is + or —. It 
follows that in passing through a point of inflexion, where the 
concavity changes, d?y/dx? changes sign, and therefore, if continuous 
at the point of inflexion, it is zero. 

This may also be seen as follows: In Fig. 65, as the point P 

moves along the curve from A through B to C, the slope of the 
curve increases until the point B is reached, after passing which 
point the slope begins to decrease ; therefore at the point of inflexion 
B, the slope dy/dzx is a maximum; hence its d.c. d*y/dz? = 0, and 
_ changes sign from + to —; therefore also d?y/dx® is decreasing as 
_ & increases, and its d.c. d°y/dx? is —. 
Similarly, as the point P moves along the curve from D to F 
through FH, the slope decreases until the point EF is reached, after 
which it increases again; therefore at the point of inflexion E, the 
slope dy/dz is a minimum; henceits d.c. d*y/dx? = 0, and changes 
sign from — to +; therefore also d?y/dx? is increasing as & in- 
creases, and its d.c. d°y/dx is +. 

Hence the conditions for a point of inflexion are that d?y/dx? must 
vanish at the point, and change sign in passing through it, or d2y/dx? = 0, 
| dy/dx® + 0. 

The value of dy/dx at the point of inflexion of course gives the 
direction of the tangent at the point. It will be zero if the tangent 
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at the point of inflexion is parallel to the axis of # as we have already 
seen in Art. 54, but this will not be the case in general. 

It is obvious that in the case of a continuous function, a point of 
inflexion must occur between a maximum and a minimum. 


60. Tangent at a point of inflexion. 


It has been seen (Art. 14 (i)) that the tangent at a point P is 
the limiting position of a chord PQ when Q moves indefinitely near 
to P, i.e. the tangent passes through two ‘consecutive points’ on 
the curve. It should be noticed that the tangent at a point of 
inflexion passes through three ‘con- 
secutive points’ on the curve. This 


Q 
is seen from Fig. 66. 


A straight line through a point of e 
inflexion P will cut the curve again 
in two points Q and R. When Q is R 
made to approach indefinitely near Fig. 66, 


to P, R will approach and become 

indefinitely near to P on the other side, and the tangent at P is the 
limiting position of QPR when Q and F& are both indefinitely near 
to P. 


61. Recapitulation. 


Let us now sum up the information as to the nature of a curve 
at a point, which can be gathered from the signs of the values of the 
first two differential coefficients at the point. This information is 
clearly of great assistance in drawing the curve. The results can 
be conveniently expressed in a tabular form as follows: 


Point ae — 
concave co downwards onrising curve 
Curve falling Curve fallingand. Point lesion’ 
¥ ee es ; ete Ce eine Gaee oe: a 
inimum \ ) Mascumauure / Ned ay Sophoah bomen 


d?y 


In each of the first figures in the last column, the curve passes 
from below the tangent to above it, ie. d’y/dx? changes from — 
to +; therefore it is increasing and its d. c. d?y/dx? ig +. Similarly, 
in the second figures, d°y/dx* is —. 
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Laxamples: 
Qj) Y= a8 —C a? + 8. 


Tn this case dy/dx = 32? —12x = 8x (4-4) 
and d’y/da* = 62-12 = 6 (x—2). 
Hence dy/dx=0 when w#=0or4. 


When x = 0, d?y/da? = —-12 and y=8; 
and when 2=4, d?y/da? = 24, and 
y= —24. 

Also d?y/dx?=0 when x=2; and 
dy/dx* = 6. 

Therefore y is a maximum (8) when 
a=0, a minimum (—24) when x= 4, 
and the graph has a point of inflexion 
when 2 =2. The value of dy/dx when 
x =2 is —12, and the value ofy = —8; 
therefore the tangent at the point of in- 
flexion (2, —8) is inclined to the axis 
of x at an angle tan (—12). If x<2, 
d’y/dz* is —, and the curve is concave 
downwards; if x>2, d?y/dx? is + and 
the curve is concave upwards. 


Sone Fig. 67 shows roughly the graph of the 
Fig. 67. function. 
¥ wx 
TS ara 
dy _ 2 a+ a*-—a@.2a a®(a?—<x*) 
Here te a (ata)? +x) = ata’ 
dy a. (a? + x?) (—2a) — (a? — a") 2 (a? +27). 22 
and SE REE TC ar aEe Tt EERE 
dx* (a? + x*)* 
= —(a? +a") 22-42 (a? =") 2a? x (a? —3a") 
(+2) a =a 
dy/dz =0 when «= +a; when x= +a, d’y/dz’? is -; .. x=+4+4 
makes y a maximum and equal to 3a. 
When x =—a, d’y/dz? is +; “. 2 = —a makes y a minimam and equal 
to —4a. 


dy/dx? = 0, when x = 0 and when a?= 80°; ie. = +a,/3, and 
d’y/dx" changes sign when «x passes through each of these values. Hence 
there are 3 points of inflexion. 

When «= 0, y=0, and dy/dx = 1; therefore the origin is a point of 
inflexion, and the tangent there is inclined at 45° to the axis of x. 

When «= +4/3, y= +}ar/3, and dy/dx =a*(—-2a*)/(4a’)?= -2; 
therefore the tangents at the two points of inflexion (a NA tar/3) sii 
(—a,/3, —1a,/3) are inclined to the axis of « at an angle tan (—4), 
i.e at about 173°. 


AND POINTS OF INFLEXION 139 


Noticing that as +o, y->0, it follows that the form of the curve is 
as shown in Fig, 68. 


Fig. 68. 


Examples XXI, 


Find whether the concavity is upwards or downwards in the following 
cases 1-4: 


. At the point (2, —4) of the curve y = 10-32-23, 

. At the point (3, 25) of the curve y =a?+7x—-5. 

. At the points (0,0) and (—2, 22) of the curve y= 2°4+32?—9z. 
. At the points (—1, —3) and (8, 2°7) of thecurve y = a2°/(1+2”). 


. Prove that the curve y=aaz’?+bx+c is everywhere concave upwards or 
downwards according asa@is + or —. (Cf. p. 18.) 


ap OO NW 


6. Show that the curve y=a+bxe—a*- x‘ is everywhere concave down- 
wards. 

7. Prove that the curve y=asinz+bcosx is concave downwards at all 
points above the axis of x, and concave upwards at all points below. 


For what values of # are the following curves concave upwards, and when 
are they concave downwards ? 


8. ¥ = 2a5—da. 9. y= 427-2, 
lo. y = #—825+ 107-6. ll. y = x/(1—2’). 
12. Find the points of inflexion of the graph of y= cosa. 
13. Also of y = tana. 


14. Prove that the curve y =aa5+bx’+car+d can have but one point of 
inflexion. 
Find the points of inflexion (also the maxima and minima, and sketch 
the curve roughly) in the following cases 15-23: 


15) Y— a —4 a. 16.* y = 27/(1+27). 17. y = sinxz—cosa, 
18. y = x°/(a* +12). 19. y= 2? (4-2). 20 myi— 9a) (ays. 
21. y = 4/(a* +3). 22. y= x" (4-2"). 23. y= a+(b—ca). 


24. Have the curves y= a‘, y=a* any points of inflexion ? 
25. What is the greatest possible number of points of inflexion for the curve 
14 ...+k [na positive integer] ? 
26. Draw curves at every point of which 
(i) wis —-, y+, dy/dx +, d’y/dx® +; 

(ii) wis —, y—, dy/dxe +, @y/dx* —-; 

(ili) vis +, y—, dy/dx —, d’y/da* +; 

(iv) vis +, y+, dy/dx —, @y/dz* —. 

* See Art. 9, Ex. v. 
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27. Find the points of inflexion of the curve zy’ = a’(a—2z). 


28. Prove that the curve 2°—y*?=—a* cuts the axis of y at right angles at 
a point of inflexion. 


29. Find the points of inflexion of the curve y = asin?x+bcos’z. 


In the following curves, find their intersections with the axes, their 
maxima and minima, where they are concave upwards and where 
downwards, their points of inflexion, and the equations of the tangents 
at those points. Draw the curves. 


80 y= 2'—1027+9. 81. y=(h -0?)2, 82. 4-—y = (2—2”)?. 


CHAPTER VIII 
APPLICATIONS TO MECHANICS 


62. Velocity and acceleration. 


We have seen that dy/dx is a measure of the rate of increase 
of y with respect to x. Now the distance of a moving point from 
a fixed point in its path is a function of the time; its velocity is the 
rate of increase of this distance, and its acceleration the rate of 
increase of its velocity with respect to the time. In other words, 
the velocity is the d.c. of the distance with respect to the time, and 
the acceleration is the d. c. of the velocity with respect to the time. 

More precisely, let s be the distance, measured along the path, of 
® moving point P from a fixed point A of the path at the end 
of time t. After a little longer time ¢+6¢, let the moving point 
be at Q, a distance s+és from A. Fig. 69 is drawn so that s 
increases with ¢. 


Se) OS 
(2ee>4388-5> 6) 


Q 
t+8t 


Fig. 69. 


Then, in the interval of time 6¢, the point has travelled the distance 
5s, therefore the average velocity during the interval 6¢ is 5s/dt; 
if 5¢ is diminished indefinitely, this average velocity 5s/d¢ tends to 
a definite limit. This limit of 5s/d¢ as 6¢—>0, i.e. ds/dt, is called 
the velocity at time t. It will be + if s increases with ¢ as in Fig. 69, 
and — if s decreases as ¢ increases, i.e. if P is moving towards A. 

Similarly, if v be the velocity of Pat the end of time ¢, and if APQ 
be a straight line, so that the velocity is in a constant direction, 
5v/dt is the average acceleration during the interval 6¢, and its limit 
dv/dt is called the acceleration at time t. 

Since v = ds/dt, it follows that the acceleration dv/dt may be 
expressed in the form d’s/dt*. 
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The acceleration may also be written in a third form, which is 
independent of the time; for the velocity v is evidently a function 
of the distance s, therefore 


dv dv ds dv dv 
A Ag Ma OE a Bld . 


Hence the acceleration may be expressed in any one of the three 


forms 
dw d’s dw 


di? dB’ “as 

It is usual in mechanics to denote differential coefficients with 
respect to the time by dots placed above the dependent variables, 
thus dv/dt, ds/dt, d*s/dt®, d*x/dt? are denoted by 4%, 8, 5, and % 
respectively. 

63. Particular cases. 

As examples on the use of these expressions, consider the following 
cases : 

(i) Let s be given by the equation s= ut+}ai?, where w and a 
are constants. 

Then the velocity 

v= ds/dt = ut+}a.2t=u+at, 
which gives the velocity at time ¢, and from which it follows that u 
is the value obtained for v by putting ¢=0, i.e. w is the initial 
velocity. 

Also the acceleration = dv/dt = a, hence the point moves with 
constant acceleration a. 

Again, if v be given by the equation v? = u*+2as, we have, on 
differentiating with respect to s, 2vdv/ds = 2a, i.e. the acceleration 
vdv/ds = a as before. 

This is the well-known case of uniformly accelerated motion. 

(ii) Let s be given by the equation s = acosnt, where a and n 
are constants (a is the value obtained for s by putting ¢= 0, i.e. it 
is the initial distance from the origin). 

Then the velocity v = ds/dt = —ansin nt, 
and the acceleration = dv/dt = —an? cosnt =—n’s, 

Again, eliminating t between the values of v and s, we have 

vw = a'n’ sin? nt = n? (a?— a? cos? nt) = n? (a? —8"), 
which gives v in terms of s. 

Differentiating this with respect to s, 2vdv/ds = n?(—2s), ie. the 
acceleration vdv/ds =—n*s as before; so that the acceleration ig 
towards the origin and varies as the distance from the origin. 
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This is the well-known case of simple harmonic motion. 

In these two cases the order of procedure adopted in elementary 
mechanics is reversed ; there we begin by assuming an acceleration 
of a certain type, and then proceed to find the velocity in terms 
of the time and the position, and the distance travelled in terms of 
the time. This, as will be seen later (Art. 78), is also the method 
followed in the Integral Calculus. 


64, Additional examples. 


Given any relation between s and ¢, or between v and s, we can 
at once find the velocity and acceleration at any instant, as we have 
done in the two well-known cases just considered. Two more 
examples are appended. 


(i) Suppose a point to move in a straight line so that its distance s in feet 
jrom a fixed point O in the line at the end of t seconds is given by the equation 
s= 10+27t—t*; to find the various circumstances of the motion. 


The velocity at the end of ¢ seconds is given by 
v = ds/dt = 27-38, 
whence the initial velocity = 27 ft. secs., the velocity after 2 secs. 
= 27-12 = 15 ft. secs., and the velocity is zero when 27 = 32%, i.e. when 
t=3; greater values of t make v—, and when ¢=3, 
s= 10+81-—27 = 64 feet. 

Hence the particle starts with a velocity 27 ft. secs. at a point 10 feet 
from O (obtained by putting t= 0 in the value of s), moves to a distance 
of 64 feet from O, and then turns back towards 0. 

The acceleration at the end of ¢ seconds = dv/dt = —6t. 

Therefore the particle is subject to a retardation which is proportional to 
the time it has been in motion. 

After 8 seconds the velocity is —, and the acceleration is — and con- 
stantly increasing in absolute value; hence the particle continues to move 
in the negative direction with numerically increasing velocity. It will pass 
through O on the return journey, when s=0, i.e. when 8—27t—-10=0, 
an equation which has a root a little less than 5°4. 

(ii) If v? is a quadratic function of 8, i.e. if v? =as’+bs+e, where a, b, c 
are constants, prove that the acceleration varies as the distance from a fixed 
point in the line of motion. 


Ditterentiating with respect to s, 
20 dv/ds = 2as+b, 
i.e. the acceleration v dv/ds = as+}b =a(s+b/2a). 
s is the distance of the moving point P from the origin; therefore, if 
a point A be taken in the line of motion at distance b/2a from the origin 
and on the negative side of it, AP=s+b/2a. Hence the acceleration 
=a. AP, i.e. it varies as the distance of P from the fixed point A. 
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Examples XXII. 


Find the velocity and acceleration (i) at the end of ¢ seconds, (ii) at the 
end of 2 seconds, (iii) initially, in each of the cases 1-4. 
1. s =124+20¢-22. 2. 8= 8-244. 
. $= 10coshat. 4. s = 6t+8/(t+1). 
. Find the initial velocity and acceleration when s = ¢4+327+ 4. 
es 7 PA Pe s = 8cos2¢+4sin 2t. 
. If s=21+30+4t-20, make a table giving the position, velocity, and 
acceleration initially, and after 1, 2, 5, 10 seconds. 
8. Similarly if s = 10 cos} rt+20 sin} rt. 
9. If the distance travelled varies as the square root of the time, prove that 
the acceleration varies as the cube of the velocity. 


10. If the velocity varies as the square of the distance travelled, prove that 
the acceleration varies as the cube of that distance. 

11. A point moves so that s = 16+48¢—¢§; when and where will it stop 
and reverse its direction of motion ? 

12. When and where if s = asinznt? 

13. If the velocity varies inversely as the square root of the distance, prove 
that the acceleration varies as the fourth power of the velocity. 


14. If s? be a quadratic function of t, prove that the acceleration varies 
inversely as s*. 


15. A point moves in a straight line so that its distance s from the origin 
at time ¢ is given by the equation s=10+8sin2t+6cos2¢; prove 
that its acceleration varies as its distance from a fixed point in the line 
of motion, that its motion is oscillatory, and that the origin is at one 
extremity of its path. 


65. Force expressed as a differential coefficient. 


(i) Force and acceleration. Newton’s second law of motion states 
that the force in any direction is proportional to the rate of change 
of momentum in that direction. By suitably choosing the units, 
we have the force equal to the rate of change of momentum, i.e. (if 
the mass acted upon by the force remain constant) 

F= & (nv) = mo = wee 
the product of the mass into the acceleration. 


Ex. Find the maximum force upon a particle of mass 2 oz. which 
moves so that its distance from the origin at time ¢ is given by the 
equation s = 10 cos 2¢- 

In this case m= }41b., ds/dt=—20sin2t, d*s/dt? =—40 cos 2t#. 
Therefore the force on the particle at time ¢ = md?s/di? = —5 cos 2t 
(in absolute units or poundals). 

The negative sign indicates that the force acts towards the origin. 
The greatest value of cos2¢ is 1, therefore the maximum force is 
5 poundals or 5’; lb. wt. 
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(ii) Force, work, and energy. If a constant force F (Fig. 70) act 
at a point A, and if A be displaced to B and BM be drawn perpen- 
dicular to the line of action of F F.AM is called the work done 
by the force during the displacement; it is positive if AM is in 
the direction of the force as in (i), and negative if in the opposite 
direction as in (ii). No work is done if the displacement be perpen- 
dicular to F. 


(i) (i) 


Fig. 70. 


Let a variable force F act on a particle at P, and let x be the 
distance (measured parallel to F’) of P from a fixed point A; let P 
be displaced to Q, a distance 6x in the same direction, and let F+0Fr 
be the magnitude of the force at Q. Then, if W be the work done 
by the force in moving the particle from some standard position to 
P, and 6W the work done in the displacement 5x, we have* 

6W>Féx and < (F+6F)6z. 

Therefore 5W/dx is between Fand #'+6F. In the limit, when 
6x” (and therefore also 6W and 6F)—~>0, F+6F— F, so that 
6W/dx, which is between them, also —~ F, ie dW/de=F; 
therefore the force is equal to the space-rate of change of the work. 

Since F'= mass x acceleration, we have, taking the acceleration 
in the form vdv/dz, 

F= my = m © (40?) = £ (mo) 
i.e. the force is the space-rate of change of the kinetic energy. 

Also the power of a. working agent = its rate of doing work 
per second 

_aW _ dw ¥ da ms 
dt dz dt 
i.e. the force x the velocity. 


Fy, 


Examples XXIII. 


1. Given that the work done in stretching an elastic string varies as the 
square of the extension, prove that the tension of the string is pro- 
portional to the extension. 

* li 6 is —, the inequality signs will be reversed. 


1538 L 
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2. The distance of a moving point from a fixed point in its line of motion 
is given by the equation s=4+5¢+27; prove that the force causing 
the motion is constant. 

3 The kinetic energy of a moving particle varies inversely as its distance 
from the origin ; find the force acting on the particle. 

4. A particle moves in a straight line so that its velocity v at distance s 

from a fixed point of the line is given by the equation 
8 =a cost pe 
Find the maximum force upon it during the motion. 


5. A curve is plotted to show the velocity of a moving point as a function 
of the distance travelled. Show that the subnormal represents the 
acceleration. 


6. A particle of mass + lb. moves in a straight line so that its distance s 
from the origin at the end of time ¢ is given by the equation 


s=5+4+4sin3t. 
Find the maximum force upon it during the motion. 


66. Relation between velocities in different directions. 


If a point be moving in a plane, its coordinates (x, y) are functions 
of the time ?¢; if (vx+da, y+y) be its coordinates at time ¢+6#, then 
by by sda 

da 8t/ bt 

Hence when $6¢, and therefore 54 and dy—»0, we have 

dy _dy jae _ 9, 

dz dt/ dt & 
ie, thed.c. of y with respect to x is equal to the ratio of the rate 
of increase of y to the rate of increase of 2, both taken with respect 
to the time. 

The relation between the time-rates of increase of two variables 
*% and y can also be obtained directly by differentiating, with respect 
to the time, the equation which connects x and y. The method is 
illustrated in the following examples: 

(i) Two straight roads OA, OB intersect at right angles, and a house at B is 
4 miles distant from O; a man walks towards O along the other road AO at 
the rate of 4 miles an hour; find the rate at which he is approaching the house, 
at the instant when he is 3 miles from O. 

If 2 and w denote his distances from O and B respectively, we have 
wu? = o7+16. 

Differentiating with respect to ¢, 


Dif ee hg ee 
dt dt’ dt wudt 
At the given instant, ~=3, u=5, and dx/dt, his velocity along 
the road, = —4 [-, since a is decreasing]. Therefore 


du/dt = $x —4 = —2°4 miles per hour, 
i.e. wu is diminishing, aud he is approaching the house at the rate of 2°4 
miles per hour at that particular instant. 
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(ii) Suppose that the roads in the preceding example are inclined at 60°. 


In this case, by elementary trigonometry (a? = b?+c'—2becos A), we 
have 
u? = 274+16-2.4ac0s 60° = v7 4+16-42, 


Differentiating with respect to ¢, 


du dx dx da 
2ua a tee —4, = 2(e-2) 

du_2-2 dz 

dtu dt 


When x=3, w2?=13 and u= 4/13. Therefore 
du/dt = 1/./18 x dx/dt =1/,/13x -—4 = —11 nearly. 


The man is approaching the house 
at the rate of 13 miles per hour. 

When he is 2 miles from QO, i.e. 
when a = 2, we have du/dt=0. In 
this case, it is evident geometrically 
that the man is at N, the foot of the 
perpendicular from B to OA, and 
hence at this particular instant he is 
not approaching B. Notice that in 
this case, u, his distance from B, is 
a@ minimum, and hence (Art. 53) it 
follows that du/dt = 0 at this point, Fig. 71. 
and changes from — to +. Before 
reaching N, du/dt is —, and he is approaching the house; after passing N, 
du/dt is +, and he is receding from the house. 


> 
22-5 = 24+ -------- 5 > 


[The student of mechanics will observe that in both cases the velocity of 
approach is simply the component of the man’s actual velocity resolved 
along AB.] 


67. Velocity along the are of a curve. 


It will be shown in Art. 82 that if s be the length of the are 
of a curve, measured from a fixed point on the curve to a point P 
whose coordinates are (x, y), then, ultimately, when 6, oy, and os 
are very small, 


(55)? = (62)? + (5y)” 
If the point P be supposed to move along the curve, 3, 2, and y 


are all functions of ¢. Dividing by (é¢)*, 6¢ being the time taken 
to traverse the are és, 
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Therefore in the limit when d¢ and therefore also 5s, 5”, dy — 9, 
we have 
ds? dx, dy? 
a) (a) + (a: 
ds/dt is the rate at which the point is moving along the curve; 
dx/dt and dy/dt are the time-rates of increase of the abscissa and 
ordinate of the point, i.e. the velocities parallel to the axes of 
coordinates. This is the well-known result that the square of the 


resultant velocity of a point is equal to the sum of the squares of its 
component velocities in two directions at right angles. 


Examples: 

(i) The coordinates of a moving point at the end of time t are given by the 
equations x =acosnt, y=asinnt; prove that the point describes a circle 
with velocity of constant magnitude. 

The path of the moving point is obtained by merely eliminating ¢ from 
the given equations. Squaring and adding, we have at once 2?+y? = a’, 
which is the equation of a circle. 

To find the velocity, we have, on differentiating with respect to ¢, 

z= —ansinnt, y= ancosnt. 

Therefore, again squaring and adding, 

#+y7=a'n?, ie. #=—a'n? and s= +an, 
which gives the resultant velocity $ of constant magnitude. 

The sign will depend upon the position of the point from which s is 
measured. 


(ii) A point moves in a parabola so that its velocity parallel to the axis of the 
curve is constant ; find its velocity along the curve. 

Differentiating the equation of the parabola, y? = 4ax, with respect to ¢, 
we have 2y dy/dt = 4a dx/dt. 

da/dt is given to be constant; if it be equal to wu, then y dy/dt = 2au. 

w SP aatty? =u +4aut/y? 
= u*(1+44a?/y’) =u? (1+a/z); 
.. the velocity along the curve 
ds/dt = + u/(1+a/z). 


(iii) A point ts moving in an ellipse of eccentricity 3 with a velocity of 
40 ft. secs.,; find its component velocities parallel to the axes of the ellipse when 
it is at an extremity of a latus rectum. 

Here é= 40, and the values of # and # are required, 

Taking the equation 2?/a?+y?/b?=1, and differentiating with respect 
to t, we have 


2rdx 2y dy pore: 
a venta Os 


2x dx / dy _ ba dx 
at dt’ wae 


at ~~ ay dt” 


APPLICATIONS TO MECHANICS 149 


At the end ofa latus rectum, = +ae, y= +0?/a [pp. 19, 24]; 


dy B(+ae) dx dx 3 dx 
dt ahs 0a) de 8 ad * 4 at 
Hence P= pg = 274% a = 25 0), 
= + txs=+4x40 = + 82 ft. secs, 
and y= +3a= + 24 ft. secs. 


There are four possible arrangements of signs which will be associated 
with the four extremities of the latera recta. 


Examples XXIV. 


1. The rectangular coordinates of a moving point at the end of time # are 
given by the equations x= 30t, y=40¢-1627; find the resultant 
velocity at the end of 23 secs. 

2. The coordinates of a moving point at the end of time ¢ are given by the 
equations «=a+ccost, y=b+csint; prove that the resultant 
velocity and acceleration are of constant magnitude. 


83. A man walks at 4 miles an hour on a horizontal plane towards a column 
100 ft. in height; at what rate is he approaching the top of the 
column, at the instant when he is 75 ft. from it ? 

4. Two straight lines of railway are inclined at an angle of 120°, and 
a train on one line is travelling towards the junction A at 40 miles per 
hour. At what rate is it approaching a station on the other line 2 miles 
from A, at the instant when it is also 2 miles from A. 

5. A man 6 ft. high walks at the rate of 6 ft. per sec. along a horizontal 
pavement lighted by a lamp 10 ft. vertically above it ; find the rate at 
which the length of his shadow on the pavement changes. 

6. Find the rate, in the preceding question, if the pavement is an incline 
of 1 in 10, and the man is walking up it towards the lamp. 

7. A ladder, 34 ft. long, rests in a vertical plane with one end on a horizontal 
road and the other against a vertical wall. If the lower end is pulled 
away from the wall with a velocity of 10 ft. per min., find the rate 
at which the upper end is descending at the instant when the foot 
of the ladder is 16 ft. from the wall. 

When will the ends be moving with equal velocities ? 
When will the upper end be descending at the rate of 20 ft. per min. ? 

8. A truck is drawn along a straight horizontal road by a rope which passes 
round a windlass 14 ft. vertically above a point A of the road. If the 
rope is wound in at the rate of 20 ft. per min., find the velocity of the 
truck when it is 48 ft. from A. 

9. A man standing on a quay draws a boat towards him by means of a rope 
which he is pulling in at the rate of 14 ft. persec. At what rate is the 
boat moving when there are still 25 ft. of rope out, the man’s hands 
being 7 ft. above the level of the water ? 

10. Two rings P and Q, connected by a rod 20 ft. long, slide along two fixed 
wires OA, OB at right angles. If P be made to move along OA at the 
rate of 5 ft. per min., when is Q moving along BO at the rate of 2 ft. 
per min. ? 

11. If in the preceding question OA and OB are inclined at an angle con op 
find the velocity of Q along BO when it is 15 ft. from 0. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21, 


22. 


23. 


24, 


Two trains start from the same station at the same time. One goes due 
north at 30 miles per hour, and the other due north-east at 20 miles per 
hour. At what rate is the distance between them increasing after { hour? 


If the slower train starts at 1.50 p.m., and the other at 2 p.m., at what 
rate is the distance between them increasing at 2.10 p.m.? 


Two straight roads intersect at right angles. A man walking along one 
of the roads at 3 miles per hour passes the crossing at 2 o’clock, and 
another man walking along the other road at 4 miles per hour passes it 
at half-past two. Find the rate at which the distance between the men 
is changing (i) at a quarter to 2, (ii) at 3 o'clock. 

A straight road passes over a river which runs at right angles to it by 
means of a bridge 50 ft. high. A boat travelling at the rate of 4 ft. per 
sec. passes under the middle of the bridge one minute before a man 
walking at 6 ft. per sec. along the road reaches the middle of the 
bridge. Find the rate at which the distance between the boat and 
the man is changing (i) 1 minute before the boat reaches the bridge, 
(ii) 3 minute after the man has passed the middle of the bridge. 


A, B, C are three villages. The distance from A to B is 5 miles, from B 
to C 4 miles, andfrom Cto A 3 miles. A man walks from A to B, then 
on to C, and back directly from C to A at 4 miles per hour; find, when 
half-way between each pair of villages, the rate at which he is 
approaching or receding from the third village. 


A man walks round a circular track with constant velocity, and his 
shadow, cast by the sun, always intersects the diameter of the track 
perpendicular to it. Prove that the rate at which his shadow moves 
along this diameter varies as his distance from it. 


A lighthouse is one mile from the nearest point A of a straight line of 
shore, and the light revolves twice per minute; how fast is the light 
travelling along the shore (i) at A, (ii) 4 mile from 4, (iii) 1 mile 
from A? 

A man walks round a circle of radius 20 yds. at the rate of 4 ft. per sec., 
and a light at the centre of the circle throws his shadow on a straight 
wall built along a tangent line to the circle. Find the velocity with 
which his shadow moves along the wall (i) when he is 5 yds, from it, 
(ii) when he is 8 yds. from it. 

A right circular cone is filled with water and placed with its axis vertical 
and vertex downwards. If the water flows out at a constant rate of 
5 c. in, per sec. through a hole at the vertex, at what rate is the surface 


of the water descending at the instant when the radius of the surface 
is 6 inches ? 


The ends of the water reservoir of a town are vertical, the sides slope at 
an angle of 45°, and the bottom is a horizontal rectangle 200 yds. by 
80 yds. If the water-level is sinking at the rate of 5 ft. per day (and no 
more water is running in), at what rate per day is water being supplied 
to the town at the instant when the water is 20 ft. deep ? 

A piston slides freely in a circular cylinder of radius 9 inches; at what 


rate is the piston moving when steam is being admitted into the 
cylinder at the rate of 22 c. ft. per sec. ? 


The diameter of a sphere increases from 4 in. to 12 in. in 10 minutes, 
equal volumes being added in equal intervals of time. Find the radius 
alter 5 minutes. At what rate is the radius then increasing ? 


The area of a circle increases from 16 sq. in. to 100 sq. in. in 20 secs., 
equal areas being added in equal intervals of time. Find the radius 
after 15 seconds, At what rate is the radius then increasing ? 
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25. A trough, whose cross-section is an isosceles triangle, is a ft. long 
and b ft. broad at the top. Water is poured into it at the rate of 
kc. ft. per sec. At what rate is the water rising in the trough when it 
is one quarter full ? 


26. A point moves in the parabola y? = 122, so that its velocity parallel to 
the axis of the curve is everywhere 10 ft. per sec. Find its velocity 
perpendicular to this axis and the resultant velocity, when at the 
point (8, 6). 

27. The path of a moving point is the curve y= 10sin2a. If the velocity 
parallel to the axis of x is constant and equal to 5 ft. per sec., find the 
resultant velocity at the point whose abscissa is 155 7. 


28. In the preceding question, prove that the acceleration at any point is 
proportional to the ordinate of the point. 


29. A point moves in the ellipse 927+16y? = 288; if, at the point (4, 3), 
the velocity parallel to the minor axis be 10 ft. per sec., find the 
velocity parallel to the major axis, and the resultant velocity. 


30. If, in the cycloid (Art. 50), the angle @ is increasing at the rate of 
1 radian in 10 seconds, find the velocity of the point P along the arc at 
the instants (i) when 6=37, (ii) when 6= $7, the radius of the 
generating circle being 20 inches. 


31. A point is moving in the parabola y?=122@ at the rate of 10 ft. per 
sec. ; find its component velocities parallel to the axes when it is at the 
point (3, 6). 

$2. A point is moving in the ellipse a?/a?+y?/b? = 1 with constant velocity 
u ft. secs.; find its velocities parallel to the axes at any point. 


83. A man walks at 4 miles per hour along a road in the form of a parabola 
whose equation is x? = 25y, and whose axis is due north and south. 
Find his velocities due N. and due E., when he is 1 mile N. of the 
vertex. 


68. Angular velocity and acceleration about a point. Motion 
in a circle. 


If 6 be the inclination to a fixed straight line OA of the line 
joining a moving point P to a fixed point O, the time-rate of increase 
of the angle 6, i.e. d0/dt or 6, is called the angular velocity of the 
point P about the point O, or the angular velocity of the straight 
line OP. 

Similarly, if » denote the angular velocity of P about 0, the time- 
rate of increase of w, i.e. dw/dt or #, is called the angular acceleration 
of P about 0. Since w= 6, the angular acceleration of P about O 
may be written d?6/dé? or 0. 

Let a particle describe a circle of radius r about a point O (Fig. 72). 
Let P be the position of the particle at any instant when the radius 
OP makes an angle 6 with a fixed radius OA, and Q its position 
after time S¢, during which the radius turns through an angle 60. 

If s be the length of the arc AP, the velocity v of P in the 
direction of the tangent PT is § or ré, since s=r0, and r is 
constant. 
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The velocity of P in the direction of the normal PO is zero, for the 
particle is moving in the direction perpendicular to PO. 

If v+5v be the velocity at Q, this may be resolved into 
(v+8v)cos60 and (v+5v) sin 30, parallel to PL and PO respectively. 


Fig. 72. 


The acceleration in any direction is the time-rate of change of 
velocity in that direction. Therefore acceleration at P along the 


tangent PT 


= 6 
ont L.! (v+ dv) = ee Lit[F cos s0—» (1—cos a; 
8t+0 $40 oboe ét 
N iiecignnn 66 
yes Sic Wiw apa at 


which, as 5f—>0, tends to the limit 0x6, i.e. zero [Art. 13 (10).] 


.*. the acceleration along PT = Le < cos 60 = ae 


This may also be written d?s/dé? or rd?0/di?, i.e. 3 or 6. 
Since dv/di = dv/dsxds/dt, it may also be put in the form 
v dv/ds, just as in the case when the particle is moving in a straight 


line. 
The acceleration at P in the direction PO 


zh | eae dv) sin 60 


5t>0 bt 
80 86 
= =e (v+dv)- ae 7 38 d¢ and therefore 59 —>0, 
=vx1xdé/dt 


= 02 or v?/r, 
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Hence, if 6 denote the angle which the radius through the particle 
makes with a fixed radius, the components of the velocity and 
acceleration of the particle along the tangent and normal are ré, 0 
and r6, r6?2 respectively, and, if m be the mass of the particle, the 
forces acting on it are equivalent to mré, mré? along the tangent 
and normal respectively. 

In the particular case when the particle is moving wniformly in 
the circle, 6 is constant. Therefore @ is zero, and the resultant 
acceleration is r6? along the radius; in this case the force on the 
particle necessary to keep it moving uniformly in its circular path 
is mw*r or mv*/r towards the centre of the path. 


69, Crank and connecting-rod. 


The relations between the motions of connected parts of a machine can 
often be obtained by the use of these principles as illustrated in the follow- 
ing example, which is of rather greater difficulty than those hitherto 
considered. 


A crank OQ (Fig. 73) rotates about O with constant angular velocity , and 
a connecting-rod QP is hinged to it at one end Q, twhile the other end P moves 
along a fixed straight line OX ; determine the motion of P. Ifa perpendicular 
from O to OX meet PQ produced in R, prove that OR and QR represent in 
magnitude the velocity of P and the angular velocity of PQ respectively. Find 
also the acceleration of P, 


Fig. 73. 


Tet a and 7 be the lengths of 0Q and PQ, and 6 and ¢ the angles QOX, 
QV0 respectively. Draw QM perpendicular to OX. 
As Q moves round the circle, P moves backwards and forwards along the 
line OX. If x denote the distance OP, we have 
x = OM+MP =ac0s6+1 cos p. 


Also Isin d = QM = asin 6. 
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Differentiating both equations with respect to ¢, 
&= —asind.é—-lsing. ¢. (i) 
Loosp. = acos 6.6. (ii) 
Now 6, the angular velocity of OQ, is o; 


° acos6@ OM RQ ©@ 
Agr Ne ali orl ey BE 


Also, substituting in (i) the value of ¢ obtained from (ii) 


a cos 6 
Teosp 
sin p . cos 6 
cos p 
—awsin (6+¢)/ cos p 
= —ao sin OQR/sin ORQ 
= —do OR/a 
= —o OR. 
Hence ¢ and # are represented by RQ and OR respectively. 
To find the acceleration of P, take the equation just obtained, 
&= —aosin (6+¢)/cos 9, 
and differentiate with respect to ¢; 


Bee _ ae 008% 008 (6+) [6+ 6]—sin (+4). (—sind)$ 


= —asiné.o—lsin¢d. 


q 


—ao (sino + 


fl 


cos? p 
= — ry [d cos p cos (6+) +4 {cos pcos (6+) +sin sin (6+¢)}] 
ee Seat [e cos f cos (+4) + oe cos 6| 
co? a cos’? 6 
~ cos [cos (2+ 9)+ 7 cos? 


This equation gives the acceleration in any position in terms of 6 and ¢, 
which can both be found when either of them or when = is given. 


When Qisat A, 6=pd=0, and # = —aw’(1+a/l). 

When Qisat A’, O=a, 6=0, and #= —aw’(—1+a/l) = ao? (1—-a/l). 

If 2 be large compared with a, so that a/l may be neglected, the 
accelerations of P when @Q is at A and A’ become nearly —ao* and ao? 
respectively, i.e. approximately the same as if the motion of P were simple 
harmonic. In this case, the angle ¢ is always small, and the general 
expression for % becomes approximately —aw?cos6, i.e. —w?0M. Since 
PQ makes a small angle with OX, the distance of P from the centre of its 


path is very nearly equal to OM; hence the motion of P approximates to 
simple harmonic motion. 
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Examples XXV. 


. A point P moves with uniform velocity u along a straight line OX; find 
the angular velocity of P about a point A at a perpendicular distance 
a from OX. 


. A point Pdescribes a circle, centre O and radius 7, with uniform angular 
velocity w, and a point B is taken on a radius OA produced, at distance 
a from O; find the angular velocity of P about B (i) when P is at A, 
(ii) when P is at an extremity of the diameter perpendicular to OA. 


. The lengths of a crank and connecting-rod (as in Art. 69) are 6 inches 
and 2 feet respectively ; find the accelezations of P when Q is at A and 
at A’, the crank making 100 revolutions per minute. 


. A crank OQ is made to rotate uniformly about O, and the end P of 
a connecting-rod PQ moves in a straight line at a perpendicular distance 
b from O; find the velocity and acceleration of P in any position. 


. A rod AB turns about one end 4 with uniform angular velocity ; it is 
freely jointed at B to another rod BD which is constrained to pass 
through a fixed ring C; if AH be drawn perpendicular to BC, prove 
that at any instant the velocity of the point of the rod which is passing 
through the ring is AH.o, and that the angular velocity of BD is 
equal to » BE/BC. 


6. In Art. 69, prove that the velocity of P is equal to the velocity of 


Qx PN/PM, where PN is the perpendicular from P to 0Q. 


CHAPTER IX 
SIMPLE INTEGRATION WITH APPLICATIONS 


70. Introductory. 

In the preceding chapters we have shown how to find the 
differential coefficient or rate of change of a given continuous 
function of z In many branches of mathematics, both pure and 
applied, we are frequently confronted with the inverse problem, 
_ viz. given the rate of change of a function, to find the function. 

This process of finding a function which has a given rate of change 

is known as integration. 

An integral may be defined in two quite distinct ways; either 
as the inverse of a differential coefficient or as the limit of the sum 
of a certain series. The former of these two definitions is the one 
which leads to the methods of evaluating integrals; the latter is 
_the one upon which many of the simpler applications depend, but 
it does not yield convenient methods of evaluation. We shall, 
_ therefore, begin by considering the first definition, and later, when 
we have learned how to calculate the simpler forms of integrals, we 
shall consider the second definition and show the relation between 
the two kinds of integrals. 


71. Definitions. 


The integral of a function f(x) with respect to x is the function whose 
differential coefficient with respect to x is f(x), and is written /f (x) dx. 

The symbol / is really an elongated S, the first letter of the word 
‘sum’, and the necessity for the insertion of the factor dx will be 
seen when we come to consider integrals from the second point 
of view mentioned above. At present it may be regarded as part 
of the symbol of integration, indicating the variable with respect to 
which the required function must be differentiated in order to give 
J(z), so that /... da stands for ‘the integral of... with respect to x’. 

Generally, 


a 


uf ie F(x) be denoted by EF’ (x), then /¥” (x) dx = F(x). 
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Briefly, in the differential calculus, the first problem to consider 
is: Given y, find dy/dx; in the integral calculus, the first problem | 
to consider is the converse of this, viz. given dy/dz, find y. 


E.g. the d. c. of x? with respect to = 327, hence /3a7%dx = 2°; 
the d.c. of tan x with respect to # = sec?x, hence /sec*xdx = tan x. 

Unfortunately, there is no general method of retracing the steps in the 
process of differentiation. In the calculation of differential coefficients, 
terms are frequently added and subtracted, and factors multiplied together 
or cancelled out, and when the final result only is given, there are no means 
of recovering these terms and factors. A few of the commonest and sim- 
plest integrals are collected from knowledge of differential coefficients ; 
these are usually referred to as ‘Standard Forms’.* 

The first part of the Integral Calculus then consists, in the eyes of the 
beginner, of a collection of various haphazard methods and devices by means 
of which other expressions can be reduced to one or other of these standard 
forms or to some combination of them;+ and the degree of difficulty 
experienced by the student in dealing with these will depend to a great 
extent upon the thoroughness of his knowledge of the substitutions and 
formulas of elementary algebra and trigonometry. 

For the discussion as to whether a function always possesses an integral or 
in what cases a function possesses an integral, the student is referred to more 
advanced works. It can be shown that every continuous function has an 
integral. The functions which are encountered in elementary applications 
generally possess integrals which can be expressed in terms of the functions 
we have already considered, together with those which will be dealt with in 
the next chapter; but there are many comparatively simple functions whose 
integrals cannot be expressed in terms of such functions, e. g. (1—2sin?x)~¥/”, 
/(1—2*), /sinz, (cosz)/a, cannot be integrated in terms of such 
functions. 


72, Arbitrary constant. Indefinite integral. 


The first point to notice is that the above definition does not give 
a perfectly definite value for the integral; since the d.c. of a 
constant is zero, it follows that the integral of F’(zx) with respect 
to # is not necessarily F(x) only, but is F(x)+C, where C is an 
arbitrary constant, i.e. any quantity whatever which does not 
involve z On this account these integrals are often referred to 
as ‘indefinite integrals’. 


* These Standard Forms must be committed to memory. It is not really necessary 
to remember more than a dozen or so, but these must be thoroughly known, and 
the student must be able to recognize them at once whenever and in whatever 
form they occur. 

+ These methods and devices are not really as disconnected as they appear 
at first sight to the student. See G. H. Hardy’s Integration of Functions of a Single 
Variable, Cambridge Tracts in Mathematics, No. 2. 
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Taking the cases mentioned above, the d.c. of xz is 327, but so 
also is the d.c. of #3+4, 2°—10, 2° +a, or #+any expression 
which does not involve x Therefore 

S82 da = 2 +0, 
_ where Cis arbitrary, except only that it is independent of x. Similarly, 
SsePada = tanxzt+C. 

This arbitrary constant C is usually omitted, but the student must 
not become oblivious of its existence. In practical examples, as will 
be seen later on, it often plays a very important part. 

It should be noticed at this stage that if a pair of simultaneous 
values of the function and its integral be given, then the constant 
ceases to be arbitrary and can be determined. 

E.g. given that dy/dz =2a”-—2, andthat y=3 when w=2, find y 
in terms of a. 

We have y =/(2"-2)dzx 

=x-2r+C, (i) 
since this is the expression which gives 2x—2 when differentiated. 

It is given that y= 3 when w =2, hence, substituting these values, we 
have 3 = 4-440, 
whence C= 3, and therefore, substituting in (i), 

y = 2° —-244+3. 


78. Geometrical interpretation. 

The geometrical meaning of this process 
should be noticed. We have to find y in 
terms of x, given the value of dy/da, i.e. of 
the slope of the curve, in terms of 7 Hence 
we have to find a curve, given the slope at 
any point in terms of the abscissa. 

In the example just considered, equation (i) 
represents the curves which have the given 
slope. It obviously represents a system or 
‘family’ of parabolas (Fig. 74). Iftwo different 
values for C be taken, the ordinates of the two 
corresponding curves will at each point differ 
by a constant amount (the difference between 
the two values of C), i.e. the curves are at 
a constant distance apart measured along the 
ordinate. All such curves possess the given 
slope, i.e. the tangents at the points where 
they are cut by a straight line parallel to 
_ the axis of y are all parallel; hence the arbitrary term C. 
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The fact that y= 3 when w= 2 enables us to select one parti- 
cular curve of the family, viz. the one which passes through the 
point (2,8). There is no arbitrary element now; there is but one 
curve which passes through this particular point and has the given 
slope. 


74. Integral of 2”, 

The first and most important standard form to be considered is 
J x"dx. What function gives 2 when differentiated? The d. c. of 
"+1 ig (n+1) a", and therefore the d.c. of 2”+1/(n+1) is a”; 
hence f da = x"t1/(n+1). 

This is true for all rational values of », + or —, integral or 
fractional (Art. 27), with the single exception of » =—1; in this 
case the integral becomes /# 1dxz. We have not yet obtained 1/z 
as the d. c. of any function, but in Chapter XI we shall find that it 
is the d. ¢. of log, x. 

Bug.) ..fx'dx = 752" 

Pljt de fede mae = —3.— —1/(32), 
SVadz =f/2xdx =28P +3 =2,/x5. 
JN Ya.dasfaBdx= 2S +% =F i/x3, 

Since the d.c. of the sum of a finite number of functions is the 

sum of their d.c.’s, it follows conversely that the integral of the 


sum of a finite number of functions is the sum of their integrals 
separately. ) 


Moreover, since & af(z), where a ig a constant, is af’(z), 
it follows that 
Saf (a) da = af(e) =a ff (x) da; 
hence a constant factor can be brought outside the integration sign. 


These facts enable us to write down at once the integral of any 
polynomial in x with constant coefficients. 


Examples: 
S (10 at —9274+5)da=10.4a°-9.405+5274+C = 2a°-3254+5x4+C. 
S(avi+bate)de =a.h2°+b.)2x?+card. 
J(22#-1)8 dx =/[8a°-12a7+6a—-lIjde =2a'-42°+32’-ax+C. 
aac ip = | (etal 4 4°") dx Bie AE No Ho 
Vf & 2 2 3 


= 2/05 +3 /84+2 fet. 
In future, the constant C will be omitted, 
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Examples XXVI. 


Write down the integrals of the expressions in the following examples 
1-14. 


of, 21a, ae, 10a,” a, Lax 2. 327-2741. 
ie ram VE ee ULE MR 4. Wx, I/x", 1/%/x. 
.24+62741027-5; T2®—-10a44+9a?-1. 
1 6 To lOineed 
. 2-493 4202-2743; vw —42'4+62?-8. 
. ax + bai+ca?+dxte; a/xt+b/a>+c/x’+d. 
64+2ar+2" 14327452? “A L+a?+22t) L+a?+2at 
a : Ja i : 2 a? Z Sx 
2 ‘ 2 2 
(1-82)2; (14 2%). ra, SEE, (=). 
ax? +bat+e. EEE. Bee te? az +b 
=D ; eth. +O 5 cae 14. AE 


Find y in terms of z, given dy/dx = 825-2, and that y=8 when 
e=2. 

Find y in terms of 2, given dy/dr=sinz, and that y=2 when 
2 =r. 

Obtain the equations of the curves in which the slope at any point (a, y) 
is 83-42. Illustrate graphically. 

In what curves is the slope at a point (x, y) equal to 2—3/2?? 

Find the equation of the curve which passes through the point (38, 1), 
and has at any point (a, y) the slope a*~-2. 

Find the equation of the curve whose slope at any point (2, y) is 1/4/z, 
and which passes through the point (4, 5). 

The slope at any point (a, y) of a curve is equal to cosa, and the curve 
passes through the point (0, 1); find its equation. 

What curve through the origin has its slope given by the equation 
dy/dax = (1+ ax)? 

From any point P on a curve a perpendicular PN is drawn to the axis 
of y, and the tangent at P meets the axis of yin 7. Find the equation 
of the curves in which the rectangle PN. NT' has a constant value c?. 

If in the preceding question the normal at P cuts OY in G, in what 
curves is NG constant ? 

Find the function whose rate of change per unit increase of x is equal to 
6 x?—4a2+483, and which is equal to 10 when 2 is equal to 1. 

Find the function whose rate of change with respect to a is inversely 
proportional to x’, and which has the values 6 and 10 when 2 is equal to 
1 and 2 respectively. 


75. Two important rules, 


We next proceed to consider twc rules of the utmost importance, 


which are constantly being used in integration. 


If the d.c. of f(x) be denoted by /’ (x), we have 
SS (2) an = f(x); 
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the d.c. of f(v+b) is (Art. 84) f’ (a+b) 
SS (a+b) da = f(x+b); 
the d.c. of f(ar+b) is (Art. 34) f’ (ax+b) xa 


Sf (aa+dde= : Fiacd-2). 


On examining and comparing these three results, we see that they 
enable us, when the integral of any function of # is known, to write 
down the integral of the same function of az+b, where a and b are 
constants, 

They can be put into the following convenient verbal forms: 

If the integral of a function of x is known, then 

(i) the addition of a constant to x makes no difference in the form of 
the integral ; 

(ii) if x is multiplied by a constant, the integral is of the same form, 
but is divided by the constant. 

Hence, in any function of x, the replacement of « by a linear 
function of x does not alter the form of the integral of the function. 

These two rules, in conjunction with the standard forms of the 
preceding article, enable us to write down at once the integral of 
any power or root of ax+b. 

E.g. fxda— tx 

SJ (@+5) da =+(x+ +5); the addition of the constant 5 makes no | 
difference to the form of the integral. 


J(2x+5$da = eao az+5)‘; x has the constant coefficient 2, there- 
fore the integral is of the same 
: form and is divided by 2. 
S(.-2) de = -4 (1-2); 
and generally 
S(ax+b) dx = jg (ax +b)‘, 


From the reference to Art. 84 given above, it is clear that this 
is merely a simple case of the converse of the rule for differentiating 
a function of a function, and the reason for the insertion of tho 
factor a in the denominator is obvious at once when the result is 
differentiated so as to give the original function. 


E. g. the d. c. of as (ax+b)* = = x 4(axz+b)§x a = (axt+b). 


4a 

It must be carefully noticed that the rules only apply when « 
is replaced by aw+b, i.e. by an expression of the first degree in x; 
they give no information about the values of such integrals as 


15:8 qu 
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|S (x? +1)8dx, where x is replaced by an expression of different 
degree, or /sin?adx. These integrals are mot 4(z?+1)* and 
| i sin*z, as is obvious at once if we differentiate these latter functions. 
The integral /(x?+1)*dx can be obtained by expanding and 
integrating each term separately, thus 
JS (a? +1) de = / (0° +8244 82? +1) dx 
= 72014340444. 
The student should not make mere mechanical applications of these rules. 
It is important that he should grasp the principle which underlies them, 
_and for this purpose the argument may be presented in a different form 
as follows: 
Suppose the value of /(ax+b)'dz is required. 
Then ify denote /(ax+b)'dx, wehave dy/da = (ax+b)’, 


Let azt+b=2; OL Oca=—mie 
dy _ dy da we ee 
Then ig ah ay RY Ses 
eee, pte Sl aor 
Sareea als ata ath 


_ Any particular case can be treated in a similar manner, but such forms 
_ occur so frequently that the student should accustom himself to writing the 
results down at once. 


Some further examples of the rules are appended: 


[Re = [etde= = = 2Ve, 

a Ives de =2y/(c+8). 
lve dx = 2/(52+48) +5 =2 / (5x48). 
vex de =2+/(a—2)-+ —1=—-2/(a—2) 


Ivex5” =2V(an-+0) a= ~V(an+0). 


Again, J cos xda = sina; 
JS cos (%+ 0) dx = sin (+a), 
J cos (a—x) dw = —sin (x—«), 


/ cos 8x dx = tsin 82, 
JS cos 4x dx = 2 sin da, 
JS cos (px+q) dx = {sin (px+q)}/p. 

The student should pay particular attention to these rules, and 
must be very careful not to omit the dividing factor a. This factor 
is frequently overlooked when the practice of integration is first 
begun, and for this reason considerable stress has been laid upon 
it above. 


SIMPLE INTEGRATION WITH APPLICATIONS 163 


It is important to notice also that the correctness of an integration 
ean always be tested at once, by differentiating the expression 
obtained ; this should of course give back the function which was 
to be integrated. 

We have so far, from our knowledge of differential coefficients, the 
following standard forms: 

Sv dx = x"*1/(n+1) (except when » = —1); 
Jsinxdx = —cos x ; 
f/cosxdx = sin x; 
J sec? x dx = tana. 


76. An apparent discrepancy. 

One other point may be noticed at this stage. In Art. 74, the 
integral of (2x—1)? was found by expanding and integrating each 
term separately, the result being 2a*—423+3822—2. The integral, 
as given by the rule of the preceding article, is }4(2cz—1)*. Do 
these two results agree? 

The latter = 1(16 24-3244 2447-8274 1) 

= 2at—4284382?-2+4+1, 

whence we see that the two results differ by 3. But we have 
already pointed out that in the integral of any expression, an 
arbitrary constant is to be understood; hence the presence of the 
term 1 makes no difference to the integral. If, as in Art. 72, we 
substitute a pair of simultaneous values of w and y in order to 
obtain y definitely in terms of x, the expressions obtained for y 
will coincide exactly ; the value obtained for the arbitrary constant 
in the second case will be less by 4 than the value obtained for the 
arbitrary constant in the first case, and the final results will be 
identical. 

Many expressions can be integrated by two or more different 
methods, and the results given by these different methods sometimes 
take different forms, but, on examination, it will be found that the 
parts involving the variable x are the same in both; the results are 
either in exact agreement or differ by a constant only. 

The formal proof of this statement is as follows: 

Let f(x) and F(x) be two functions which have the same d. c. 

Then f’ (x) = F’ (ax), i.e. f(z) and F’(x) are equal for all values of x. 

° J (x) -F’ (xz) =0, 


ie. + [F (@) -F(w)] =, 


whence we infer that f(x)—F (x) is constant. 
mM 2 
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Examples XXVII. 


Integrate the following expressions : 


(wt, (T+), (6-2), (82-4), (pxt+g)’. 
2. 2", (x—a)", (92+4)", (8—2a)", (ax+b)", (p—qza)”. 
3. sing, sindaz, sinmaz, sin}az, sin(pr+Q), sin(X-2z2), sin(¢r—z2). 
4. f/x, J/(l+2) /(8-42), V(prtq, V(1+2/d, VS (8x), /(ma). 
i 1 1 1 1 
oP =a) Tate)’ (a—a)”— Gme—n® 
6. sec?a, sec?(a+), sec?maz, sec?(X+2x), sec?(x/m), sec? (nx+m). 
5 Be Eeie Lyte le. 1 ae 
az. (4x2—5)" (1-2.c)” (e—a)” (ba —a)" 
A aly ‘ 1 F 1 ; 1 d 1 if , ee 
Ye’ Vers) Y@ux-5) Ya-a) Yinwic) YQx) ma) 
Sat Uv es Agee ee eerie 
‘at’ @—8)” BLa” = B=Te)" arg) 
Evaluate , 
10. /(7 ¥—4)* dy. 11. /(a — bt)8/ dt. 12. /2/(p+qz) dz. 
13 lygx . 14 i pe ° 15 in? Gite ° 
"| V¥S-8z) * | Va—uy  \(@-368 
du dy 
16. /(a—t)? dé. 7s less, in 18. | Ta) 


19. fcos36d6, /cos}6dd, /cos(x—6)d6, /cos (n6+a) dad. 


is Ss | ata | du = dee Me 
70) Ve | 70-0 | 7@u-s" | Vlav40) 


i 


21. Given that dy/dx = (82-4), find y in terms of x in two ways, and 


compare the results. Find from each expression the value of y in terms 
of x, given that y= 10 when x = 2. 


We now discuss a few simple applications which involve only 


‘such integrals as have just been considered. 


77. Applications to geometry. 


The integral calculus can be used to find what curves possess 


a given property. Two simple examples will be given at this stage. 


Others will occur later. 


Examples : 


(1) In what curves does the slope at any point vary inversely as the square 


of the abscissa of the point ? 


Here we have dy/dx = k/x’. 
integrating y=Sk/x .dx = —k/x+0, 
which may be written x(y—C) = —k. 


1 dx 
* It is customary to write ibis dx in the form lee ; and similarly }: da 


as | an 


SIMPLE INTEGRATION WITH APPLICATIONS 165 


Hence the curves which possess the given property are rectangular 
hyperbolas (p. 21). 


If C=0, we get a rectangular hyperbola with the axes as asymptotes 
(the quadrants in which the curve lies depending upon the sign of k); as 
the value of C is varied (and any value can be assigned to it at will) one of 
the asymptotes moves parallel to the axis of y. 

(ii) Find the curves in which the subtangent at any point P is proportional 
to the tangent of the angle which OP makes with the axis of x. 


The subtangent is (Art.48) y / wv . 


Therefore y/2 == ic : ; Le. dy/dx =x/k, 


and y=Saxl/k.dx=27/2k+C. 
Therefore the curves required are parabolas (p. 18) whose axes lie along 
the axis of y. 

78. Application to mechanics. 

It has been shown (Art. 62) that if s be the distance, measured 
from a fixed point of its path, of a moving point at time ¢ (measured 
from some fixed instant), then the velocity v is equal to ds/dt, and 
the acceleration is equal to dv/dt, d*s/dt?, or vdv/ds; and several 
examples were worked in which the velocity and acceleration at any 
instant were deduced from a given expression for s in terms of ¢. 

By the use of the integral calculus we can reverse this process , 
i.e. given the acceleration, we can determine, first, the velocity and 
thence the distance travelled. These examples illustrate the part 
played by the constant of integration. 


Examples : 

(i) A point moves in a straight line with constant acceleration a; 
if v be its velocity and s its distance from some fixed point in the line 
at the end of time t, find v and 8 in terms of t. 

Taking the first of the three expressions for the acceleration (since 
we want v in terms of ¢) we have dv/di =a, 

“. v= fadi=at+C. 

If t= 0, v= (C;; therefore C is the velocity when ¢ = 0, i.e. the 

initial velocity ; denoting this by u, we have 


v=ut+da, 
i.e, ds/dt = u+at; 
o. $= /f(utat)dt=ut+ i at?+C. (i) 


Here C is the value of s when ¢t = 0, and therefore depends upon 
the position of the point from which s is measured. © If the starting- 
point be taken as the origin, then s=0 when ¢=0; therefore, 
substituting in (i), we get C= 0, and s= ut+ 4 at, 
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If we take for the acceleration the expression vdv/ds, we shall get 


_ the relation between v and s. We have vdv/ds = a. Now the d. ¢ 
of v? with respect to s = 2v du/ds (Art. 81). Therefore integrating 
_ the preceding equation with respect to s, we have 


4% = as4+C. (ii) 
C is the value of }v? when s = 0; therefore, taking the starting- 


_ point as origin, so that v= wu when s=0, we have 4u? = C, 


_ and te=ast+hu’, Le vo? = u?+2as. 


Thus we obtain the three well-known equations of uniformly 
accelerated rectilinear motion. 
If the point starts with velocity u at distance s, from the origin, then in 


finding s in terms of ¢, s =s) when t= 0; therefore, substituting these 


values in (i), 8 = C, so that 
$= Sp tutta’. 


In finding v in terms of s, »= uw when s =; therefore, substituting 


| these values in (ii), 


4 = as,+C; 
substituting this value of C in (ii), 
dvu'=as+hu?—asy, i.e. v? = u?+2a (s—8). 


(ii) A point moves in a straight line under the injiuence of an accelera- 
tion which varies as the square of the time the point has been in motion ; 


find the velocity at any instant and the distance travelled. 


i.e 


Here dv/dt = kt*, where k is a constant, 

v= kt? dt = 4ktF+C. 
If uw be the initial velocity, v=u when t=0, .. wu=04C; 
: o=uth kes. 
This gives the velocity at the end of time #. 
Next ds/di=v=u+hkt; 

s=ut+ 7, ht4+C. 
If s be measured from the starting-point, s= 0 when t=0; 
C=0, and s=wt+ 7, kth. 

This gives the distance travelled in ¢ seconds. 


(ili) A particle is projected vertically upwards with velocity 40 ft. secs., and, 
in addition to being acted upon by gravity, is subject to a retardation which 
varies as the time from the commencement of the motion, and which at the end 
of the first second is equal to 16 ft. secs. per second. To what height will the 
particle ascend ? 


The variable retardation is kt and this is equal to 16 when ¢ = 1; therefore 
&=16. Hence the total retardation = g+kt = 324 16¢. 
. dv/dt = —32—16¢, 
and, integrating, v= —$2¢-87+C, 


SIMPLE INTEGRATION WITH APPLICATIONS 167 


o=40 when ¢=0. Substituting these values in the equation just 
obtained, 40 = C, 


and therefore v= 40 —324-873, 
Again ds/dt =v = 40—32t-82. 
Therefore, integrating, s = 40¢—162°-8 f+. 
s=0 when ¢=0, whence 0=C, and s=40i-167°-§¢#, 
This gives the height after ¢ seconds. 
At the highest point, v = 0, 


. 40-32t-82=0, ie. 8(54+#)(1-2) =0. 


Taking the positive root of this equation, t=1, it follows that the particle 
reaches its greatest height at the end of I second, and the distance travelled 
in that second is found by putting t=1 in the expression for s. This gives 
s = 40-16-—§= 214. Therefore the particle attains the height of 213 feet. 


we = 


12. 


13. 


14. 


15. 


Examples XXVIII. 


. In what curves is the slope proportional to the abscissa, ? 
. Find the curves in which the subnormal is proportional to the abscissa. 
. Find the equation of the curves in which the slope varies as the nh 


power of the abscissa. 


. In what curves is the subnormal constant ? 
. In what curves is the sum of the abscissa and subnormal constant ? 


Explain your answer geometrically. 


. In what curves does the rectangle contained by the abscissa and the 


subtangent vary as the square of the ordinate ? 


Find the equation of the curves in which the cube of the ordinate 
varies as the product of the subtangent and the square of the abscissa. 


. Find the equation of the curves in which the rectangle contained by 


the ordinate and the subnormal varies as the abscissa. 


. In what curves does the slope vary as the cube of the ordinate ? 
. In what curves does the subtangent vary as the square of the ordinate ? 
. The acceleration of a moving point, at the end of ¢ seconds from the 


commencement of its motion, is 18—2¢ ft. secs. per sec.; find the 
velocity at the end of 3 seconds, and the distance travelled in that 
time, if the initial velocity be 20 ft. secs. 

A particle starts with velocity « and moves with an acceleration 
fcostrt; find the velocity and the distance travelled at the end of 
3 seconds. 

A particle starts from rest at a distance a from a fixed point 0, and is 
subject to an acceleration towards O which varies as the distance 
from 0; find the velocity in any position. [Use wdv/ds for the 
acceleration. ] 

A particle starting with velocity 21 ft. secs. has an acceleration 5—4¢ 
ft. secs. per second; when does it first come to rest, and how far hag it 
then travelled ? 

The acceleration of a moving point which starts from rest is ./(1+t) 
after ¢ seconds; find the velocity at the end of 8 seconds, and the 
distance from the starting-point at the end of 3 seconds. 
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16. The acceleration of a moving point is 7—2s, where s is the distance 
from the starting-point, which it leaves with velocity 40 ft. secs.; how 
far does it go before first coming to rest ? 

17. A particle falls vertically from rest, and, in addition to being acted upon 
by gravity, is subject to a retardation which varies as the time and 
which at the end of 2 seconds is 20 ft. secs. per second; find the 
velocity at the end of 6 seconds and the distance fallen through in 

| that time. 
18. If, inthe preceding example, the retardation varies as the distance 
fallen through and is 20 ft. secs. per second after falling 5 feet, find the 
| velocity after falling 15 feet. 
' 19. A particle moves in a straight line towards a fixed point O in the line, 
starting from rest at a distance of 40 feet from O; it is under the 
| influence of a force which gives it an acceleration towards O of 
100/s? ft. secs. per second, where s is its distance from 0; find its 
velocity (i) when it is half-way to O, (ii) when it has moved 30 feet. 
20. The velocities of a moving point parallel to the axes of x and y 
| respectively are, after tf secs., 8—2t and 84/t; find the coordinates of 
the point at the end of 4 seconds, taking the origin as the starting-point. 
| 21. In the preceding question, find the velocity along the are and the 
distance travelled along the arc. (See Art. 67.) 
| 22, The velocities of a moving point parallel to the axes are, after ¢ secs., 
t?—9 and 61, and the point starts from the origin; find the equation 
of its path. 


79. Areas of curves. 


_ We have, in Art. 14, defined what is meant by the area bounded 
by a curved line. 

Let AP (Fig. 75) be an are of a curve measured from some fixed 

point A to a variable point P whose coordinates are (x, y). Let the 


Fig. 75. 


area AHNP between the curve, the axis of x and the ordinates AH 
and PN be denoted by ¢. This area may be regarded as generated 
by the motion of the ordinate NP starting from HA and moving to 
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the right; to each value of % corresponds a value of z, so that z is 
a function of x. 

Let # increase to +52, and let Q be the corresponding point on 
the curve and MQ its ordinate; then the area PNMQ is dz, the 
increase in 2 due to the increase dz in 2, and MQ is y+dy. 

Complete the rectangles PNMQ and QMNP’. 

Then, if the slope from P to Q be positive, 

dz > the rect. PNMQ’ and < the rect. P’NMQ, 


i.e. > NP.NM and < MQ.NM, 
i.e. >yox and < (y+dy) dz. 
age dz/ia>y and < y+dy. 


[If the slope from P to Q be negative, the inequality signs will be 
reversed, as is obvious by drawing a figure. We have assumed 
that the slope has the same sign from P to Q. The range can be 
taken sufficiently small for this to be the case. | 

When dx->0, dy also —>0; therefore 52/52, which we have 
just proved to differ from y by a smaller quantity than dy, tends to 
the limiting value y. 

But dz/dzx is, by definition, the ik of athe when 62-—>0. 

°°. d/dz= 

If the equation of the curve AP is a we can find y in terms 
of x. We have therefore dz/dx = a function of 2, and g is found by 
integration. 

Examples: 

(i) Find the area between the parabola ay = x’, the amis of x and the 
ordinate x =h. 

If z be the area from the origin to the ordinate of a point (x,y), 

dz/dz = y = x"/a; 


3 
°, = [taenZ +C. 
a 8a 


Clearly the area OPN (Fig. 76) is zero 
when P coincides with 0, i.e. 2 =0, when 
z=0. Therefore C=0, and substituting 
in the preceding equation, 

z=2°/34. 

This gives the area from the origin to the 
ordinate PN. 

The area OBH is the value of z when 
x =h, and therefore is equal to h*/3 a. 

Since the point B is on the curve, 

a. HB =i? 
Lime rahe Vil 


e the area OHB = x7 = 3° 3 
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(ii) Find the area between the curve y = 11x—24—x” and the amis of x. 
We have y = (8-2) (w—8); and the curve cuts the axis of x where y= 90, 
i.e. where x=3 and «=8, Let these two points be A and B (Fig. 77). 


If z denote the area from A to PN, we have 
dz/dx =y =11x—24-2'; 
z= /(1lxe—24—27) dz, 
= I a?-242-h2°4+C. 

In this case, z=0 when P is at A, i.e. when «=38. Therefore, sub- 
stituting in preceding equation, 

0 = 99 -—72—4%24C, whence C= $3, 
and 2=Ag—Mer—-hat+ Y. 

The area from A to B is obtained by putting x = 8 in this result, giving 

the required area APB 
= It x 64—192—4x 512 + 53 = 208 units of area. 

If the area to be determined is on the negative side of the axis of a, y will 
be negative, and the value obtained for the area will be negative if it 
be measured in the direction in which 2 increases. For instance, if, in the 
preceding example, the equation of the curve had been y = 2*~—11 2+ 24, 


the area would have been on the other side of the axis of x, and the answer 
would have appeared as — 208. 


Further examples of the determination of areas will be given in 
Chapter XVI. 

The geometrical meaning of the existence of the arbitrary constant 
of integration is now easily seen. It will be noticed that the 
investigation of this article does not involve the position of the 
initial ordinate AH from which the area g is measured, and the result 
will be the same wherever AH may be. The arbitrary position of 
this ordinate corresponds to the arbitrary value of the constant 
of integration. When the position of AH is assigned, the constant 
of integration can be determined, as is shown in the working of the 
two examples just considered. In Ex. (i), when AH was taken at 
the origin, C was found to be 0, and in Ex. (ii) when AH was taken 
at «= 8, C was found to be $2. If the areas had been measured from 
some other ordinates, different values for C would have been obtained. 


SIMPLE INTEGRATION WITH APPLICATIONS 171 


80. Substitution of limits of integration. Definite integrals. 


It will be noticed, from the last example, that the final value 
of ¢ is obtained in the following manner. Taking the expression 
73.4? 24x—145 obtained on integration, C is the result of substitut- 
ing # = 8 in this expression with the sign changed. 

Then the final value of z is the result of substituting « = 8 in the 
integral + C0 

= result of substituting 8 —result of substituting 8 in the integral 

= the difference of the results of substituting in the integral the 

extreme values of x. 

That the area is always obtained by this procedure can be shown 
as follows: 

Let y = f(x) be the equation of a curve, and let f(x) be the 
derived function of F(x). Suppose that the area between the curve, 
the axis of , and the ordinates = a and a= b is required. 

Then dz/dx = y = f (a), 

2=/f(x)de+C=F(a)+C. 

Now the area z, being measured from the ordinate x =a, is equal 
to 0 whenz=a. Therefore 0 = F(a)+C and C= —F (a). 

Hence z= F(x)—F (a). 

The area from «=a to «= b is found by putting «= 0 in this © 
expression, 

i.e. the required area = F'(b)—F (a) 
= the difference of the results of substituting in 
the integral of f(z) the extreme values of 2. 
This operation is generally indicated in the following way : 


c= sla, 


which is read ‘¢ is the integral, from a to b, of f(x) with respect 
to a’. This is called a definite integral, and a and b are often referred — 
to as the limits of integration. This name is not a fortunate one, and 
the meaning of the word limit used in this sense has no connection 
whatever with a limit as defined in Art. 12, 


81. Volumes of solids of revolution. 

If (Fig. 78) the area AHKB be rotated about the axis of 2, a solid 
is generated such that its section by any plane perpendicular to the 
axis of a is a circle. Such a solid is called a solid of revolution. 
See Art. 14 (4). 
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The volume V between the sections through AH and PN will be 
a function of x, the abscissa of P. 

If x be increased to +52, then, as in Art. 79 in the case of an 
area, the increase 5V in volume thereby produced is intermediate 


ae 


gH 


Fig. 78. 


_ between the volumes formed by the rotation of the rectangles PI 
| and QN, and these volumes are cylinders of height 5 and radii y and 
_ yt+y respectively. 
| Therefore 5 V is between ay? dx and (y+ dy)? dz, 
5V/dx is between my? and (y+ dy)’. 
As $4—>0, dy—>0 and m(y+6y)? = zy’, 
.*. 5V/dx, which is between these two, also —> zy? as its limit. 
i.e. aV/de = xy". 
From the equation of the rotating curve, y and therefore zy? can 
| be found in terms of z, and V is found by integration. 
Exactly as in the case of areas, as explained in Art. 80, the 
| volume V, between the two circular sections through the ordinates 
*=aand x= b, is obtained by subtracting the result of substituting 
_a=a from the result of substituting «= b in the integral of zy? 
_ with respect to z, and may be written in the form 


b 
v= ib wy? dx. 
a 
Examples: 


(i) Find the volume of a right circular cone of height h and radius r. 

Let (Fig. 79) be the semi-vertical angle of the cone. The equation 
‘of OA is y=a tana. 

Hence dV/dx = ry? = rx’ tan?0; 


/ 
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V=/ra* tan? a dx = rtan?X«.$2°+C. 
V=0 when x=0; - C=0, and V=4r2'* tan’, 
This is the volume generated by the revolution of ONP. 
At B, x=h; .. volume ofcone =37/h°tan?a 


=}nrh, since r=htana. 


(ii) Find the volume of a sphere, and of the part of a sphere cut off by two 
parallel planes. 


A sphere is formed by the revolution of a semicircle about its diameter, 
Let the equation of the circle be 2?+y? = 7? 


Here dV /d2 = ry =7(r—-2x’); 
o V=Sfa (FP —2*) dx =n (rr x-}2)+C. 
For the hemisphere, let V be measured from OB; then V=0 when x= 0, 
* C=0 and Ver (r?x—-} 25). 


Fig. 80. 


This is the volume generated by OBPN. 
At A, «=r. Hence the volume of the hemisphere 
= 17 03 -t7r) = ant, 
- and the volume of the sphere = 47nr°. 
If the volume between x =a and x =b be required, then, returning to 
the equation V=r(%n-22°)+C, 
we have, measuring V from 2=a, V=0 when r=a, 
therefore = —7(ra—fa'), 
and Ven (?x—-425)—-7(r’a-}ha’). 
This is the volume generated by HCPN. 
Therefore the volume required, obtained by putting x= }, 
= 7 (r?b-2 D8) —2 (Pr a—a') 
= 77 (b—a)—47 (B8—a’*) 
= 1 (b—a) {77-3 (0? +.ab+a%)}, 
If b= 7, the figure is referred to as a spherical cap. 
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Using the notation explained in Art. 80, the working is generally set 


down as follows: 


NMoapon ye 


14. 


15. 


16. 


LT. 


Volume of hemisphere 


-|-* (7-2) dx 


2 [rote—3e9 |’ 1 (PE Pe) ae 


Volume of slice of sphere 


b 
-{ mr (7? — x?) dx 


= [* (72-42%) | = 1 (126-4 B) — (2a ha’). 


Examples XXIX. 


Find the areas whose boundaries are given in Examples 1-10. Find 


also the volumes generated when these areas rotate about the axis of x. 
The axis of a, the curve y = x°, and the ordinate x = 3. 


. The axis of x, the curve y=1(x+1)*, and the ordinates «= 2, = 4, 


The axis of 2, the parabola y? = 12a, and the ordinate 2 = 3. 


. The parabola y? = 122, and the double ordinate a2 = 12. 


The axis of x, and the curve y = 9a—a2?—-14. 
The axis of x, and the curve y = (a—1)?—25. 


. One semi-undulation of y = sina, and the axis of x. 


[In finding the volume, use the formula sin?# = 3(1—cos2 z).] 


. The curve 4ay?= 382%, and the double ordinate # =a. 

. The curve x’y = 36, the axis of x, and the ordinates x= 2, « = 6. 

. The curve 9y = 2? (#+3), and the axis of x. 

. If Pbea point on the curve y”=ka", and PM, PN be drawn perpen- 


dicular to the axes; prove that the curve divides the rectangle OMPN 
into two parts whose areas are as m:n. 


. Find the area between the curve /2+./y=4/a and the axes of 


coordinates. 


. An ellipse whose semi-axes are 8 and 4 inches in length rotates about its 


major axis; find the volume of the solid formed (which is called 
a prolate spheroid). 

The parabola y? = 4ax rotates about the axis of #; prove that the 
volume of a segment, measured from the vertex, of the solid formed 
(called a paraboloid of revolution) is half the volume of the circum- 
scribing cylinder. 

The rectangular hyperbola x«?—y? = q? [p. 20] revolves about the axis 
of x; prove that the volume of a segment of the hyperboloid of 
height a measured from the vertex is equal to the volume of a sphere 
of radius a. 


Find the volume of the solid formed (called an oblate spheroid) by the 
rotation of the ellipse mentioned in Ex. 13 about the minor axis. 

The curve ay’= 2° rotates about the axis of w; prove that the volume 
of the resulting solid, cut off by a plane perpendicular to the axis, is 
a quarter of the volume of the circumscribing cylinder, 


SIMPLE INTEGRATION WITH APPLICATIONS 175 


18. Find the area between the curve y = 2? and the straight line y = 42. 
19. Find the area between the curves y = 2? and x= y%, 
20. Find the area between the curves y?= @ and y?= 2’, 


21. Find the volume formed by the rotation of the astroid 2%°+y’* = a? 
about the axis of 2. 


22. The radii of the ends of a frustum of a right circular cone are 2 and 5 
inches respectively, and its length is 1 foot; find its volume. 


23. Prove that the volume of a spherical cap of height A is rh? (r—jh), 
where 7 is the radius of the sphere. 


24. Find the volume formed by the rotation of the loop of the curve 
ay® = x(x—a)? about the axis of a. 

25. Find the area of the maximum circular section of this solid. 

26. The axis of x intercepts two portions of the curve 

a’y = (x—a) (x—2a)(x—-3a) ; 
prove that they are equal in area. 

27. The segment of the parabola y? = 92, cut off by the straight line 2 = y, 
rotates about the axis of x; find the volume generated. 

28. The coordinates of two points A and Bon the curve a”’y = x"! are 
(#1, u,) and (a,, y,); prove that the area between the curve, the axis of 
wz and the ordinates of Aand B is (x,y,—,y;)/n. 

29. The curve y?=a’?cos}(x/a) rotates about the axis of x; find the 
volume between x = —ra and «= +74. 

30. The curve y(3a—22z)?=a* rotates about the axis of x; find the 
volume between x= 0 and =a. 


81. Find the area between the curves y = (8@—5)* and y° = 38a”—-5. 


$2. Find the area between the graph of po’ =k, the axis of », and the 
ordinates v= 0,, v= 0,. 


82. Length of arc of a curve. 


The length of an arc of a curve has been 
defined in Art. 14 (8). 

Let s be the length of the arc, measured 
from some fixed point A (Fig. 81) on the 
curve, to a point P whose coordinates are 
(x, y), and let s+5s be the length of the 
are from A to a neighbouring point Q 
whose coordinates are (v+d6x, y+6y). 

Draw PX perpendicular to the ordinate 
of Q, and let QP meet OX in I. 


hens 07, AQ = dy, are PQ'= ds, 


Now sin XTP = sin KPQ = 4 = 5 x my : 
PR bu os 


cos XTP = cos KPQ = 70 are x a 
v 
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It was proved in Art, 18 (10) that, in the case of a circle, 
Lt (are PQ/chord PQ), when Q approaches indefinitely near to P, is 1. 
We shall assume this property to be true for all curves, and therefore, 
since the limiting position of PQ is the tangent at P, and 
dy/5s, 5a/5s—> the limits dy/ds, dx/ds respectively, the preceding 
relations become 

sin y = dy/ds, cos w = du/ds, 
where w is the inclination to OX of the tangent at P. 


Since sin? +cos?y = 1, we have Cam +2 vy aL 


Also ay = sooty = 1+ tanty = 14(2)_ 
Sale dy \? 
| oe Baa ffs (Ht, 
_ and =) = cosee? y= 1 +eotty = 14 (FZ) 3 


ds dx 
Bat ffs Zt 
The + signs must be taken if the variables increase together. 
From the equation of the curve, dy/dz can be found in terms of z, 
or daz/dy in terms of y, and then s will be obtained by integration. 
If the coordinates 2 and y of the point P are expressed in terms of 
a variable 6, then since eet we = i = 6s? x (PQ/d5s)*, we have, 


dividing by 565 Ce Als nee ty = e Ue! 
therefore, when 50 —> 0, @ aon (2 LY = (=) 


Examples: 

(i) Find the value of ds/dx in the curve 4y? =x°, and deduce the length 
of the curve from the origin to the point (4, 4). 

We have 

y=Ra?;, dy/dx= 3x? and ds/dx= +/(1+7;2). 

Since s, measured from the origin, increases as # increases, the + sign 
must be taken ; 

fe Saft fade = (Lt ye a/G xs) + C= TFL + iea)*+ 6. 

s=QOwhenzr=0, .«. O= 3#+C, ie. C= -—324. 

“ 8 = 33 [(1+ 5x)? - 1]. 

This is the length of the arc from the origin to the point whose abscissa 

is «; therefore the length of the arc to the point whose abscissa is 4 
= $4 (((3)9?-1] = 5°76 nearly. 
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(ii) Find the length of the are of the curve 6xy =3+y‘, between the points 
whose ordinates are 1 and 4. 
In this case, we must find ds/dy and integrate with respect to y. 


ey eee were em A y? 
Oye el May! yt So” 
ds 2 1 yt 1 2 \2 
an (S Sgr eoere w= (55 y); 
dy) Ore, Pe GeOubArD L 
ds al y? . : : E 
pay +5) taking the + sign, since s is being measured from 
y=1 to y=4, and therefore is increasing as y increases. 
1 : 1 : 
H BF helper G9 hapsare: 
ence s (s+ 5 ) ay a0 G + *C% 
s=0 wheny=1; .. 0= —$+}3+C, and C=}, 
1 3 
Therefore s= — zy +6 +4, 


and the length of the arc from y=1 to y=4 is —3+54+H4, ie. 103. 


(ili) Find ds/d@ in the cycloid (Art. 50), and deduce the length of one arch 
of the curve. 


ds \3 dx \? dy \? 
H Soa \ee Tees tA) 
sa =. i a) +(%j 


= «a? (1—cos 6)?+a? sin? 0 = a? (1—2cos6+cos?6+sin’ 6) 
= a? (2—2cosé) = 4a'sin?36; 
ds/d6 = +2asin} 0. 
Measuring s from O (Fig. 53), s increases with 0 ; 
ds/d@ = 2asin} 6, 


Hence s=/2asin}édé = —4acos}0+C. 
s=0 when 6=0; “ O= —4a+C, and C=—4da, 
and s = 4a(1—cos $6). 
When the tracing-point has completed one arch, 6 = 27 and cos3 9 = —1; 
Stic 


i.e. the length of one arch is four times the diameter of the rolling circle. 


83. Area of surface of a solid of revolution. 


This has been defined in Art. 14 (5). Referring to the figure 
of Art. 81, let S be the area traced out by the rotation of the are 
AP, and 68 the area traced out by the rotation of the are PQ. 
The area of the frustum of a cone generated by the rotation of 
the chord PQ 

= PQx2a(y+h by) [Art. 14] = PQ/ds x 2m (y+ § dy) ds. 

As 6s—>0, the ratio of the area traced out by és to that traced 

out by PQ—>1, also PQ/ts—>1 and y+} ly—y. 


1628 N 
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“. 68—>2ryds; ie. 68/5s—>2z7y, and in the limit, dS/ds = 27y. 
If the equation of the curve be given, we may write 


dS dS. ds ds dy? 

dx ds * B= tny Emory, /fi+ (4) 
from the preceding article, and then § is found by integrating with 
respect to 2. 


If more convenient, we may take 


dS dS ds da? 
ay ae ay 278 | + () p 
and then S is found by integrating with respect to y. 


Example : 


Find the area of the surface formed by the rotation of the parabola y? = 4ax 
about the axis of x, from the origin to the section x = 3a. 

We have y =2,/(ax), dy/dx = /(a/x) and (ds/dx)? =1+a/z. 

dS/dxz = 2wy ds/dx = 2 .2/ (ax). 6/(1+a/x) = 4rVa.vV (a+x); 
S=4nrJ/af/ (ata) dx =4n/J/a.$(atx)7+C. 
S=0 when x= (0, since S is measured from the origin, 
0 = §7/a.a2+C, and C= —§7a’. 
Hence S= 8nr[/a(at+z)/—a?]. 
Therefore the area as far as the section x = 3a 
= $7 [/a. (4a)9?7—-a"] = 58 ra’? 

On account of the radical sign which occurs in the expressions 
for ds/dz, ds dy, dS/dxz, and dS/dy, the integration is often compli- 
cated, and few examples can be worked out until further methods 
of integration have been considered. 


Examples XXX. 


1. In the curve y = } 2°, find approximately the length of the arc between 
the points on the curve where x=2 and x=2°01 [i.e. given 
Od — a0 eet dano:s)|s 


2. In the circle 2?+y’?=100, find approximately the length of the are 
from the point (8,6) to the point on the circle where 2 = 8°03. 


8. In the cycloid x=10(@—-siné), y=10(1—cos@), find the approxi- 
mate length of the arc between the points where 0=47 and 6=,%hr. 


4. In the astroid «=a cos*é, y= asin' 6, find approximately the length 
of the arc between the points where 6 = 44° and @ = 405°, 


Find the lengths of the arcs of the following curves: 

. 27y? = a, from the origin to the point where # = 15, 
. 16a27=~y’, from the origin to y= 1. 

v44+3=6ay, from r=2 to x=8. 

. 4y* = (@+2), from @=2 to r= 7, 


SARA 
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9. The curve whose slope at the point (x, y) is 2/(a+2), from 2 =1 


to x= 10 


10. The curve whose slope at the point (a, y) is 1/4/{8y(2+38y)}, from 


inh 


12. 


13. 


14, 


15. 


16. 
17. 


18. 


y = 0_to-7= 5. 
Find the areas of the following surfaces: 


The paraboloid formed by rotation of y2=82 about the axis of 2, 
(i) from the origin to e=16, (ii) from w=6 to x=16. 

The surface formed by rotation of y=? about the axis of y, from 
the origin to y = 8. 

The surface formed by rotation of a*+3 = 6zy about the axis of x, from . 
x=1 to «e=4. 

The surface formed by the rotation of 82?y=2+2° about the axis 
of a, from-2=1 to «=2. 

The surface formed by the rotation of 9y? = «(x—3)? about the axis of 
zx, from x=0 to #=3. 

Find also the perimeter of the loop of this curve. 

Prove that in the astroid z=acos*6, y=asin®6, ds/dé = Jasin 20, 
and deduce the total length of the curve. 

A circle of radius 4 inches rolls along a fixed straight line OX; find the 


distance travelled by a point P on the circumference in one-quarter of 
a revolution, starting from 0. 


CHAPTER X 


EXPONENTIAL, HYPERBOLIC, AND INVERSE FUNCTIONS 


84. Convergent and Divergent Series. 


If each term of a series be finite, the sum of any finite number n 
of terms is also finite. If »—»0o, the sum of m terms may increase 
without bounds or may approach a limiting value. 

If, as m—>o, the sum of m terms of a series tends to a definite 
(and therefore finite) limit S, the series is said to be convergent and 
S is called its sum. If the sum of m terms of a series —>© as 
| m—>o, the series is divergent. 

An example of a convergent series was fully discussed in 
Art. 13 (8). That series was a particular case of a Geometrical 
Progression. The sum of m terms of the series 

a+ar+ar?+ ... +ar" 
is proved in text-books on elementary algebra to be 
a(l—r”)/(1—7). 

If |r|<1, r” can be made as small as we please by taking n 
sufficiently large, and therefore the sum of m terms of the series 
approaches the limit a/(l—r); i.e. an infinite G. P. is convergent 
if its common ratio ris numerically <1. If is equal to or greater 
_ than 1, it is obvious that the sum of the series may be made as 
large as we please by taking sufficiently large, and the series is 
divergent. 

The question of convergency or divergency only arises of course in 
connection with infinite series. If a series consists of only a finite 
number of terms (each finite) the sum of the series is necessarily finite. 
In dealing with infinite series, it is of essential importance to know 
_ whether, or under what circumstances, the series are convergent, 
_ because infinite series obey the ordinary laws of elementary algebra 
and can be added, subtracted, multiplied, rearranged, &c. only when 
they are absolutely convergent (i.e. convergent when all their terms 
are taken with the same sign]. 
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85. Conditions for convergency. 


In the first place, it is obviously necessary, if a series is to be 
convergent, that the mth term should —>0 as n—>o, for if the 
terms remained finite, the sum of m of them would clearly —> 
as n—> oo; but this alone is not sufficient. 

If S, denote the sum of the first » terms, the definition of 
a convergent series states that S,, —> S, a finite limit, as n—> oo. 

*» Sn4i, Sp+oy +++ Spym (being equal to S,, + additional terms), also —> 8 
as m—> oo [m being any positive integer]. 
.'. they differ from one another by quantities which —>0 as n> 0; 
-» Snrim—Sy— 20 as n>. 
Now S,,,.—S, = sum of first n4+m terms — sum of first » terms 
= the sum of m terms after the nth, 
and m may have any integral value; therefore not only must 

(i) the nt» term —>0 as n—>o, but also 

(ii) the swm of any number of terms after the nth +0 as n—> oo. 

For instance, in the series 

Deed ar ar Huw bh oct 
Be ee ae gi or 
(which is called the harmonic series), the mtb term, 1/n, +0 asn—>, 
but the series is not convergent, because the second of the conditions | 
mentioned above is not satisfied. 

The sum of x terms following the nth term 

1 1 1 
= as ar n4+2 ae OGON SE on . 

This is greater than » x 1/2 [the number of terms x the smallest 
of them], i.e. >4, which is not indefinitely small. In fact by taking, 
after the first and second terms, the next 2 [which are >2 x }4], 
then the next 4 [which are>4 x], the next 8 [which are >8 xy], 
the next 16 and so on, we get an infinite number of groups of terms, | 
such that the terms in each group add up to more than }; and 
therefore, by taking a sufficient number of groups, we can obtain 
a sum as large as we please. 


86. Tests for convergency. 

It is often possible to find whether or not a series is convergent, 
i.e. whether or not S,, tends to a finite limit S, even if the exact 
values of 8, and S cannot be found. 

The three tests which are the simplest and the most frequently 
used in elementary cases are the following: 
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I. The obvious test, that if each term of a given series is numerically 
less than the corresponding term of another series which is known to be 
convergent, then the given series will be convergent. 

This is evidently true, because the sum of terms of the given 
series is numerically less than the sum of the corresponding terms. 
of the other series, and since the latter tends to a finite limit, so 


_ must the former. 


It is obviously immaterial whether the inequality holds at the 


_ commencement of the series ; it is sufficient if it be true for all after 
| a finite number of terms. 


For instance, after the first two terms, each term of the series 
1 1 pees 
+ 51 a5 31 i ral 
is less than the corresponding term of the series 
1 1 1 


l+sts ata 


which is convergent [it is a G. P. whose sum to infinity is 2]; 
hence the given series is convergent. 

II. If the terms of a series diminish continually to the limit zero and 
are alternately + and —, the series is convergent. 

For the series 


-F 


= ooo 


Uy — Uy + U3—Uy+U;—Ug t+ .. 
= (Uy — Ug) + (U3 — Uy) + (Ug — Uo) + + 


| and therefore >,—4,, since all the numbers in the brackets are + 
if the given conditions be satisfied. 


Also the series may be written 
Uy — (Uz — Us) — (Uy — Us) — (Wg— Uz) — »- 
which <w,, since again all the numbers in the brackets are +. 
Hence the sum of m terms of the series must tend to a limit 


| which is between u, and u,—w,, and is therefore finite. Therefore 
| the series is convergent. 


E. g. the series 1—}+}4—}+4-—7+ ... is convergent. 

This last series is of the kind known as_ semi-convergent or 
conditionally convergent. This term is applied to series which are 
convergent, but which lose their convergency and become divergent 


| when their terms are all taken with the same sign, 


A series which is convergent, and which remains convergent when 
its terms are all taken with the same sign, is said to be absolutely or 
unconditionally convergent. 

Such a series is 1—}4+t-s4+y5- 
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IIL. A series is convergent if, after a finite number of terms, the ratio 
of each term to the preceding term is always less than some fixed quantity 
which is itself less than unity. 

In both cases, ‘less’ means ‘numerically less’. 

Suppose that, from the nt® term onwards, the ratio of each term to 
the preceding term < k, where |i| < 1. 


DB Uinta, ob oy Hey, Magy < beg; 
Unyo/Uns1 =< k, ve Unya < Kins — k (kttp) < Kr ty 5 
bn. s/Unig < & on) Marg < RUnsg — K(k Uy) <u, 
and so on. 


-’. adding together, 

UnsitUnget Unigt + < ku,+khu,+hu,+ ... 
(a G. P. whose common ratio k is numerically <1) 
< ku,/(1—h). 

Since the sum after the first m terms is finite, and the sum of the 
first m terms is finite, it follows that the series is convergent. 

In applying this test, we see that it is only the value of the ratio 
when » is large that is of importance; it does not matter about 
a finite number of terms at the commencement of the series. Hence 
we write down the ratio of the (n+ 1)t term to the mth term, or of 
the nth term to the (n—1)' term if more convenient, and examine 
the value of this ratio when n is very large. 

If, as n—>, the ratio u,,;/u, approaches a limit which is numeri- 
‘ cally less than 1, the series is convergent ; if Un4;/U,—>1 as n—>«, 
the test fails; if Un4;/U,—> @ limit greater than 1, the series is 
divergent. 


Examples: 

v > 
(i) 1+ rt x + ay pte (The Exponential Series.) 
is ee ne term a"/n! az 


nthterm ~ 2"1/(n—1)! “in? 
which, whatever be the (finite) value of x, >0 as n->oo, and therefore 
obviously satisfies the first condition. 

If x be equal to 100, then (putting m = 100 in the ratio w/n) the 101% 
term is equal to the 100°" term, and for all subsequent terms, the ratio 
is <1, and, moreover, continually diminishes. 


2 4 
(i) a 4 = ~ = 4... (The Logarithmic Series.) 
ty terme ae tii(nat) nt we 
Hep mhterm a"/n ea OTL’ 


which, as nm > oo, tends to the limit z. 
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Therefore the convergency or divergency of the series depends upon the 
numerical value of «x. 
If |x| <1, the test-ratio approaches a limit lessthan1; .°. the series 


| is convergent. 


If |v|>1, the test-ratio approaches a limit greater than 1; .. the 
series is divergent. 

If |a#|=1, the test fails; the ratio is then numerically 1/(1+1/n), 
which, although less than 1, has 1 as its limit, and can be made as nearly equal 
to 1 as we please. Therefore we cannot say that the ratio is less than 
a fixed number which is less than 1. In fact, if we select any fixed number 
k as little below 1 as we please, we can always get a little nearer to 1 
than & is, by taking » large enough, as follows from the definition of 
a limit. 


In this case, if x = +1, the series is 1—4+3-—1+..., which, as pointed 
| out above, is semi-convergent; and if 2 = —1, the series is 
| —1—3}-}-1- 
4—A-1-..., 


_ which we have shown to be divergent. 


For further tests of convergency, and an account of the properties 
of convergent series, the student is referred to works on Algebra, 
such as those by Chrystal and C. Smith. 


Examples XXXI. 


Test the following series for convergency : 


1.3424+344+.... 2. 1-444-14.... 

3. 8+44+frt+F$+ .... ‘5+5a tee te ee 
6. 1 eae 0 ot gt att 
7. shot adotsbotadot...- 8. ee 
ouil+ _—— : eine) at [x@41,] 

10 jeneee aa 1 lie, teat 
Spee Sele PRY re ees he 

hate 1 1 1 


accu hil oa Oe qe ke [x positive.] 


We now proceed to discuss a very important limit, a particular case 
of which has been already considered in Art. 18 (9). 
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87. Limiting value of (1+ 2/m)™ as m—>o. 
First, let m be a positive integer. 
Expanding by the Binomial Theorem, we have 
m(m—1) 2? _m (m—1)(m—2) 2? 
2! m? 3! aie 
m(m—1)...(m—r4+]) a” 
‘x 1 “war 
7 m 


Te a weal 
#(1-5) 0-5) Cd “ye, 


As m—>o, 1/m, 2/m, ... (r—1)/m (when r is finite) all —> 0, and 


therefore the sum of the first r+1 terms of the series tends to the 
limit 


(1+ ay slim. + 


+ .. 


1 x ar 

at E+ 31 +. + a 

But it must not be taken for granted that the (7+ 1)t» term tends 

to the limit 2"/r! when r is indefinitely great; for, in this case, 
the number of factors 


G-2)G-,)- Go 


in the coefficient of x’/r! increases indefinitely, and it cannot be 
assumed without further investigation that the product of an 
indefinitely great number of factors, each differing from 1 by an 
indefinitely small amount (which amount moreover gradually 
inereases as we get farther on in the series of factors) tends to the 
limit 1. 

Hence, when m is indefinitely increased, we write the above 
expansion in the form 


provided r be finite. 


4? 


xs ar 
l+e+o+at oe tot +R 


It can be proved (see next article) that the quantity & tends to the 
limit 0 as m—> 0; therefore, assuming this for the moment, we sce 
that, for all values of 2, 


Li(1+- Ey 1tet5 42 ait five HOG boost 


a series which was shown in the last article to be convergent for all 
finite values of 2. 
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In particular, if «= 1, 


LiG@+4) <1414 ee ve bbe 


mPa 
and, since the terms of this convergent series rapidly diminish, an 
approximate value of the limit can be obtained by taking the first 
few terms; e.g., to 5 places of decimals, 


the first 3 terms together Oy 

the 4th term 1/3! = 3 = °16667 
the 5th term 1/4! = 4 of the 4th term = °04167 
the 6h term 1/5! = + of the 5th term = °00833 
the 7th term 1/6! = t of the 6th term = °00139 
the 8th term 1/7! = } of the 7h term = °00020 
the 9th term 1/8! = 3 of the 8» term = °00002. 


atrerctore adding up, we find the value of the limit to be 
approximately 2°7183, agreeing with the rough value obtained in 
Art. 13 (9) for Lt (1+1/m)™. 


Hence the limit of (1+1/m)™ as m—>o, and the sum of the con- 


of : +... are each equal to the number e. 


vergent scries 141+ ed 31 


2! 


88. Completion of proof. 


We will now complete the proof of the preceding article by showing 
that the quantity R>0 as m->oo. 
If a, b,c... be positive quantities less than 1, we have 
(1—a)(1—b) =1-—(a+b)+ab, whichis >1—(a+)), 


and therefore = 1-6, (a+b), where 6, is a positive proper fraction. 
(1—a@) (1—b) (1—c) > {1-(a+b)} (l—c) >1—(a+b+e), by the preceding, 
and therefore =1-—6,(a+b+c), where 6, is a positive proper fraction, 


and so on for any number of factors. 
Hence, applying this fact, 


(1- »)(i-= Zs .(1- -"—)-= 1-6(= piel Sa Gah, 
m m m™m m 
[@ a positive proper fraction.] 
=1~-9%22)", summing the A. P. in 
2m the Pee 


m 1 
ws (iS) =Il+a4 (1--) 4 (1- ~\4-2 ees 
1 2 1 
4 (1- =) (1-= (1- —\e a 


INVERSE FUNCTIONS 187 


sia (coe 3 
=liat (1-5) 5 + (1-2, a\e+ (1-45) 0 + 


Q2m /r!} i 
alias 5 +e e+ Faget 
aie arenes 
eltet+5 +5 += += + 


x? x? ar? 
— ea [1+ Oe Os Tome 0 eal pele 


Hence the quantity R of the preceding article is equal to 
ae x ae 
Fm [1+ 42445; SOgdeewis ton], 
which, since all the 6’s are + and <1, is numerically 


Fok a? ara 
<i ym [i++ ay tent (2) tn|) 


2 
ie. << — a x [a finite quantity], since it was shown in Art. 86 
that the series in the brackets is convergent 
for all finite values of x. | 


Hence, as m>o, R +0, since, if x be finite, R = (a finite number)/m 
and therefore, for all finite values of a, 


a\™ oa a” 
L(+ >) me lbw Sot oy beet + ones 


m>o 


89. Extension to fractional and negative values of m. 


In Art. 87, m was supposed to increase indefinitely through a series of 
positive integral values. This restriction will now be removed, and we wilh 
show that the limit is still the same if m increases continuously until it 
becomes indefinitely great, whether it be positive or negative. 

(i) Let m be between n and n+1, where n is a positive integer. 

Then, taking x positive, we have 

(1+a/m)"<(1+a/n)"*}, since the latter is a larger number (>J) 
raised to a higher power, 
and > {1+2/(n+1)}”, since the latter is a smaller number (> 1) 
raised to a lower power ; 


Le. 
nee a2\" x a us a x ) 
(14 es) is between (14 ss, (14 =) apa (1455) are 
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When m->0, n->oo also, and the first factor in each of the two latter 
expressions tends to the ns 


net 
l+a+ 2 +. ses +... (Art. 87), 
while the second factor in each case tends to the limit 1. 
Hence each of these expressions, and therefore also (1+ a”/m)” which lies 


between them, tends to the limit 
a? 
l+e4+55 eee eas 


2! we oo 
If x be —, the necessary changes in the inequality signs are easily seen. 
(ii) Let m be negative and equal to —(n+«), where n is positive and 
>o as m— >, 


Then 

lL (14+ 2)"= L:(@ -=.)" Sees. a 

> n> @ n>o 
=e ee 


nro n> ow n> @o 


_ and of these two factors, the first, by the preceding case, since is +, tends 


to the limit 


ar 


ltztZ +. slat eae eeey 


_ and the second tends to the limit 1. 


Therefore 
r 


re Wedy Eh ba Tee 
i oe 2) vet oe aris sees 


m— oc 
for all finite values of 2, whether m be + or —, integral or fractional. 


90. The exponential theorem. 


From the foregoing results we can now deduce this extremely 
important theorem. In the expression (1+2/m)", put m=nz; 
since z is finite, 7 —> 0 when m—> oo; therefore we have 


Li@+2)=Li@+Z) =LiG+s) 


m> ao nro n>o 


] nN x a NX 
= LilG+ =) | =[Li@+ 5) | =e 
since it follows from Art. 15 that Lt (a*) = [Lt (a)]*. 
Also it has just been proved that 


2 
Ge: (1+ = \\= l+a+55+ a +o 


n+ 2 
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therefore, for all finite values of 2, 
2 3 r 
em*= 14244 sitet Dor +54 S006 

This is known as the ExponenrrAL TueEorem, and the series on the 
right-hand side is called the Exponenr1au SERIES. 

The function e* is of very frequent occurrence, and the form of its 
graph should be noticed. 

a ar 
ait 506 oa oats 

If x=0, y=1; as 2 increases, each 
term after the first increases and —> 0 when 
x —>o. Therefore y increases from 1 to 
co as & increases from 0 to o. 

If x be —, then since e-* = 1/e%, it 
follows that y decreases from 1 to 0 as x 
goes from 0 to —; hence the axis of z 
is an asymptote. e* is a one-valued con- 
tinuous function * of 2, which increases 
from 0 to o as & increases from —o to 
+00, as shown in Fig. 82. 


We have y=e*=1+24 


91. The logarithmic function log, x. 


This is the inverse of the exponential function e* just considered. 
If «= e¥, then y is called the logarithm of xz to the base e, which 
fact is written: y= log,x. e is called the natural base of logarithms, 
and logarithms to base e are called Napierian or hyperbolic logarithms. 
In numerical work, such as is involved in arithmetic and the solution 
of triangles, 10 is the most convenient base for logarithms, and the 
common logarithms are calculated to base 10, but the logarithms 
used in the Calculus are always referred to the base e, and these 
logarithms occur very frequently, especially in the integral calculus. 
The symbol log z, with no base indicated, will always be used for 
such logarithms, and common logarithms will then be denoted by 
the symbol log,)2. ' 

The process of transforming logarithms from base 10 to base e, or 
vice versa, is quite simple, for 

if log;,z=y, wehave «= 10%. 
Therefore, taking logarithms to base e, we have 
log, x = ylog,10, or y= log,2/log, 10; 
ie. logy)” = log, x 1/log, 10. 


* A table of values of e” and e~ is given at the end of the book. 
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Hence the logarithm of any number is changed from base e to 


_ base 10 by multiplying it by the constant factor 1/log,10, which is 


equal numerically to °438429 ..., and is often denoted by the letter p. 

In treatises on Algebra, series are obtained from which logarithms 
to base e can be calculated, and thence, multiplying by p, logarithms 
to base 10 are obtained.* Since the logarithmic function is the 
inverse of the exponential function, 
their graphs will be of the same form 
with the axes interchanged, i.e. they 
will besymmetrical about the bisector 
of the angle XOY, ef. Art. 9 (iv). 
In the case of the exponential func- 
tion, it was seen that as x increased 
from —o to +o, y increased from 
0 to ©; therefore in the case of 

= log, as # increases from 0 
Fig. 83. to 0, y increases from —o to +. 

If z is —, y is imaginary (Fig. 83). 


92. The hyperbolic functions. 


gt 93— gt 

We have @=ltet+otatat 3 
4 

changing the sign of z, e-? = 1— ae ee caae 


gt 
wadding — tte*=2 [1+ 544... |, 


. x 
d subtract: —@e %= 
and subtracting, e~—e afore +a .. . |. 


The function }(e%+e~*%) is denoted by the symbol cosh a, and 
4 (e*—e-) by the ebaltie pe 2, 

ie. cosha= LHe -» and ime = at 42 4 we 
so that cosh is an even function of z, and sinh 2 an odd function 
of « [Art. 5]. 

These symbols are used because these functions possess properties 
analogous to those possessed by the circular functions cosz and 
sin x. 

The quotient sinh #/cosh # is written tanh, and the reciprocals 
of cosh a, sinh x and tanh z are written sech a, cosech a, and coth 


* Tables of logarithms to base 10 and also to base e are given at the end 
of the book. 
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respectively. These six functions are called the hyperbolic functions,* 
and are often referred to as the ‘hyperbolic sine, cosine’, &c. This 
name is due to the fact that they bear certain relations to the rect- 
angular hyperbola, similar to those that the ‘ circular functions’ sin 2, 
cos %, &c., bear to the circle. E.g. just as the point (acos 6, a sin 6) 
is always on the circle z*+y? = a?, whatever the value of 6, so the 
point (a coshu, a sinh wu) is always on the rectangular hyperbola 
x? —y? = a?, whatever the value of wu. 

It will be sufficient for our purpose if we prove the fundamental 
relation 

cosh? —sinh? x = 1. [cf. cos? x+sin? 2 = 1.] 
This follows at once from the definitions above ; for 
cosh? «—sinh? # = } (e% +¢~)?—1 (et—e-*)2 
—1 (2% +e 244 2—¢7%_¢-2* 4 9) 


There are relations between these functions analogous to all the 
well-known formulae of Trigonometry, most of which can be proved 
as above. Some of them are given in the examples at the end of the 
chapter, 


93. Graphs of the hyperbolic functions, 


The graphs of these functions are best deduced from that of e* in 
the following manner: 

(i) Draw the graph of e”; (ii) in the same figure draw the graph 
of e~*, which is obtained by changing the sign of 2, and therefore 
is the reflexion of the first graph in the, axis of y; (iii) for each 
value of x plot a point P (Fig. 84) whose ordinate is half the sum of 
the ordinates of the first two graphs; the locus of these points is 
the graph of cosh z ; (iv) plot the points, such as P’, whose ordinates 
are half the differences of the ordinates of the first. two curves, 
The locus of these points is the graph of sinh 

Cosh z, being an even function of z, has a graph which is sym- 
metrical about the axis of y; as x increases from 0 to 0, cosha | 
increases from 1 to o. 

The graph of y=coshz is a particular case of a curve which is well 
known in mechanics and is called a catenary, because it is the form | 
assumed by a uniform chain suspended between two points and hanging 
in a vertical plane under the action of its own weight (see Art. 197). 


* For full information as to the properties of these functions, and as to their 
relations to a rectangular hyperbola, the student is referred to such treatises as 
Chrystal’s Algebra and Hobson’a Trigonometry. 
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Sinh 2, being an odd function of x, has a graph which is symmetrical 
about the origin. As a increases from 0 to o, sinh a increases from 
Oto. It is evident from the 
definitions that sinhz is always 
less than cosh z, but becomes very 
nearly equal to it as x becomes 
large, since e~” then —> 0. 

The graph of tanh a can easily 
be deduced from the facts that 
tanh z (i) is an odd function of 2, 
(ii) is equal to 0 when z= 0, 
(iii) increases as 2 increases, and 
(iv) approaches the limit 1 as 
x%—> oo, and is never > 1. 


These functions are of compara- 
tively recent introduction, and the 
calculations in many investigations 
are expedited by their use. Tables of 
their numerical values * for different 
values of the argument 2 have been 
compiled, as in the case of the 
circular functions. A table of values 
Fig. 84. of sinh a and cosh# is given at the 
end of the book. 


94, Inverse hyperbolic functions. 


These functions bear to sinh x, coshz, &c., the same relation that 
sin 1x, cosa, &c., bear to sin z, cos, .... 

If x=coshy, we may write y=cosh"1x, andif x=sinhy, 
y — sme *x. 

Since cosh # and sinhw were defined in terms of e%, it might be 
expected that the inverse hyperbolic functions can be expressed in 
terms of log a, the inverse of ¢”, and this is the case. 

If y=sinh!4, then sinhy=2, and 

coshy = + V7(1+sinh?y) = /(1+2?). 

The + sign is taken since it follows from the definitions in Art. 92 
that coshy is always +. 

From the definitions, e” = sinh y+coshy 

= a+ 7 (2? +1); 
ws log {a+v(2?4+1)} =y=sinh-!z, 

* See J. W. L. Glaisher, ‘Tables, Mathematical,’ in Encyclopaedia Britannica 

(11th ed.). 


. 
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Similarly, if y= cosh~!w, then a =coshy, and 
sinhy = + V(cosh? y—1) = + V/(x?—1). 
*, e’=sinhy+coshy = 2+ ~7(a?—1) 
and log {a+ V(a2—1)} = y = cosh 2 

In this case, either sign may be taken; cosh™ " is not a single 
valued function of x [ Art. 3]. 

The two values of cosh"1% given by this equation, viz. 
log {w+ W(a?—1)} and log {a— /(a?—1)}, differ in sign only, since 
their sum 

= log {a+ v(a®—1)} {a— /(a2—1)} 

= log {2?—(a—1)} 

= logl 

= 0, 
so that, for any value of x, there are two real values of cosh™! # equal 
in magnitude and opposite in sign, as is obvious from the graph in 
Fig. 84. This is the graph of y=coshz, i.e. = cosh ly, and 
from the figure, it is evident that, taking any point on the axis of y, 
there are two points on the graph corresponding to it, which have 
equal and opposite abscisse, i.e. to any value of y correspond two 
values of cosh~1y, equal in magnitude and opposite in sign. 

In the case of sinh, to each value of x corresponds one and 
only one value of sinh™! 2. 

Again, if y=tanh lz, 2= tanhy = (e?”—1)/(e?”+1), 
whence ee aa and y= lage 

1—2’ 1— 
This gives tanh™!z in terms of logarithms. 


Examples XXXII. 


1. Find Lt (l+m)”" as m0. = 2. Find Lt (e*-1)/z as x>0. 
3. Evaluate Lt xe™*, Aube lege, ns a log(1+z). 


za 


4. Calculate, from the series of Art. 90, a values, to 4 places of decimals, of 
1/e4, </e and 1/,/e. 
1 OE a 
5. Prove that 77 aitsit7t 
6. Expand (e°*+ e”)/e?” in a series of ascending powers of a. 
7. Prove that the series 
aie 46 


Rare ae ne 


is convergent, and find its sum. 


i628 oO 
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8. Sum the series 


21. 


22. 
23. 


24. 
25. 


26. 


27. 


28. 


. Draw the graphs of ¢*” and e 


3. 9 27 Denise 
ee S15] oO a 6 ... to infinity. 


=o 


10. Draw the graph of tanh a. 


. Draw the graphs of +e, e “sinw and +e */?, e*/* cosa, 
. Prove that 


sinh 2 # =2sinhacoshz 
cosh2 x = cosh?x+sinh? « = 2cosh?a—1 =1+42sinh?a, 


. Find, from the definitions, the values to 4 decimal places of 


(i) cosh 1, sinh 1, tanh 1; (ii) cosh}, sinh}, tanh}. 


. Given log,,2 = °3010, find, by the aid of Art. 91, the values of log, 20, 


log, 16, log,e. 


. Prove that (1+tanh x)/(1—tanh x) = e”. 
. Showthat cosh («+y) = cosh xcoshy+sinh x sinh y, 


sinh (#+y) = sinh x cosh y+cosh sinh y. 


. Draw graphs of sinha, cosh—x, tanh a, 
. Draw the graph of y = log tan (47+ 42). 
. Prove that the functions tanh (1/xz) and e!/* are discontinuous when 


a=0. Draw their graphs. 


. Show that, if |w|< a, 


et ete 
tanh 5 ig eet 
and if |x| >a, cote te aon 
@ Wie x—a 
: sinh x tanh x 1—cosh x 
Find jin a ? Lig a ’ and 1a a faa 
a> 0 20 z+>0 


Find from Art. 94 and Table IX, the values of tanh~ 3, sinh 1, cosh—? 2. 
If wu = log tan (}7 +46), prove that 
sinhu =tan@, coshu=secd, tanhu=sind, tanh}u=tan}é. 


Prove that the coordinates of any point on the hyperbola 2?/a?—y?/b?=1 
can be expressed in the form # =acoshu, y = bsinhw. 


Calculate, by the aid of Art. 91 and a table of ordinary logarithms, the 
values of log,2, log, 10, log, 15. 


Calculate also the values of e/”, e~*/, e*; and compare with the results 


obtained by expanding by the exponential theorem, and retaining 
only terms of value greater than ‘001. 


Obtain, by aid of Table X, the values of sinh 2, cosh2, tanh 1'5, 
sinh 1°4, cosh 3, coth }. 


2 2 Oe yet 
Prove that sinh! = = bPeatalalh cosh = = log SEM seal 


CHAPTER XI 


DIFFERENTIATION OF EXPONENTIAL AND 
INVERSE FUNCTIONS 
95. Introductory. 


We will now show how to find the differential coefficients of the 
functions considered in the last chapter. 

The differential coefficients of e* and log 2 may be obtained in two 
ways. (i) We may find the d.c. of log x by the aid of the limit of 
Art. 87, and then deduce from the result the d. c of e% [One 
advantage of this method is that it does not require the use of 
the exponential theorem. This may then be taken later on as a 
particular case of Taylor’s Theorem (Chapter XXIJ).] (ii) We may 
find the d. c. of e” first by the aid of the exponential theorem, and 
deduce from it the d. e. of log x. 


96. Differentiation of logz and e*%. First Method. 
Taking the first of the two methods mentioned above, we have, 
1 —| 
if y=logz, dy = Lt log {e+ h) log 2 


dz rep) h 
Slies rg Lis j 108 (1+ 3): 
h>o0 


Let h/x=1/m; then, as h—>0, m—>o, and therefore, since 
1/h = m/z, 


a LiFee(+ 3-3 Limes (t+, mi) 


=, el ee log (1 S a = “loge [Art. 87]. 


m+ wo 
If ¢ be the base of the logarithms, loge=1, and dy/da=1/z, 
Hence the d. c. of log. = 1/e=a71. 
If the base be any other number a, then dy/dx = x~' log, e. 
The d. c. of e* can now be at once deduced from this by the 
theorem of Art. 35. 
For if y=e*, x=log,y, 
.. dx/dy=1/y, and dy/de=y=e; 
ie. the d. c. of eX = eX. 
02 
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| 
| 97. Differentiation of e%. Second method. 
| 


_ Taking now the other method mentioned in Art. 95, we have, 
using the general method of Art. 26, 


loge dy exth _— et ex (e"—1) 
ee er 


h+0 h>0 


0 ¥ 3 | 
| =[ 45 [n+ teat a (Art. 90) 
| BeOS i O48 
7) hn pe 
—a YY) yo ee a 
ALE Lttatnt «| 


] 
~ Liens Ae Be) 
h>o0 
The series within the inner brackets is convergent (Test 8, Art. 86), 
_and therefore has a nee sum S. 


NY v= | ye [1 +45] = = 
ho 
The same result may be otherwise obtained as follows. The series 
ira a 
1 +et+ oF + 3 aac 
satisfies the conditions referred to in Art. 29 (ii), Asswming this, we have, 
on differentiating each term, 


Lae 2x2 38a? | 428 
d.c. of é Bikcnt sles 41 + cee 
=lt2t+s Fe eitab =e 


+ 3) 


Hence e* is a function whose rate of change is, for any parti- 
cular value of x, always equal to its own 
value, e.g. when e* is equal to 4, it is in- 
creasing 4 times as fast as x; when e* = 100, 
it is increasing 100 times as fast as x; and 
SO on. 

Geometrically, this means that, if P (Fig. 85) 
be any point on the graph of e”, and if the 
tangent and ordinate of P meet the axis of x 
in T'and N respectively, then 


tan PTN = dy/dz => e = y = NP. 
Hence, since tan PTN = NP/TN, it follows that TN is of unit 
length, wherever the point P be on the graph. 
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From the theorem of Art. 34, it follows that 
the d. c. of e* = 38%, 
the d. c. of e%%+> = geaxtd, 
the d. c. of es8in® = esin® x cos a, 


and generally, the d. c. of e“ with respect to = e” x du/dx, where u 
is any function of x. 

Hence the rate of increase of the function e+ is ae%+>, which 
is always proportional to the value of the function, and it will be 
seen later (Art. 99) that e%**? is the only function for which this is 
true. This is the reason that this function occurs so frequently in 
the investigation of natural phenomena. See Art. 181. 


98. Differentiation of logz. Second method, 
The d. ¢. of logx can at once be deduced from that of e” by 
Art. 35. 
If y= logz, then x= eY, 
dx/dy = e¥ =a, and dy/dx = 1/2. 
Hence the d. c. of log,# = 1/e = 271. 
To find the d. ¢. of log,, 7, the result of Art. 91 may be used. 
log) x=log, x/log, 10 = p log, x; 
the d.c. of log,;)% = px 1/4= "434 .../a, 


: 
log,a x 


and generally, the d. c. of log, 7 = 


From Art. 34, it follows that 
thed.c.of  log(#+5) =1/(x+5), 
the d.c.of log(82—2) = 3/(3x—-2), 
the d.c. of log (#?+1) = 2a/(z?+1), 
the d. c. of log sin x = cos a/sin x = cot 2, 


and generally, the d.c. of logu = u-'du/dx, where wis any function of x. 
A rather more complicated case is 


1 2x 
the d.c. of log {a+ /(a*4a*)} = Se ats x (1 + Vat sa’) 


1 i V (a* +07) +a 
~ tJ (asa) f(x +07) 
1 
~ J (ata?) 


This is an important result, to which we shall have occasion to refer later. 
[See Art. 128.] 

In differentiating expressions which involve logarithms, it is 
advisable to begin by making use of the properties of logarithms as 
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| shown in the following examples. In many cases, the work of 
| differentiation is thereby rendered much less complicated. 


Examples: 
(ithe dec. of log = Zu" the d.’or of [loge log (7~3) log (4-2) 
lewd 1 
| Sire re 
(ii) The d.c. of log Tay path ed.c. of [log x—} log (x*—1)] 
ofl, odes See. eae Se 


99. Integrals of e* and 1/x or x} 


| Corresponding to the two differential coefficients of the preceding 
_ articles, we have the two very important integrals, 
| C1de = €, 


[pae= lose: 


The latter supplies the one case which was missing in the result of 

| Art. 74. It was there shown that /2"dx=a""/(n+1) except 
| whenn = —1. When n= ~—1, the integral becomes J « 1} dx, which 
| we now see to be log. 
| Using the theorems of Art. 75, we have 
SO da=ert4, fe tde=—terX; 
| SCM de-= ace; fh de = e/m, 
_and generally, - feted dx = erxtd/q, 


Similarly, f[ — dx = log («+8), 


1 
Bpae = + log (52-2), 


1 1 1 
er dx = —log(a—z), and generally, las ; di : log (az + b). 


| We have /dx/(w—a)=log(x—a); but, if r<a, x—-a is —, and 
| log (#—qa@) imaginary. In this case, we may write 
| dx de 

|S-- aed = (Art. 75) log (a@—2). 
In particular, if # is —, fae is not logaw (which is imaginary), but 
| log (—2). 


| We can now prove the statement made in Art. 97 that a function 
| whose rate of change is proportional to its own value is of the form 
_ewx*> [which may be written e% xe>, i.e. ke, on writing k& for the 
constant factor e?]. For if y be such a function, we have, since dy/dx 
is the rate of change of y with respect to a, 

dy/da = ay, which may be written dz/dy = 1/ay. 
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ra 1 
Hence 2 = i a dy = ; log y+ C, where C is an arbitrary constant. 


Therefore log y= ax—a, i.e. y= et 40 = fer, 
writing & for the arbitrary constant e~4¢, 


Examples XXXIII, 


Differentiate : 


Re ere, ete > ge R/S g Pat, 
2. esin a Ecos, esin =, ercost, = ptan am 
3. xe? ae, e*sinax, e8*cos8x, ecosba, e*” sin? x, 
4. 2B /x?, 6 /JSx, &/tana, (ax*+bar+c)/e*. 
5. log(2a—-1), log(2—x), log(x?—1), log(a+bz’). 
6. log (5+7x), log(p—gx), log(z?-—82-1), log (1—<2°). 
7. logcosx, logtana, log(a+bsinz), log(3—4cosx), log (1+cos?x), 
8. x"loga, xlog(2—x), xlog(1-—2’). 
5 logx loge log(ax+b) loga 
baat wall cat e 0 a 
10. log {x"(a+2)}, log #/(1+27), log eres ’ 08 Ea 
(a—1)? ‘ sin 2. 


ll. log /sinz, log/[x(1—2)], log Eye o= 
12. log[x+/(a?—1)}, log[ /(#—1) + /(x+1)], log[/(bx—a) + /(a+ba)). 


Find the 224, 3rd, and nth differential coefficients of : 
isite™, 14. log x. 3s Ce 
Fat ee. 17. log (1-2). 18. log (a+ ba). 
19. Prove that the equation d’y/dz?=a*y is satisfied by y= Ae”+ Be, 
where A and B denote any constants. 
Write down the integrals of: 
20. e = aa fo bo ert +9, J é, ie. ee. e*/*, 


‘ =) ee Lin Les diy: 
rts Tate 20 p-—qe bete 8432 

1 Lee 4 - b a 2 
22. ’ ? » ’ 


8-5a 1-2 42-5 a-—be brte 3(5—-2a) 


100. Differential coefficient of sin=! 2. 


The differential coefficients of the inverse circular functions are 
easily obtained by the rule of Art. 35. 
ivjnn ‘2. 7 = sing, 
2 da/dy = cosy = + V(1—sin?y) = + V(1—2%), 
d 1 
A = = tV7a—2) 
The double sign + needs some consideration. 


| Cr4n) 
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The function sin-! x is a many-valued function of x; it is undefined — 
for values of x which are greater than unity (notice that for such 
| values the d. c. is imaginary), but if « has any value between —1 and 
_ +1, both inclusive, there is an infinite number of values of sin7’ 
corresponding thereto [e.g. if «= 4, sin-}% may be $7 or §7, or 
either of these + any multiple of 27], but among all these values 
there will be one and only one between —}7 and + 37. 

The angle between —}7 and +37, whose sine is equal to 2, is 


called the principal value of sin x. 


If we take therefore the principal value of sin=!x, then, as x 
increases from —1 to +1, sin7}a increases from —}7 to +37, and 
hence its d. ¢, will be + (Art. 25). In this case 


dy/dx = +1/V/7(1—2”). 


There will be one angle between 37 and 37, whose sine is equal to x; if 
we were to take this value of sin’'a, then sin’ increases from 47 to 


(O71) 
Fig. 86. 


values of 2, the function is undefined. 


8m as x decreases from +1 
to —1; hence in this case its 
d.c. would be —, 

i.e. —1//(1—2). 

The working of course gives 
both signs, because the selec- 
tion of one angle as principal 
value is a mere arbitrary con- 
vention of which the analysis 
takes no account. In the 
general case, the sign of dy/dx 
is the same as the sign of cosy. 

The meaning of the double 
sign is perhaps best seen 
geometrically. The graph 
of y=sin 12 is shown in 
Fig. 86. It bears the same 
relation to the axes of y 
and x as the graph of 
y = sina bears to the axes 
of and y. An ordinate 
corresponding to a value of 
|~| > 1 does not meet the 
graph at all. For such 
An ordinate corresponding 


to a value of |#| < 1 cuts the graph at an infinite number of points 


Pier vs 
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The value of the d. ¢. at any point is the slope of the curve at that 
point, and it is evident from the figure that at the points P,, Ps, ... 
the tangents to the curve make acute angles with the axis of x, and the 
slope is + ; whereas at the points P,, P,, ... the angles are obtuse, 
and the slope —. The principal value is represented by the ordinate 
between OB and OA, and between these two the slope is every- 
where +. 


101. Differential coefficient of cos} a. 

If y= cos 2, 2 = coay, 
dx/dy = —siny = + V(1—cos?y) = + /(1—2"), 
dy/dx = +1/V(1—2?). 

The double sign is accounted for in the same way as in the 
preceding case. There is one and only one angle between 0 and 7, 
whose cosine is equal to 2 (if |~| < 1). This is taken as the principal 
value of cos"'w. [The range —$7 to +37 would not serve in this 
case, since throughout this range the cosine is always +. | 

Taking the principal value, cos~!% increases from 0 to 7, as # 
decreases from +1 to —1, therefore its d.c. is —, 

i.e. the d. c. of cosa = —1/V/(1—2?). 

In the general case, the sign of dy/dx is opposite to the sign 
of siny. This can be illustrated geometrically as in the case 
of sin"! z. 

This result can also be deduced from the preceding result, for, 
taking the principal values, cos7! 4 = 4a—sin™! 2. 

ard. Cor cos. y= —d..¢, of sin™ 2, 


since the d. ce. of the constant 37 is zero. 


102. Differential coefficient of tan™!z. 
If y =4tan_}2, e == tangs 
du/dy = sec? y = 1+ tan? y = 142%, 
o. « dy/dx = 1/(1+ 2”). 

There is no ambiguity of sign in this case, since, as was pointed 
out in Art. 52, y and x always increase together, and therefore dy/dx 
is always +. Tan ~!wz is a many-valued function of x, which is 
defined for all real values of x; there is one and only one angle between 
—tn and +37, which has a tangent equal to z, and this is taken as 
the principal value of tan~'z. | Hither of the ranges —$7 to +}7 
and 0 to 7 would serve in the case of tan-}a; —}7 to +37 is the 
one adopted. | 
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Geometrically, any ordinate cuts the graph of tan”! z in an infinite 
number of points ...P_,, P,, Po, ..., but at all these points the tangents 
make acute angles with the axis of «, and the slope is +. (Fig. 87.) 


The differential coefficients of cot-! 2, sec! x, and cosec™! x, which 
occur much less frequently, can be obtained in a similar manner. 
| The differential coefficients of all the inverse circular functions can 
also be obtained geometrically from the figure of Art. 39. 

1 1 1 


: ee? A ae, See Oe 
By Art. 34, the d.c. of sin @ eee ie Vv (a2— 2)? 


Lye) ee Day, 
the d.c. of tan A lata, e+a? 


1 
a 


the d.c. of sin (2sin x) = ies 2 cosa. 


1 
v/ (1-4 sin? 
Expressions involving inverse circular functions can sometimes be 
_ simplified before differentiation. 


The d.c. of tan™ . : x-— : : 


a 1+1/a° os er 
or, as is obvious geometrically, tan™ (1/z)=4a—tan™ 2; 
“ thed.c. = —1/(1+2%). 

Again, the d.c. of cos !4/(l—2) =d.c¢. of sina =1//(1—2”). 

The relations between the functions can often be seen geometrically, 
| by drawing a right-angled triangle, 
Reversing the first two of these examples, we get the important 
| integrals :— 


1 aah} erg MAE A 1 wdigutag 
| ecm = in aM PTW oder ha . 


which we shall have occasion to use frequently later, 
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103. Differential coefficients and integrals of hyperbolic 
functions, 


The d. ¢. of sinh a, i.e of $ (e*—e7-*), = 3 (e% +7") = cosh a. 
The d. c. of cosh 2, i.e. of $(e*+e-*), = }(c*—e-*) = sinha. 
The differential coefficients of the other hyperbolic functions may, 


if required, be deduced from these two in exactly the same way as in 
the case of the circular functions (Art. 42), 


By Art. 34, thed.c. of sinh 22 = 2cosh2z, 
the d. c. of sinh ma = mcosh ma, 


hadeect. cadher canis 
a a a 


Conversely 
fcosh a dx = sinha, fsinh w dx = cosh x. 
Scosh mx dx = (sinh mx)/m,  /sinh mx dx = (cosh mz)/m. 


104, Differential coefficients of the inverse hyperbolic 
functions and corresponding Integrals. 

(i) If y=sinh"‘ 2, x = sinh y, 

.. dx/dy = coshy = + V(1+sinh?y) (Art. 92) = + /(1+2%). 

The + sign is taken since cosh y cannot be negative, 

dy _ 1 
de * Va+at) 
(ii) If y = cosh"! z, x = cosh y, 
vw. dae/dy = sinhy = + V(cosh?y—1) = + V(2?—1), 
Rat a 1 
"de = Vii) 

Hither sign may be taken here, because y is a two-valued function 
of x {which is defined for values of % such that |#|>1; if |x| <1, | 
the d. c. is imaginary]. To each value of x (> 1) correspond two 
values of cosh™! x, equal in magnitude and opposite in sign (Art. 94). 
Taking the positive value, cosh”! increases from 0 to 0 as 2 in- 
creases from 1 to «; therefore dy/dz is +. Taking the negative 
value, cosh! x decreases from 0 to —0 as & increases from 1 to 0; | 
therefore dy/da is —. Hence the d.a of cosh1a4= +1//(a?—1), | 
according as the positive or negative value of cosh! z is taken. 


e Soi aA tt clipe aT aring wilt ot deve 
By Art. 34, the d.c. of sinh ie lee a: 


2 1 1 : 
1. Co ne = hae i 
the d. c. of cos A Se V (@/a?—1) “a at ¥ (a —a?) 
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Conversely, we get the two important integrals: 
1 le ey ements pho fh 
Ives dx = sinh ae ate dz = cos a 
These two integrals can also be expressed as logarithms. See 
Ix. XXXII. 28. 


Examples XXXIV. 


Differentiate 
1. sin}, sin7(a/x), sin? /a, sin (1-1/2). 
2. cos 1(#), cos tmx, cos !(1//x), cos (sin). 
3. tan(a—a), tan (cotx), tan?(a?/a?), tan? x. 
4. cot 4a, cot '(x/a), cot 1(1/z). 
5. seca, cosec 1a, sec 4(a/x), cosec?(1—a) V7. 
6. sinh #a, sinh(x?), sinh(l/x), sinh’a. 
7. cosh(ax+b), cosh'x, sinha+sinh*a. 
8. tanh, cothz, tanh(x/a), coth (a/z). 
| 9. sinha, cosh”! (2*/a?). 10. tanh=+2, ‘coth ? a. 
(ll. (1+2?)tan 2, «cosa. 12. ./(1—a*) sin». 
(18. sin74/(1—2?). 14. cosec? (1/2). 
2 
|15 cos? i 16. tan”! Peas 
Integrate 
/ 1 1 1 1 : 1 : 
1 7O-a) VJG-#) VU-@+) VO-Fa)’ Vea) 
1 1 1 1 1 1 1 
18 Tye’ 0ta 247 Gated Qa?td? wat? bata 
| 1 1 1 1 1 1 


| 78 Tait 16)’ Viet—9) Vibs@) Vaal) (2509)? (Pea) 
(20. sinh3a, cosh2, sinh(x/a), cosh (x/a). 


105. Applications. 


We will now work out a few more examples in illustration of the 
principles of Chapters V-VIII, introducing some of the differential 
coefficients just obtained. 


Examples. 


(i) Prove that in the catenary y = acosh (x/a) (Art. 93), the length of the 

perpendicular NK (Fig. 88) from the foot of the ordinate PN to the tangent at 

P ts constant. Show also that the length of the arc, measured from the vertex A 
of the curve to the point P, is equal to PK. 


When «=0, cosh (#/a)=1, and y=a. 


NK = y cosy, and tany = $4 = asinh® % ‘= sinh =; 
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1 1 1 
WV [1+ (dy/dzx)?| ¥ {1+sinh? (x/a)} ~ cosh (x/a) 


“. NK=ycosy = acosh (x/a) x 


“. Ccosp= 


(Art. 92) ; 


1 ay: 
en hich : 
costa) a, which is constant 


It follows from this that OA =a, for if P be taken at A, the tangent at 
A is parallel to OX, and AO is the ordinate; hence NX in this case becomes 
OA, which is therefore equal to a. 


x 


Fig. 88, 


To prove the second part of the question, we have (Art. 82) 
ds/dx = sec y = cosh (a/a); 
s = /cosh (x/a) dx = asinh (x/a)+C. 
Since s is measured from A, s=0 when x=0. - = ¢, 
and s = asinh (z/a) =atany 
= KNtany = PK. 
(ii) Find the maxima, minima and points of inflexion of the curve y = x’e-**, 
and draw it roughly. 
The d.c. of e” = e™ x dic. of —2? =e x —2a, 
dy/dx = x .e™ (—2x)+e-™ 2x 
= 2xe™ (1-2). (1) 
Writing this as 2e~”’ (x—2°), for convenience in differentiating again, 
we have 
d?y/da? = 2e-™ (1—3.x") + (a — a8) 2e-” (22x) 
= 2e- (1-32? -2a7 +224) 


= 26" (1-5 x? + 22), (2) 
From (1), dy/d« =0, when «=0 or +1. 
If «=0, d’y/da?= +2; .«. x=0 makes ya minimum, and equal to 0. | 


If «= +1, d®y/dx* =2e3(-2)=-4/e; 9. 2 = +1 makesyamaxi-| 
mum, and equal to 1 xe’, i.e. ‘37 nearly. 
Hence (0, 0) isa minimum, and (1, '37), (—1,°37) are maxima. 
From (2), @y/da? = sh when 2a4—52?+1=0, 
i.e. when =1(5+4 V/17) = 2°28 or ‘22 nearly, 
and w= +1°51 or +°47 nearly. 
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d’y/dx? changes sign in passing through each of these values, since none 
of them are repeated; hence there are 4 points of inflexion. 

When 2? = 2°28, y = 2'28e-%8 = ‘23; and dy/da = +3°02e7™ x —1°28 
= ¥ ‘39 nearly ; 
when a= '22, y='22e"% ="18; and dy/dx= +‘94e- x "78 = +59 nearly. 

These give the coordinates and the slopes of the tangents at the four points 
of inflexion. 

The graph is symmetrical about the axis of y, y can never be —, and 
y>0 as 2-> +; hence the graph is roughly as shown in Fig. 89. 


Fig. 89. 


| The minimum is at O, the maxima at A and A’, and B, B’, C, C’ are the 
| points of inflexion. 


(iii) Find the difference for 1 minute in the neighbourhood of 60°, in a table 
of logarithmic tangents. 

The function whose change we have to find is log,, tan a. 

The d.c. of log,, tana =the d.c. of plog,tanz (Art. 91) 

1 
= sect = 

i.e. if increases by a very small amount (in radian measure), the logarithmic 
tangent will increase by approximately p/sinacosx times as much. 

Now the given increase in # is the circular measure of 1’, i.e. 7/10800, and 
| the value of xis 47. 

fe 1 

sing eGos pri 40500 

434... 3°1416 
= 866... x5 ~ 10800 
= *00029 approximately ; 


Hence the increase in log, tana = 


therefore log,, tan 60° 1’ exceeds log,, tan 60° by (00029, as can be verified by 
reference to a book of mathematical tables. 


(iv) A point moves in a straight line, so that its distance s from a fixed point 
O in the line at the end of time t is given by the equation s = ae-*t sin bt, 
Determine the nature of the motion. 7 


The velocity is given by 


v = ds/dt = a[e™ bcos bt + sin bt. (—kke#)] 
= ae [b cos bt —k sin Df]. 
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ds/dt = 0, i.e. the velocity is zero, and s is a maximum or minimum, 
when bcos bt = ksin bt (since e~ cannot be 0), i.e. when tan bt = b/k, or 
bt =X+mz, where & is any one angle whose tangent is equal to b/k. 


Hence maximum and minimum values of s occur, and the particle is (for 
an instant) at rest, when bt increases by a multiple of m (from the value &), 
i.e. they occur at intervals of time m/bd. 


iat UY 0%, $s = ae“*X/bsin OX 
The next maximum or minimum is given by bt = +7, 
and then s = ae (Atm/ sin (+7) 
= ae &/b-k7/b x —sin & 
= —ae OU gin & x e-* 7/0, 


The — sign indicates that this is on the opposite side of the origin, and 
this distance is equal to the preceding one multiplied by e-*7/*; also this is 


Fig. 90. 


true for any two consecutive stationary points, since & is any value which | 
makes ds/dt vanish. Hence the point oscillates to and fro through the origin, 
over distances which decrease in geometrical progression with a common | 
ratio e**/>, and the turning-points occur at equal intervals of time, the time 
from any one to the next one being w/b; s decreases as ¢ increases, on 
account of the factor e~, and the oscillations gradually die away. 

This is the case of a particle performing ‘damped oscillations’; it should 
be compared with ordinary simple harmonic motion, given by the equation 
s = asin bt, without the exponential factor e~. In the series of maximum 
and minimum values of s, the ratio of any term to the next term is eo; 
the logarithm of this ratio, &/b, is called the logarithmic decrement. 
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The student should pay attention to the graphical representation of the 


' motion. It has been noticed that the maximum and minimum values of 
 ae-*t sin bt occur at constant intervals 7/b, so that there is the same interval 
' between consecutive maxima and minima as in the case of a sin bé; but the 
' actual values of ¢ which give maxima and minima do not coincide for the 
| two functions unless & = 47, in which case k =0,and the two functions 
| coincide. 


Again, the graphs of s=ae~sin bt and s=ae—™ meet where sin b¢ = 1, 


_ and therefore cos bt = 0; at these points on the first graph, ds/dt becomes 


ae-*t x —k, which is also the d.c. of ae. Hence the graphs of the two 
functions have the same slope where they meet, and therefore they touch 
each other at their common points. Similarly the graphs of the given 
function and of s = —ae—* meet and touch one another when sin bt = —1. 
Fig. 90 shows the form of the graph; its actual dimensions depend upon 
the numerical values of a, b, k. 


Examples XXXV. 
1. Prove that, in the curve y = ce’/’, the subtangent is constant, and the 
subnormal varies as the square on the ordinate. 


2. Find the lengths of the subtangent and subnormal in the catenary 
y = cosh (a/c). 

3. Show that, at the point of intersection of y = ce’/" and y = ¢ cosh (a/c), 
the subnormal in the former curve is equal to the normal in the latter. 


4. Prove that the curves y= ae* and y = ae~** cos ba touch at the points 
where x= 2n7/b. 


5. In the curve y = blog (x/a), the tangent at any point P meets the axis 
of y in T, and PM is drawn perpendicular to the axis of y; prove that 
MT is of constant length. : 


6. Find the equation of the tangent and normal to the curve y = log a, at 
the point where it cuts the axis of x. 


7. Prove that, in the catenary y= acosh (x/a), ds/dze =y/a. Hence find 
the length of the arc s from the vertex to any point (x, y) on the curve, 
and prove that y? = s?+a’, 

8. Find the angle between the tangents at two consecutive points of inter- 
section of the ordinate « =3 with the curve y =sin7'a. 


9. When is the ratio of the logarithm of a number to the number itself a 
maximum ? 


| 10. Examine acosha+bsinha for maxima and minima. 


11. Find the minimum value of ae** + be7*=, 


12. Find the minimum value of «/log x, and the points of inflexion on its 
graph. Sketch the graph. 


| 18. Find the maximum value of we~* and the points of inflexion of y= xe~* 


Sketch the graph. 


14. If 2 be the ratio of the radius of the core of a submarine cable to the 


thickness of the covering, the speed of signalling varies as a log (1/z). 
For what value of « will the speed be greatest ? 


15. 


16. 
w7i6 
18. 
19. 


20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 
29. 


30. 


$1. 


32. 
33. 
34. 


35. 


36. 


37. 
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The graphs of y=sinh # and y =8 tanh & are drawn with the same axes ; 
find where the distance between them, measured parallel to the axis 
of y, is greatest. 


Find the maximum and minimum values of e~“ sin aa. 
Find the maxima and minima of e7” cos (10 #—85°) [tan 85° = 7], 
Find the points of inflexion of y=e~*’, and draw the graph. 


Find the maxima, minima and points of inflexion of y = xe~ 
the curve. 


2 
=“, ‘Trace 


Show that the origin is a point of inflexion on the graphs of sinh x and 
tanh x, and that the graphs of e”, cosh # and logw have no points of 
inflexion. 

Prove that, in the curve y = alogsec (x/a), ds/dx = sec (x/a). 

Find the difference for 1 minute in a table of logarithmic cosines in 
the neighbourhood of 45°. 


Find the difference for 1 minute in a table of logarithmic sines in the 
neighbourhood of 120°. 

Find the area between the axes of coordinates, the graph of e”, and the 
ordinate x = 38. 

If this area rotates about the axis of 2, find the volume of the solid 
generated. 

Find the area between the rectangular hyperbola zy = 20, the axis of 
az, and the ordinates «= 2, a = 5. 

Find the area between the catenary y = acosh (a/a), the axes and the 
ordinate x = b. 

Find the area between the axis of x, y = sinha, and w# = 4. 

Find the area between y=coshz, y=sinhz, and the ordinates 
fp lly ape ES 

Find the area between the axis of y, y=cosha, y=sinha, and x=a. 
If the ordinate «=a recedes to a very great distance, to what limit 
does this area tend ? 

Find the area between the axis of y, the curve (a?+2")y? = a‘ and 
Gi) =a, (i) z=0. 

The two areas in the preceding question rotate about the axis of x; 
find the volumes generated. To what limit does the latter volume tend 
as b>a? 

Find the area between the axis of y, the curve y? = a‘/(a*—2”), and the 
ordinate x =a. 

If the distance travelled by a moving point be given by the equation 
s = aelt+ be“, prove that the acceleration is proportional to the distance 
travelled. 
The acceleration of a point moving in a straight line varies inversely as 
its distance from a point in the line 2 feet behind the starting-point ; 
if it starts from rest with initial acceleration 1 ft. sec. per sec., find its 
velocity after travelling 20 feet. 

A particle starts from rest and moves under the influence of an 
acceleration, which at the end of ¢ seconds is 12/(¢+1)?; find the distance 
travelled in 9 seconds. 

If s=e'/‘cosimt, make a table giving the position, velocity, and 
acceleration of the particle, initially and after 1, 2, 4, 10 seconds. 


1628 P 
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88. Draw the graphs of s= +e7¥!, s=e-/sin2t. Where do they touch 
one another? Where and at what angle does the latter graph cut the 
axis of ¢? 


89. Draw the graphs of s = e'/? cos (3-47) and s = e-*/4 sin (2t+47). 


40. The distance of a moving point from the origin at the end of time ¢ is 
given by the equation s=e /*cosint; find the velocity and accelera- 
tion at the end of 4 seconds. 


41. A point moves in a straight line so that its acceleration towards a fixed 
point O in the line varies as its distance from O; if it starts from rest at 
distance a from QO, find its velocity in any position, and its position at 
any time. 

42. Given that s = Ae sin (pt+), prove that 

d’s 


ds 
qa teh, + +p) s=0. 


CHAPTER XII 


HARDER DIFFERENTIATION 


106, Extension of theorem of Art. 34, 


It is proposed in this chapter to consider the differentiation of 
expressions of a more complicated nature than those we have hitherto 
considered. 

We have seen (Art. 34) how to differentiate a function of a function, | 
e.g. (x?+1)", log sing. This method can be extended. 

For example, let y = log (1+sin?z). 

Here y=logu, where w=1+v%, where v=sin4g, 

Exactly as in Art. 34 we shall have 

dy dy du _ dv 
dx du * dv ™ de 
= (1/u) x 2vx cos x 
__ 2sin £ cos & 
~ 1+sin?a ” 

It is hardly necessary in practice to introduce the w, v ..., explicitly. 
The results may be written down thus: 

(i) the d. c. of 


7 (1+sin” 2) = 


1 io 
3/7 (1+sin" 2) x d. c. of (1+sin x) 


1 
~2/(1+sin" 2) 
1 
~ 2/ (1+ sin” 2) 
(ii) the d. c. of 
(log tan 3.) = 4 (log tan 3x)? xd. ¢. of log tan 5a 


= 4 (log tan }2)* 


xmsin™ 14x d. c of sina 


xnsin”™ 2x cosa. 


—— xd. c¢. of 
Mena pe ce. of tan 42 


1 
1 x sec? ga xd. ce. of 32 
x 
2 


aes 3 
= 4 (log tan $2)? x ie 


x sec? 44x 4. 


= 4 (log tan $2)? x ee 


107. Taking logarithms before differentiation. 

(1) In the case of some expressions of a complicated type, e.g. if 
the expression consists of a root or power of a product or quotient of 
several factors, it is advisable to take logarithms before differentiating, 


and use the result of Art. 98. 
P2 
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Examples: 

— @ y= Y[e@-a) (e-) (e-0)} 

| logy = [log x + log (a —a) + log (x—b) + log (a—c)]/n; 
differentiating with respect to a, 


eden Sg Lae deb 


DH PN BAO BAO” BG 
anda (ee ee +o] 
de nlx «-a x-b x-c 
_ V(x (a-a) (w—d) (x—0)] [++ 1 4 1 ey =i 
n Le — Oe ae 
(ii) If y =e sin’ x cos? a, 
log y = ax+3 log sina +2 log cosx; 
: Leas get soeed ep (-sin x); 
y dx sin & COS x 
eet sin’ cos?” [a+3 cot #—2 tan a]. 
Be 


_ (2) If the expression to be differentiated contains an index 
| involving a, it is advisable to begin by taking logarithms, except in 
| the case of e” where wu is a function of 7; the d. ¢. of this was seen 
in Art. 97 to be edu/da. 


Examples: 
(i) If y =2%+% then logy = (ax+b) log 2, 
differentiating, see dy =a.log2, 
and dy = aylog2 = a.2%+ log 2, 

(ii) If y=a* tana, logy = «xloga+log tana; 

pied = 10 ats u sec? 

y dx eS nice = 

= loga+secax cosec x; 
dy 


a a” tan x [loga+sec x cosec 2}. 


108. Inverse circular functions. 


Some simple examples of these have been given in Art. 102. Here 
are two of a more complicated nature. 
(i) the d. c. of sin [22/(1—2?)] 
1 


= Vina? (ia) xd. ec. of 2aV/(1—x%) 


By ee eee —2x 
arate ara *| 7+ 7 (1a) 


rT ps ima *( | 


is tidi4g 
~ 7 (1— 2)’ 


+2/7(1— -2%)| 
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The result can also be obtained by Trigonometry, for if « = sin 0 
[and this is a legitimate substitution, since |a| must be < 1 if the 
given expression be real], »/(1—2”) will be cos 0, and 


2x/(1—a*) = 2 sind cos 6 = sin20; 
ee sin! 2x /(1—2?) = sin} (sin 26) = 20 = 2sin—'2, 


© 


whence its d. «. = Vda) as before. 
(ii) the d. c. of 


f 
= x | x 
tan (= aeace 4 c. of wf GE) 
2 eR, aS aan <Cdvenof eo 
l-—x+2° 2V([x/(1—2)| 1—a 
apt--s; 1 (222) 1—xz—2z(-1) 


Lea oe (1—2)? 
1 l—2¢ 1 
SN ee 
os 1 
~ 2 (e— 2) | 


The result may also be obtained as follows. It is easily seen 
geometrically * that tan—!/[2/(1—2)] = sin 1 V2. 
1 1 1 
V(l—2) * 27a 2/7 (e—2%) 


Hence its d. ¢. = 


Examples XXXVI. 


Differentiate the following functions: 


1. log sin (A—3 2). 2. log(1—cos* x). 3. log tan (47 +32). 
4. log [/(#+1)+ /(x-1)]. 5. 4/(2—sin? 2 x). 
1 
3 n SS a 
6. (1+ cos* ax)”. Te ee 8, [log (1+ /z)] 
9. (1+sec4 x)!/, 10. log (1 + cos? az). 11, eltsin®s, 
12. sin-(/sin z). 13. log (1+ 4/e”). 14. cos!4/(3 # —2). 
; __« af sina ; cx Cy. 
15. sin (tan =) 16. tan SS =) 17. tan Vigsaa) 
18. log cos (1+ »/z). 19. 3”. Brey, MP 
21, ate, 22, 21", 23. a¥/?". 
x (x —1) */(a—-3 2) 
24, bitasin a, 25. NA ee . 26. “fa-a) 
1 Bs sin™ & cos" @ 
7 7a (ia) @=a)] | eee 


* Draw a right-angled triangle with sides Vx and / (1—a), and therefore 
hypotenuse 1. 
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29. 


81. e “sin” x cos” a. 
33. /[a” sin (a+) cos (w—8)]. 
85. 2”. 36. (log x)”. 
4h 
as. cos VUL= 7), 39. tan es 
x ZZ 
41. (1—27)*/? sin x, 42. tan} pea : 
1l+asin& 
aa, VA aw) +7 (1 +2) 
v7 (1—a)—4/(1 +2) 
46. log cosh (x/a). 47. log sinh (a/z). 
3/((@+27)? ae 
40-4) [page Fo (@+ a)" 
52. (1+ 2%)" tan (a), 
54. tan (cot 2 a). 
its) & J (#—- a) 
$e: 08, 8 V(e+a)+ / (a@—a) 
1+sing 
VESTES AI —sin =| : 
60. x /(x? +07) +a log fa + /(a" 4 a’)]. 
62. e” (asin bx —b cos bz). 
64. sec! [1/4/(1 —2?)]. 
1—cosx 
=f x 
66. tan NAG i ee) 
68. log sec tan—! x, 
70. tan—1 (a/a) + tanh (a/a). 
1+tanhz 
Ee Mpeg ear os 
74. Find dp/dé (i) if p= 
75. Prove that the d.c. of cos“ ee 


x54/(3 —2 x) 
(1+a) (2—a)” 
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ilar ayi(h aye 
(e- —2a)' 


32. (a+x)*sin # cos’ 2 x. 
34. log (log x). 


37. gsing, 


aa, 


1 
40. cosec! - 


= 
43. sin"! I (=)- 


V(x? +1)— f(a? 1), 


"(#2 +1) + f(x? —1) 


48. log (1+ cosh?az). 


51. (14 1 ae 
coe 


53. (a?+sin? x cos’ ax)". 
55. log sin"(ba +c). 


57. tan— (/(S3) tan} 2) : 


,@+boosax 
"beacose. 
61. x 4/(a?— 2") + a? sin (2/a). 
63. tan [4/(a? +1) —a]. 
a 
a 


59. sin— 


65. tanh (tan } 2). 


ease (= 
67. cot zt los a/ ae 


69. log, a. 
71. log tanh3 a. 


tanx—1 
73. log (eS) -2 


ab” +, (ii) if logp =a+ba?—cp* 


a+ beosa 


is imaginary. Explain this. 


_ f(a =e If 


2 b? 
a+bcosx Pe 


109. Successive differential coefficients of implicit functions. 


The method of finding dy/dx, when y is given as an implicit 


function of x, is contained in Art. 86. If differential coefficients of 


higher orders are required, the method of procedure is indicated in 
the following example. 


Given 27+ a2y+y? = a?, 


find d? y/dx?. 
Differentiating with respect to xz, 2a+a o +y+2y— 


dy 


dx mh 


this 
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differentiating again with respect to 2, 


dy dy dy 
ay (2y +2) (2+5°)—(@2+y) (25. +1) 8y—82—- 


hi Beant 2 
da? (2y +x)" (y+)? 
dy+3x ae dy 
= — ““pyraee on substituting the value of = qe from (i) 
_ 6x? + Bay + 6y? 
(2y +a) 
6a? ; : 
=— @y+a? from the given equation between x and y. 


Or, the same result may be obtained by differentiating equation (i) 
again as it ce ; this are 


+) oy Oe Dy 
2+ (05 7a Po 2(y ae? t dit a) =) 
: ay _ fi ahcak fo 2e+y? 
fe. (0+29) 79 = 2-28 ait p=-2[1— are t (set) | 
so apa ae 6a? 
2. (Oy +2) = Or Gy+a)” as before. 


110. Successive differential coefficients of e~ sin (bt + ¢). 


The graph of y= e™sin (b¢+c) is one of great importance in certain 
physical and engineering problems. It shares the characteristics of the 
graphs of y= e-™ and y = sin (bt +c), and consists of a number of undula- 
tions, whose alternate maxima and minima occur at equal intervals and 
decrease in geometrical progression. Cf. Art. 105, Ex. (iii). 

Differentiating with respect to ¢, 

dy/dt = e~™ x bcos (bt +c) + sin (bt +c) x —ae% 
= —e-“[asin (bt+c)—b cos (bt+c)]. 

This can be put into a more convenient form by the artifice (which is a 
common one) of putting a = rcos 6, b=rsin@ [whence tan 6 = b/a, and 
7? = a?+b’, so that 6 and r can always be found]. 

dy/dt = —e~[rcos 6 sin (bt +c) —rsin 6 cos (bt + ¢)]. 
= —e%,/(a? +b’). sin (bt +ce— 8). 

The higher differential coefficients can now at once be found, 

The d.c. of e-“sin (bt+c) is found by multiplying by — /(a?+0*) and 
subtracting 6 (i.e. tan b/a) from bé+c; this d.c. is an expression of the 
same form as the original one, and therefore its d.c.is found in the same 
way, by multiplying it by — 4/(a?+0?) and subtracting 6 from bt+c—8@, 
i.e. @y/dt? = — / (a? + b?) e~% sin (bt + c— 0-6) x — o/ (a7 +0’) 

= +(a?+b?) e~% gin (bt +c—2 8), 
and so on for any number of differentiations. 
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After n differentiations, : 
d"y/di"= (—1)" (a? + 0?)"/? e~% sin (bt + c—m8). 


111, Leibnitz’s theorem. 
This is a theorem which expresses the successive differential 


| coefficients of a product in terms of the differential coefficients of its 


| factors. The theorem is due to Leibnitz, who shares with Newton 


the distinction of having discovered the principles of the infinitesimal 
calculus. 
It was seen (Art. 30) that 
d dv du 


agi) = eet Oa 


2 3 
Using the notation Du, D?u, D>u... for , ates 


D (uv) = u Dv+v Du. 
Differentiating again, 
D* (wv) = (u D?v+ Dv. Du) +(v D?u+ Du. Dv) 
= uD*v+2Du Dvt+v Du; 
differentiating again, 
D? (uv) = (u Dv + Du. D*®v) + 2 (Du D?v+ D?u Dr) 
+ (v D'u+ Dv. D?u) 
= uD?v+3Du.D?0+38D?u. Dv+v Du. 
It will be noticed that the coefficients in these results are the 


- same as the coefficients in the expansions of (x+y)? and («+ y)*; and 


if the method of formation of these successive differential coefficients 


is compared with the method of expanding by multiplication the 
| successive powers of the binomial 7+y, it is evident that this must 


always be the case. The coefficients in the expansion of D” (wv) are 


_ the same as in the expansion of (7+ y)" by the Binomial theorem. 


Hence D" (wv) = wu D"v+n Du Brot yg SS) D?u D” *y 
pf ReS ) ta. DeAae. we FO Du, 


A complete formal proof by induction may be given as follows: 
Suppose the theorem to be true for some one value of n, i.e. suppose 
D" (wv) = uD"v+"C, DuD™ 0+"C, DuD"* v+ ... 
+°C,_, Do uD tH 94"C.DruD"™ v+ ... +oD"u, 
Differentiating again, we get 
D"** (uv) = (uD"*1 9+ DuD"v) +"C, (DuD"v+ D’uD"—v) +... 
oh HOP 5 (DiS MDP St 49 + Dry Dr 0) ah C. (DruD*tty + DrtyDryr 0) 
+... + DoD"u+oD"*1y 
= uD"19+(1+"C,) DuD"v+ .. +("C,_14+"C,) DouD"* 04... 40D"*1y, 
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Now 1+"C,=1+n=",, and it is shown in text-books on Algebra that 
"Cet "C, = *"C, 
 D®*) (uv) = uD" 104", DuD"v+ ... +°1C,DtuD™ 04+... 40D" ty, 
Hence, if the theorem be true for any value of n, it must be true for 
the next value n+1. It has been seen that it is true when n = 3, and 
therefore it is true when n = 4, and therefore again when n = 5, and so on 
for all values of n. 
This theorem is particularly useful when one of the two factors is 
a small integral power of 7; if this be taken as u in the preceding 
formula, its differential coefficients soon vanish, and the series 
consists of a few terms only. 
E.g. (i) Find the nth d.c. of (a? +1). 
The successive d. c.’s of e?% are 2¢?%, 27 ¢2%, .., Qn ¢2m, 
hence, taking 2?+1 as wu and e?* as v, Du = 22, D?u = 2, and higher 
d. ¢.’s of wu are 0. 
D"| (a? + 1) 2] = (2? +1) 2% 40.20 .2"-1 62% 
n(n—1) he 
Diol PR Pees 
= 27-2 62a [4 (a? +1) +4nx+n(n—1)]. 
(ii) Find the nth d. c. of x log. 
If w= 2x, Du =1, and higher d. ¢.’s are 0. 
lie =lher) Di'=h lx, Dies —1/x*, i 
Eee ee 1) eel ares @ 
Dy = pl” (5 )= eo [Art. 57]; 
(—1)""!(n—1)! (—1)”" 2 (n—2)! 
gn grt 
(—1)""1 (n—2)! 
= Pros [n— 1 —n| 
= (—1)"(n—2)!/a"-1, 
112. Formation of differential equations. 
The following example illustrates how in many cases a relation between 
successive differential coefficients of a function can be found. 
dy 


+ 


on. DD (flora 2, side we ty, 


, sinh x that (1 2 d*y 2 
If y= , prove that ( — a) 54 a = ay. 
We have - = ersin™ # x aaa’ which may be written 
/(1-2'). 2 = acta — ay; fi) 
differentiating again, 

d’y dy —x dy a’y 
= 2 amy Sr ® = = _ f; > 
ey fs. ie ee ve 


; d 
. multiplying by /(1-2), (1-2”) wa Pay. 
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A relation such as this, between a, y and d.c.’s of y with respect to a, is 
called a differential equation. 

If this be differentiated m times by Leibnitz’s Theorem, we get a relation 
| between any 8 consecutive differential coefficients of y, viz. : 


qd™t2, y Gaity _ =a any 
[cay Tad +m (20) £24 4 ED) (2) 8 
wed d”y 
= © agnth 44 n.1. os = ae ; 
which becomes, on ee ea like terms, 
qt dntly 
(1- «) Tw a — 2n41) eo 4 —2 _(n? +0) 02 =0. 


Examples XXXVII. 


1. Given 2?—ary+y?=a*, find d?y/dx? 

2. If 2+8axcyt+y> =a’, find d*y/dx’- 

8. Find d*y/dz* if a"+y"=a". 

4. If a+y%=a', find dy/dz*. 

5. Given a(xt+y)=a2'?+y’, find d?y/dx*. 

6. Find the 4t2 d. c. of e?”sin (2x4). 

7. Find the nt} d. c. with respect to t of e~™ cosat. 

8. Prove that the 24 d.c. of e*sin2# = 5e “sin (2 7—126° 52’). 

9. Find the 10d.c.of ae*. 10. Find the nt» d.c. of (#+a°)e"”. 
11. Find the 6 d.c. of xz log x. 12. Find the nt d.c. of x log a. 
13. Obtain the 5 d.c. of a’sin2a. 14. ie the n*8 d. c. of a*e™” 

15. If y= (sin 2)*, prove that (1— a oy Yt = 2. 
16. Differentiate the result of the sgn Wines teat n times by Leibnitz’s 
Theorem. 
17. If y=log[xt+/(”?—a")], prove that (x?—a’) sci +2 
da? dx 


= 
jee) 


. Find the relation between any consecutive 3 differential coefficients of 
y in the preceding example. 
19. Determine the nt» d.c. of 2? (1+a)" 


20. If y= Acos(logx)+Bsin (log x), prove that 2? - toot +y=0. 
21. Given y=sin(msin— 2), prove that (1— 2) — eet +m’y = 0. 


dx 

22. Find by Leibnitz’s Theorem a relation Secs any consecutive 3 
differential coefficients of sin—' x. 

23. Find the nth d.c. of 2’?y with respect to x. 

24. If x and y are given as functions of a third variable ¢ by equations 
x=f(t), y= (t); find d?y/da in terms of differential ccetiicients 
of cand y with respect to ¢. 

oe *» 


25. If w=a2?v and v=loga, prove that oe = 2 


CHAPTER XIII 


APPLICATION TO THEORY OF EQUATIONS. 
MEAN-VALUE THEOREM 


1138. Tho differential coefficient of a function vanishes in the 
interval between two equal values of the function, provided 
both the function and its differential coefficient are continuous 
throughout the intervaL 


Let y=b when x =a, and let a’ (>a) be the next value of x for 
which y = b. After passing through the value b when «=a, y must 
either remain constant or increase or decrease. Ifit remains constant, 
its d.c. is zero; if it increases, then before reaching the value b again 
(when «= a), it must decrease and therefore, if continuous, must 
pass through a maximum; similarly, if it decreases, then before 
reaching the value 0 again, it must increase and therefore, if con: 
tinuous, must pass through a minimum, and in either case, at the 
maximum or minimum, its d. c¢. is zero. [Art. 53. ] 

Geometrically, it is obvious that, between two consecutive points 


Y 


Fig. 91. 


with equal ordinates, there must, on a continuous curve of continuous 
slope (Fig. 91), be a point where the tangent is parallel to the axis 
of z, i.e. a point where dy/dx=0. There is not necessarily one 
point only ; there may be any odd number of such points. The fact 
proved in the theorem is that there is at least cme such point, The 


| 
| 
| 
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| result may also be stated in the form that between two equal values 


the function must have at least one maximum or minimum. The 
theorem is clearly not true if eithery or dy/dx be discontinuous between 
z=aand =a’. Cf. (i) the graph of tang, (ii) Fig. 56 [Art. 54]. 

In particular, between two values of « for which y= 0, there is 


at least one value for which dy/dz=0. The graphical solution of 


the quadratic ax?+ba+e = 0 furnishes an illustration of this. The 
graph of y= az?+bxr+c is a parabola whose axis is vertical, and 
the roots of the equation are the abscissae of the points where the 
parabola cuts the axis of 2; at the vertex of the parabola, which is 


| between these two points, the tangent is parallel to the axis of z, 


ie. dy/dx = 0. 


114, Application to equations. Rolle’s Theorem. 


If y be a rational integral function of x (Art. 7), denoted by /(2), 
y and dy/dx or f’(x) are both continuous so long as x is finite. The 
above theorem therefore states that between two real roots of f(x)=0 
there must be at least one real root of f’(x)=0. This is known as 
Rolle’s Theorem. It evidently follows that not more than one real 
root of f(x) =0 can lie between two consecutive roots « and £ of 
t’(x) = 0, for if there were two, then between these two roots 
of f(z) =90 would lie a root of f(x) = 0, and therefore « and # 
would not be consecutive roots of /’(z) = 0. There is or is not a root 
of f(x) = 0 between a and £, according as f(a) and f(8) have opposite 
signs or the same sign [Art. 17 (4)]. Geometrically, between two 
consecutive points A and B on a continuous curve, where the tangent 


is parallel to the axis of 2, the curve cannot cut the axis of x more 


than once. It will or will not cut it according as A and B are on 


opposite sides of the axis of x or on the same side. 


As an example, take the function considered in Art. 55, Ex. (i). 

fF (w) = BF —-927 +152. 

J (a) = 82?—-184%+15 = 3(@-1) (x—-5), 

The roots of the equation f’ (~) = 0 are 1 and 5, hence the roots of the 


lequation f(x) = 0, if real, will lie between — o and 1, 1 and 5,5 and+oo, 


If w= —o, yis -, *. y=0 at some point between — o and 1. 


Ifw=1,yis+, ) ; [Art. 17 (4).] 
) *.. y=0 at some point between 1 and 5. 
If «= 5, yis —, 


If cobeachcoy ly 18 ot -. y=0 at some point between 5 and +0. 


the equation f(x) = 0 has three real roots, as shown in the figure, viz.: 
O, 2°2, and 6°8 approximately, 


MEAN-VALUE THEOREM 221 
115. Equal roots. 


| 


} 


If two of the roots of f(z)=0 approach one another and 


ultimately coincide, the root of /(c)=0 which is intermediate 
between them must also coincide with them. In the figure of 
Art. 55, Ex. (i), imagine that the graph gradually ascends vertically, 
the axes remaining fixed. The points of intersection of the graph 
with the axis of # gradually approach one another until ultimately, 
when the curve touches the axis of x, they coincide, and clearly the 
minimum point coincides with them. [The graph then represents 
the function there given with each ordinate increased by 25, i.e. it is 
the graph of y = #°—92?+ 157+ 25, and the abscissae of the points 
of intersection with the axis of @ are the roots of the equation 
x—9x?4+15%4+25=0. Since the vertical ascent of the graph does 
not alter the abscissa of any point on the curve, it follows that this 
latter equation has two roots each equal to 5. It is equivalent to 
(x—5)? (ec +1) = 0, so that the third root is —1.] Hence, if a root of 
f (x) = 0 is repeated, it is also a root of f’ (x) = 0. 

This can also be seen analytically as follows:—If a be a root of 
the equation f(x) = 0, where f(x) is a rational integral function of x, 
the function contains x—«a as a factor; if x be a double root, the 
function contains (z—«)? as a factor; 

J (x) = (e«—a)? (x), where (x) = 0 gives the remaining roots. 
Ff (@) = (0)? (2) +o (0) . 2(a—0) 
= (x2) [(7—a) $" (x) +2 (2) 

. S’(2)=0 when x=4, 80 that & is a root of f(x) = 0. 

It follows in a similar manner that, if a be a root of f(z) =0 
repeated r times, it is a root of /’(x) = 0 repeated r—1 times; then 
by the same argument, it is a root of /”’(x) = 0 repeated r— 2 times, 
and soon. For instance, a triple root of f(z) = 0 is a double root of 
J (x) = 0, asingle root of f”(«)=0, and is not a root of f’”’(x) = 0. 

Hence, to multiple roots of f(x) = 0 correspond common factors of 
J (x) and f(x); and therefore such multiple roots can be obtained 
by finding the H. C. F. of f(z) and /’(x) (by the ordinary algebraical 
method). 

Examples : 

(i) A simple illustration is furnished by the quadratic aa*+br+e=0. 
If it has equal roots, then the root is also a root of 2a%+b= 0, i.e. the 
root is — b/2a, and the condition for equal roots is obtained by substituting 
this in the given equation, 


ie. Oh Fan = ae 
4a 2a 
which reduces to b? = 4ac, the well-known condition. 
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(ii) Solve the equation a*—62?+8a%+424 = 0-[cf. Art. 55, Ex. (ii)], having 

given that it has a multiple root. 
S'(x) = 4a°-12248 = 4 (a -32+2), 

The H.C.F. of a8—84+2 and v!—62?4827+424 is +2; therefore —2 
is a double root of the given equation. 

Hence f(x) contains the factor («+2)?; dividing out by this, the other 
factor is found to be 2?—42+6, and solving the equation 2’—47+6=0, 
the other two roots (which are imaginary) are obtained. 


Examples XXXVIII. 


Between what values do the real roots of the equations 1-6 lie ? 


1, 2®—627+2=0. 2 et— 1827-123 = 10, 

8. ¢°®—1227+ 362-10 =0. 4. 244+42°—20a?+10 =0. 

5. 228-3 2?—3627—5 = 0. 6. x'—825 4+ 220? -242412 =0. 
Solve the equations 7-12, given that each has a multiple root: 

7. O420°—Ta+4. 8. 42°—-162?—-19x—5. 

9. «'—425+16x2—16, 10. 2° —Tat—2254+142°+2-7. 

11. 12a°42827+32-18. 12. et—62°+102?-624+9. 


13. Find the condition that the conic az*+by?+2gx+2fyt+e=0 may 
touch (i) the axis of a; (ii) the axis of y. 
14. Prove that the curve a°+y'—32+4y+2= 0 touches the axis of a. 
15. Show that the curve y = 22°+3xz°—1 touches the axis of a. 
Verify the theorem of Art. 113 in the following cases 16-20, and find the 
coordinates of the point where the d.c. is zero. 


16. y = 32°7-Txe+4. 17. y = («—1)? (#8). 18. y= tet+a7+2, 
19. y = log[(#’?+8)/6a]. 20. y = sina—cos a. 
Discuss the application of Rolle’s Theorem to the functions 
21. x (w—4)/(a—-1). 22. tan a. 23. 4—(8-—2)¥, 


24, Find the condition that the equation a°+pa+q=0 may have two 
equal roots. 
116. Mean-value theorem. 
If f£(x) and f’(x) be continuous throughout the range x =atox =b, 


then £(b)— F(a) 
ie poe = f’(x) 


Jor some value of x between a and b. 


The expression ane is the ratio of the total increase in the 


function to the total increase in the variable 2, and therefore is the 
average rate of increase over the range e=a to x=b, Hence 
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the theorem states that the average rate of increase throughout the 
interval is equal to the actual rate of increase at some point in 
the interval (e.g. the average velocity of a train between two stations 
is equal to the actual velocity at some intermediate point), This 
follows from general reasoning, for the average rate of increase in 
the interval is evidently intermediate in value between the greatest 
and least rates of increase; and in passing between its greatest and 
least values, the rate of increase, being continuous, must pass through 
every intermediate value, and therefore at some point must equal the 
average rate of increase. 

Geometrically, this can also be seen at once, for let A and B 
(Fig. 92) be the points on the graph of f(z) for which z= a and 
ax = b respectively ; then the ordinates AM and BN are f(a) and f(b) 
respectively. Let AX, parallel to MN, meet NB in K. 


JS(b)—f(a)_ NB-MA __ KB | 

Then hao EN ie ae en BAK. 

If y and dy/dz are both continuous, there is obviously some point 
on the curve between A and B at which the tangent is parallel to 
the chord AB, i.e. there is some point, 7’ say, at which tany, 
ie. dy/dx or f(x), = tan BAK, 

nich Pig) -fO-f@ 

i.e. there is a value of x for which /(x) = comet 

It is easily seen by drawing figures that there is not necessarily 
such a point, if either y or dy/dxz be discontinuous anywhere between 


A and B. 


117. Analytical proof. 


The theorem can also be deduced analytically from Art. 113 as 
follows, and this method is important because it can be used to 


| 
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extend the given theorem, and ultimately obtain one of the a 


_ important theorems in Mathematics. ea XXII.) 


Denote the expression [ /(b)—f(a)]/(b—a) by R, and consider the 


function 
f(x) —f (a)—(e@—a) BR. (i) 

If «=a, this function = f(a)—f(a)—OxR=0. 

If =), the function = f(b)—f(a)—(b—a) R, which is seen to 
be 0 on substituting the value of 2. 

Therefore, since the function vanishes when x = a and also when 
x=, its d.c. must vanish for some intermediate value of x [the 
function and its d. c. both being continuous between x= a and 
z= b](Art. 118). The d.c. is /’(x)—R, and therefore 

J'(«)—R = 0 for some value of x between a and b. 


Vieye re ra iy where So 
Geometrically, it should be noticed that if, in Fig. 92, Q be the 
point whose abscissa is z and ordinate f(x), and if the ordinate of Q 
meet the axis of in H, AK in ZL, and the chord AB in Q’, the 
expression (i) considered above is equal to 
HQ—MA—AL tan BAK = QL-Q’L = — QQ’. 

Now QQ’ is obviously zero at A and at B, and itisa maximum, 
and its d. ¢. vanishes, at some intermediate point, viz. at the point T' 
where the tangent is parallel to the chord. 

The preceding result may be written 

J (b)—f (a) = (b—a) f(x), where x, is between a and b. 

Let b=a+h, then 2, being >a and <b, ie. < a+h, may be 
written as a+06h, where @ is a positive proper fraction; and the 
theorem takes the form 

S(at+h)—f(a) = hf'(at oh), 
Le. f(ath) =f(a)t+hf(at+ on). 

It should be noticed that this involves the definition of a d. c., for 

the last result may be written 
HOA D=L0) . rayon 
and when h—>0, a+6h—>a, since 6<1; 


Lee = f(a), asin Art. 26, 
A>+0 
It also indicates the amount of error involved in the use of 
differentials (Art. 24). It was there pointed out that 


dy = ] da = f(x) da approximately. 
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From the preceding result we have, if h = dz, 
oy =f (et+h)—f (a) = hf (e+ 6h) = dx. f'(e+0dx), where 0<0<1. 

If G and L be the greatest and least values of /’(x) in the interval 
from # to +z, then the greatest possible value of dy is Gda, and 
the least possible value of d5y is Lda; hence the error involved in 
the statement dy = . . 6” is not greater than |G@—D| oa. 

All that is known about 6 in the general case is the fact that it is 
intermediate in value between 0 and 1. Usually its value depends upon 
the values of a and h. In some particular cases, its value can be found, 
e.g. if f(x) = az’? +ba+e, then 

S(a@t+h) =a(ath)?+b(at+h)+e, f'(x) =2ax+b 
and St (e@+Oh) = 2a(ex+ 6h) +0; 
hence the theorem gives 
a(a@th)*+b(x+h)+ce=ax'+ba+ct+h[2a(a+ 6h) +6]; 
whence, after multiplying out and cancelling, 
ah? = 2a0h?, and 6=4. 

This is obvious geometrically, for the graph is a parabola with its axis 
parallel to the axis of y (p. 18), and if any chord of the parabola be drawn, the | 
tangent at the end of the diameter which bisects the chord (and which is 
parallel to the axis of y) is parallel to the chord ; hence the abscissa of the 
point of contact of the tangent is half the sum of the abscissae of the ends 
of the chord. 

In the preceding case, 9 is constant, but if we take f(x) = «°, and 
therefore /’(x) = 327, we get from the mean-value theorem 

(x+h)§ = a +h.3(2+6h)% 

Whence, on multiplying out and dividing by h?, we have 

3h0? +628 = 38x+h, 
from which 6 can be found in terms of w and h. 

If % be very small, the terms in this equation which contain h may 

be neglected in comparison with the others, and it follows then that 


@ is approximately equal to 2. 


118. Indeterminate forms. 

The following is a useful application of the mean-value theorem. 

Let f(x), F(a) be two functions of « which both become zero when 
2 =a; then, if /(x)/F’(x) approaches a limiting value as >a, | 
S (x)/F (x) will tend to the same limit. This is often called the ‘true 
value’ of f(x)/F (a). 

For f(ath) _— f(athf'(atoh) _ f'(a+ 9h) 


Fath) F(athF’ (a+ 0h) F(a+0h)’ 
since f(a) and (a) are both zero; 
‘ 1b Loa ayy f(at+oh) _ f(a) , 
“ datr(ath)” AR G+on) F(a) 
Q 


1528 
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If f(a), F’(z) also both become zero when x= a, the same 
argument shows that the ‘true value’ is f’(a)/F’’’(a), and so on. 

The ‘true value’ is found in the same way if f(x) and F(x) both 
become infinite when a = a. 


I (a) eee : 
For then Fan F@ wal ae Fla’ d aa a Fa) are both ‘zero ; 


therefore, by the preceding case, the true value 


4--[ral 0/-Lyal 70-8) 58-278 


whence A = /(a)/F’(a) as before, provided A be neither zero nor 
infinity, and it can be shown that the rule holds for these cases also. 


Examples: 
The true value 
: l-az : 
(i) of log’ when w=1, isthe valueof — ie i.e. —1; 
(ii) of Ape Soe (x = 7) = the value of —%5in x + COs & =] 5 
cos x 
(iii) Of Cpe Oe tee ene (which is still of the form 5) 
1—cosx sin a 0 
= the value of aoe = 2s 
cos x 

(iv) of sete oo ) = the value of ; es >. 


119. Extended mean-value theorem. 


We have proved (Art. 117) that, provided f(z) and /’(x) are 
continuous in the interval from z= a to z=}, 


J (b) = f(a) + (b—@) f(a), where x, is between a and b. 
This result can be extended to show that, provided /’’(z) is also 
continuous in the given interval, 


FO =F +0—af'(a)4P5 


Using a method of proof re to that of the preceding case, 


denote 
S(L)-f()——a) f(a) by 3(b—a) R, (i) 
and consider the function of x 
f(b) —f («) —(b—2) f’ (x) —4 (b—a) R, 
which, with its d. ¢., is continuous within the given range, since 
J (x), f’(%) and /” (x) are continuous. 


J’ (%), where a, is between a and b. 


fW) -f 4-94 &) 


+ (2¢) — p@) a isan) F'Go - E (a-%) 7 (r=) 
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This function obviously vanishes when «= b. If x= a, it becomes 
J (b)—F (a) —(b—a) f(a) — 3 (6— a)? R, which = 0 from (i). 


Since the function vanishes when = a and when «=, its d.c 
must vanish for some intermediate value. 


Tts d.c. = —f’(e) —-(b—2) f(a) + f(x) +(0—2) R 
This therefore must vanish for some value of x between a and B, 
i.e, after dividing out by the factor b—z, 

—f"' (a) +R =0, or R=/f’’(x,), where x, is between a and b. 
Substituting this value of Z in (i) and re-arranging, we get 

J (b) =f (a) + (b—a) f(a) +3 (b—a)P f(a), where a < x, <b. 
If b=a+h, then x,, being between a and a+h, may be denoted 

by a+6h, where 0 < & <1, and the theorem takes the form 


| F(a+h) =f(aythf(a)t+ 3 f'(a+ Wh). 
The geometrical interpretation of this result should be noticed. 
If in Fig. 92 the tangent at A meets BN in V, then 
J (b)—f (a) -—(0-@) f'(@ = NB—MA-—MN tan VAK = KB—KV 

= VB. 
Hence the preceding theorem gives the result 
VB =} MN?.f’(a+h), 
i.e. when b—a is very small, and therefore f’(a+ 0’h) > /’(a), 


Lig = 170). 

Hence, since f(a) is finite, if B is indefinitely near to A, VB is 
very small compared with IN, i.e. the distance between the curve | 
and the tangent (measured along the ordinate) is very small, or is of 
(at least) the second order of small quantities, compared with the 
difference in the abscissae (Art. 24). 

This also includes the results of Art. 59, for VB is + or — 
according as f”(a) is + or —, and the curve in the neighbourhood 
of A is above or below the tangent at A according as VB is + or —, 
i.e. according as f(a), the value of the second d. ¢ at A, is + or —. 


As in the case of the first mean-value theorem, the value of 0’ depends in 
general upon the values of @ and h; a fixed numerical value can be found 
for it in the case when f(a) =a’, for then f(a) = 3a’, f”’(a) = 6a, and 
the theorem gives 

(ath) =a +h.3a°+4h? 6(at+vh), 
whence 0’= 3. 
q2 
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120. Principle of proportional parts. - 


The extended mean value theorem can be used to prove the 
principle of proportional parts, a principle which the student has 
probably used in elementary work in connection with tables of 
logarithms, trigonometrical ratios, &c. This principle states that 
‘if the increase in the variable be small, then the increase in the 
function is proportional to the increase in the variable’. 

Wehave f(at+h)—f(a)=hf(a)t+ 4h? f’(at Oh) 
and S(atkh)—f@=kf(at+tPf(a+/h; 

3 S(at+h)—f(a)_h SL @+ah fat on) 
' FGFS)” bk PK @+3R SP (at 0h) 

When fh and & are small, the last term in both numerator and 
denominator generally becomes very small compared with the first 
term, and both numerator and denominator approach the value /” (a). 
The right-hand side of the equation then becomes approximately h/k, 


and we have 

S(ath)—f(a) _h 

f(at+h)-f@ he 
i.e. the increase in the function is proportional to the increase in the 
variable. 

The last terms in the numerator and denominator mentioned 
above do not become small compared with the first term if /”(a) is 
large compared with /(a); hence the principle will usually fail 
when the second differential coefficient of the function is large 
compared with the first. E.g. in the case of common logarithms, 
the 2nd d. ¢. of log;)% = —p/x%?, which is large compared with the 
first d. c. 4/x, when x is small; therefore the principle is not true 
for the logarithms of small numbers. Again the 2nd d. ce. of 
tan a = 2sec?atanw, which is large compared with ‘the first d. ¢. 
sec” x, when & is nearly $7; therefore the principle does not hold for 
natural tangents in the neighhourhood of 90° [or of any odd multiple 
of 90°}. 

For a more complete discussion, and investigation as to the amount 


of error involved in using the principle, the student is referred to 
more advanced works, 


Examples XXXIX, 


Find the value of @ in the application of the mean-value theorem to the 
functions 1-4: 


Leyes 2. e”. 3. sin @. 4. loga. 
b. Prove that, with the usual conditions, f(x) = (0) +af (6a). 


6. 
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Discuss the application of the mean-value theorem to the function 


w (a —4)/(a—1), in the neighbourhood of «= 1. 


We 


8. 


Also to the function tana, in the neighbourhood of x= 37. 
Also to the function 4—(8—2)*/%, in the neighbourhood of x = 8. 


Find the value of 4 in the application of the extended mean-value theorem 


9. 
13. 
14. 
15. 
16. 
17. 


18. 


19. 
20. 
21. 


22. 


23. 
24. 


25. 


26. 


27. 


to the functions 9-12. 

ax’ + bx? + ca +d. TOmarce Tuk Aye ES. er 

Prove that, with the usual conditions, f(x) =/(0)+af(0)+}a°/"(02). 
Deduce from the theorem of question 13 that cosx>1- 

Also that log (1+2) >a—32%, 

Also that log (1+cosx) < log2—}27. 

Prove, by the method of Arts. 117 and 119, that 


h? a ye ane 
f(ath) =F (a) +hf(a)+ SF"(a)+ gif” (at Oh), 
where 0<6<1, provided f(x) and its a 3 differential coefficients 


are continuous in the interval a to a+h. 
Deduce from the preceding result that 


, x? ” x “0 
f(x) =F (0) +af" (0) + 5170) + FF" (62). 


Deduce from the result of Question 18 that sinz >a#—1}a2°%, 
Also that tanz>a+%2°, 


Deduce from the mean-value theorem that, if two functions have the 
same derivative, their difference is constant. 


Discuss the application of the extended mean-value theorem to the 
function log(#—4), in the neighbourhood of x= 4, 


Also to the function 1-—(1-—-)‘/%, in the neighbourhood of x= 1. 
Also to the function log cosz, in the neighbourhood of w= }7. 
asin x—47 


Find the true values of _—_(i) ae 


, when x=in. 


.. sin x#—sin & 
oS 


(iii) sinaw cosecbx, when «x= 0, 


, when w@=Q., 


Find the true values, when «= 0, of 
sinw— a | re ae bee ee 
) @2; gy a aay 
Find the true values, a TiO) mn Od: 
log x —2x2+1 a 
aa a Gi) | Ses Q (i) 


CHAPTER XIV 


METHODS OF INTEGRATION 


121. Introductory. 


The integration of very simple functions and some easy applications 
thereof have already been considered in Chapter 1X, and several 
| other integrals have been given in Chapter XI. We now proceed to 
discuss various methods by means of which more complicated 
_ functions may be reduced to some combination of these simpler 
functions. 

The first process that will be considered is the integration of 
rational algebraical fractions, i.e. fractions whose numerator and 
denominator contain only positive integral powers of x with constant 
coefficients. 


122. Integration of rational algebraical fractions. 


In the first place, if the degree of the numerator is equal to or higher 
than the degree of the denominator, the numerator must be divided by 
the denominator until the remainder is of lower degree than the 
denominator. This gives one or more terms whose integrals can be 
written down at once together with a fraction whose numerator is of 
lower degree than its denominator, and it remains to consider the 
integration of such fractions. 


1. Let the denominator be of the first degree. 


After division, the remainder will be independent of x ; therefore 
the process just described gives the integral as the sum of a number 
of powers of x, together with a logarithm. 


x hae 8 . 
E. g. Fa a +20 +4+ 3; 


3 
rs {<4 5 de = fat 40% +4248 log (e—2), 


Again, — , after arranging in powers of # and using ordinary 


ne Cone 
division, becomes Se erat 
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2 i 5%,* 5 OS 1 1 3 1 
One cS ic — ks =| sae = —o5* at; z og (8—22). 
It must not be forgotten that in every case an arbitrary constant 
is understood. 


Examples XL. 


Integrate the following expressions: 


ee gk gt ees 
“2+38 “24+3° “243° "Dig Se 
o , x a 1-x 
5 22-3 sis 1-22 sh 1-22 Se 1-22 
A 2248 Pa 38-22 =“ x Za a 
3-4 *Fe—1 “a-a" “or=1 
2 eo a ax+b 
13. ——; - 14. - 15. ———_-- 16. . 
ax+b px-q c—2a ce+d 


123. 2. Denominator of the second degree. 


(i) Lf the denominator breaks up into rational factors, use the method 
of partial fractions, as illustrated in the following examples :-— 


Examples: 
: da—4 
Gi) Kem dx. 
The denominator is equal to (a —6) (#—2). 
5a-4  _ A B 
.. Wwe assume aGeais est Eas’ 
We have to find A and B. Clearing of fractions, 
5a—4= A (x—2)+ B(x—6). (i) 

This, being an identity, is true for all values of x; 

putting 2 =6 (which makes the denominator of A, i.e. the coefficient 

of B in (i), vanish), 26=4A, and A= i, 


putting 2=2 (which makes the denominator of B, i.e. the coefficient 


of A in (i), vanish), 6 = —4B, and B= —%., 
Te ee a 2 
Eonce See Det ieee 
5a—4 1 ey 2 


a = 
) \eom a 
Here the numerator is of the same degree as the denominator, and there- 
fore must be divided by it. 
io 1 42-3 wale dk 6) 2-3 
Qa'+a—-8 2 Batta—-8 2 2 (@—-1) (2x43) 
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To resolve the latter into partial fractions, assume ° 
x—3 eT AL ae BD 


(@-1) @2+8)~a@-1 Berd! 
“. ©-38=A (2x4+3)+B(x-1). 


Tovfind 74, put) a — 1; —2=5A, -and A=-2, 

To find B, put «= —3, —-3=-£B, and B=}. 

: a? BA ek se ald [en = aS Deed 
** O¢t27—-8) 29 2le=-1> 2243) 255G=h. -10Cu¥8)’ 


2 
S “eos dx = $x+ log (x—1)—<% log (27+8). 


(iii) The case in which the two factors of the denominator are coincident 


should be noticed. E.g. find oa te 
4a + 33 A es 
(e—3)? — a= ea (2-3) 

[These are the only two fractions whose denominators could have the 
L.C.M. (#—8)?.] 

Clearing of fractions, 4x24+3=A(x—-8)+B. 

To find B, put r=3; ce ==): 

To find A, compare the coefficients of x in the preceding identity ; these 
are, on the left-hand side 4, and on the right-hand side 4; w A=4. 


drt Biol 44 hy. g1Siag, 
(2-8)? 2-8 (@—38)? 


4xa4+8 dx rs dx 15 
and Weare? le +15 | eaap to @-8)- 35 


The values of A and B can be found in all the preceding examples 
by comparing coefficients, although the method given above is 
shorter, e.g. in Ex. (ii), 


In this case, let 


comparing coefficients of x on both sides, 1=2A+B, 
and comparing constant terms, —3.=38A-—B. 
These are two simultaneous equations of the first degree for A 
and B which, when solved, give A =—?, B= 2 as before. 


Two integrals which can be obtained in this way are of special 
importance, and will be included among the standard forms. These 


are 
“= obs sees dx 
2? —a? a*— x 


Taking the former, — = A a: ta 


gt—a®*~ 2—a 2+a’ 


LSA (xt+a)+B («—a). 
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Pat 2= a, tS Asap and A= 11/26. 
Put «=-—a, 1= B(—2a), and B= —1/2a, 
we patos, B itnatelind 
tg 8a c-a Sa'eta 
dx 1 1 x—a 
and \ae- 5 log (t—a) — = log (7+a) ba aaa 


Similarly, it will be found that le> as leat. 
a*—x a 


It must be remembered that the logarithm of a negative quantity 
is imaginary. In the former of these two expressions, x? is supposed 


> a, and in the latter, 2? < a?; the logarithms which occur in the 
results are then real. 


Examples XLI. 


Integrate the following expressions: 


a ectictoiit I _2a48- 
* gt—1 * g?-—5 246 * 2? +2-30° 

r wat ? x - x+l1 
* gt4 ‘oe —Bat4 "B828—2-2 

x+1 5242 542 

7 @—1) 8 Pohetd: o o-a 
a? +1 4243 . (8-2)? 

oO} ia 3a7—10x+3° s Ss 
eae oy he ree oe 
13. y2—] "(Q2—-1)?° " + 4—20° 

4 2 
16 : 17s is 


‘x? —(a+b)a+ab. "Ba-2Qa? 


124. 2 (ii), Denominator which does not resolve into rational 
factors. 


It has been shown, in Art. 102, that 


Oe > Tee ee (i) | 

vt+a* a a 

and, in the preceding article, that 
dx 1 xr—a Py 

sf aS 2 tise a, he=ty ety Pe eel 
if x >a, = oe aoe (ii) 

peLae 1 at+xz ne 
i E a = o . ll 
1g <a". | Pe ee Seep (iii) 


* Divide out before squaring. 
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The two latter integrals may also (from Art. 94and Ex. XX XII. 20) 
be expressed in the alternative forms 
1 


a eothe and be * tanh = 
a a a 


respectively, which are analogous to ie form (i). 

Taking the case 2 (ii) mentioned above, 

(a) Let the numerator be 1. 

Then, dividing the denominator by the coefficient of 27, and 
completing the square of the terms which contain 2, the integral 
reduces to one of the three forms just mentioned. 


Examples: F 
dx dz af 1 as x+4 by (i 
a. dx ~ : dx 
3a°9-4a+7 = 3 6B (a ae 


SS a ee tan ale = by (i). 
3 4/17 ivi i J/17 


% da re loo 7+ 3= /13 by (i 
sES 4 ~ | @+3)-B aa 8 o+3ayis OY @) 
\ cw 7a 


dx i J/2+2—-8 
-| ee Tans Jrore bY eH 
s : 
11-42 —22' = 2x1 2 


dx “al dx 
W—2e—a 2 42—(¢+1)? 


1 1 Jif+e+1 rs 
—3° 27a log fife by (iii). 
1 26 42242 


= 9,796 °8 726-922 


Examples XLII. 


Integrate 
1 1 1 
514 - ° oie Pa EE Tee 3. =a 
a?+22+10 Qa24+2a+5 x —42412 
1 1 1 
<n. 5.9.54 bead: coer ea emt 
1 1 1 
os Tay lesa naa Wp Wi Oa 
e42x wt+4a ta 
1 ee ii an es Sete ea yay 
@ wv?4+2242 ut xw+4a-1 Se vt+7 
wit+a+2 1 1 
18. . : 5 — 5 dai +a awe 
a +a—1 14 84 80—2a8 * Ta? 4 4ax—a"" 
1 : fs 
16. NG CE (i) when b? > 4ac, (ii) when v< 4ae¢, 
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125. A useful rule. 


Before proceeding to discuss the next case in the integration of 


rational fractions, it is necessary to call attention to the following 
fact :-— 


The integral of a fraction whose numerator is the d. c. of its 
denominator is the logarithm of the denominator, i.e. the integral of 
F’(x)/f (x) with respect to x is log f(a). 


This is obvious from the method of differentiating the eee ein 
of any function of a (Art. 98). 
The d. c. of log w with respect to x = x tie Pare if u, a fraction 
u de dz ‘ 
whose numerator is the d. ¢. of its denominator. Therefore, 


conversely, the integral of the fraction . ve u with respect to x 
is log wu. 


This is a rule which is often useful in dealing with all kinds of 
functions, algebraical, trigonometrical, exponential, &c. It is really 
a particular case of the method of integration by change of variable 
considered later, but the student should try to accustom himself to 
recognizing at a glance fractions of the above type. <A good deal of 
labour is often thereby saved, e.g. in the first two of the examples 
immediately following, the integral can be written down at once, 
whereas if the method of partial fractions be used, the working is 
long. In some cases, the insertion of a numerical factor is required 
to make the numerator equal to the d. c. of the denominator. 


Examples: 
eS dx =log(«+ax—-2). 
ao de = 5 | pres t = glog eto 
| eee : =i | ak ao de = "log (2" +a"), 
a+a a"+a 


I 


COs & 
-—— dx = log sin. 
sin x 


cot xdx 


J 
Jen 
J 


= log (e* +1). 
sin @ COS& , 1 {—2bcosxsinz i ; 
=- dx = — =—log(a+bcos’a 
a+bcos? ee 2b ] a+ bcos’ x - 2b B ( ) 


236 METHODS OF INTEGRATION 


Examples XLIII. 


Integrate: 
22+4+3 fe x 
——— 2 ees ee eG 
a?+3x2-—4 x—1 at—2' 
x+1 
| EGS 5. tana, 6. cotax, 
e?4+2a4+7 
sin 2 cos x@ x sin x 
He RD Ee ran 8. a ae 9. Soe 
14+3sin’az eta at+bcosx 
oan pete aes 
*1-e* * aa?+2be+e '34+4tanaz 
1 gn 
13. tanh a. 14. +-——-. 15. ——- 
alogx a 
sin x—cos & e“(1+2) sin 2x 
16. ——————. ri: . ee 
sin x+cos@ 1+ axe” a+bsin’x 


126. 2 (ii) b. Numerator of the first degree. 


Returning to the integration of rational fractions, the case in 
which the denominator is of the second degree and the numerator of 
the first degree has next to be considered. 

The following method will effect the integration:—Put the 
numerator equal to k x (the d. ¢. of the denominator) +1, where & and 1 
are constants which can be determined by inspection (or by com- 
paring coefficients) ; the integral can then be divided into two parts, 
of which the first is a fraction whose numerator is the d. c. of its 
denominator, and whose integral is therefore the logarithm of the 
denominator (Art. 125), and the second is a fraction of the kind 
considered in the previous case (Art. 124). The process is illustrated 
in the following examples. 

If the numerator is of the second or higher degree, it can be 
divided by the denominator until the remainder is of the first 
degree, and therefore it has now been shown how to integrate any 
rational algebraical fraction whose denominator is of the first or 
second degree, 


Examples: 
4a4+5 — {2(2e42)+ 1 =. 2x+2 1 
#429219" = i x+2a42 dam?) sepeea | ares ret 
a : dx 
= 2log (w?7+24%+4+2)+ eee 


J 


= 2 log (a?+2a%+2)+tan™? +1), 
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fre Rata olan. pee af 


2a7+6x41 227+62+1 


if 4246 i, be z | dx 

4} 227+62+1 2 |2a7+6a41 

=i eeaweter-— | aster 

=) og (2a7+62+1)—- rel ane ee 
= Sto og (22°46 241)— i ‘svt get 
=| log (2284+ B24 1)— 7510 eee 


ao fe SP 4x-1 e 42-1 
[Rae Ss | SS nee ss iz we (a a 


2(22)-1 2a 1 
=1 — 7 = i7?- a ——— 
5a | ae dx 3a —2 Janene 


= $a°— 2log (2?+4) +3 tan! 42. 


Examples XLIV. 
Integrate the following: 


1 eH, 2, $228, Nica 

* a? +9 * gt * gt+a 

- l-a : 6243 y j 4x—5 , 
“7-2 * 2 +44413 * 2? -2a—-1 

. 82-3 ; = 3-Qea : - 5a—1 ; 
* 2a74+22e4+1 *32°+62-1 “ge? —8a4+5 

Ad eas nN & hea SL, Sits 
* 2? —Qa4+5 * 2? -62+4+10 “ 4a*-10a-—3 

# a —atl ik we -3ae+2 A z’?—1 ’ 
‘ot +atl1 * g?-2243 * +5446 

oe Oe Tal ee eaten o: 
a? +an+a g+l “go +2 ax—a? 


127. 8. Denominator of higher degree than the second. 


If the denominator breaks up into rational factors of the first and | 
second degree, use the method of partial fractions. 

To illustrate the various cases which may arise, three examples 
will be worked out, in the first of which the denominator resolves 
into three factors of the first degree ; in the second, into one factor 
of the first degree and one of the second degree; and in the third, | 
into a factor of the first degree repeated and one of the second degree. 
In each of the constituent fractions, we take a numerator of lower | 
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degree than the denominator, since the given fraction is of this type, 
i.e. for the numerator of a partial fraction with denominator of the 
first degree, we take a numerical quantity A (as in Art. 123); for the 
numerator of a fraction whose denominator is of the second degree, 
we assume an expression Bz+C of the first degree; if the given 
fraction contains a repeated factor (x—a)? in its denominator, 
a fraction with denominator (c—a)? and numerator Bz+C might 
be assumed, but this would resolve into two simpler fractions 
ae ——,,, and these are therefore taken as the partial fractions 
x—a (~—a)* 
corresponding to a repeated factor (x—a)*. Similarly, to a repeated 
factor (x—a)’, in the given denominator, would correspond three 
fractions — a a and so on. 
For a complete account of the general theory of partial fractions 
_ and the integration of rational fractions in general, the student is 
referred to treatises on Algebra and more advanced works on the 
Integral Calculus. The examples here considered are sufficient to 
enable the student to deal with most of the cases he is likely to meet 
with in elementary work. 


Examples: 
: a+] 
(i) laa dz. 


Let 


Clearing of fractions, 2?+1= A(x2?—4)+ Ba(x+2)+ Ca (x—-2). 
To find A, put «=0; “. 1=A(—4), and 4= -}, 
To find B, put «= 2; . O=B.2.4, and B=&. 


To find C, put x= —-2; »«. 5=C.-2.-4, and C= 
x —— 1 “ 5 5 
w+1: va 5 5 
(35 da = — bite atk + slog (# +2), 
ee r M5 
w aaa 


x ec. Bric 
Lak (Q—a) (@ +4045) 2—-a* Padets 
Clearing of fractions, #2 = A (x?+4a+5)+ (2-2) (Bx+ C). 
To find A, putw=2; .«. 2=A(4+8+5), and A= x. 
To find B and C, we must’ compare coefficients. The expressions being 
identical, the coefficient of any power of x on one side is equal to the 
coefficient of the same power of @ on the other side. 
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Comparing coefficients of 27, 0= A-B, 


comparing constant terms, 


Hence the given fraction 


2 dx 
and ee eee reas Sh Os ges 
a leas aca re Piz 


I 


I 


(ii 


Let 


Clearing of fractions, 
To find B, putz=1; 


(w@— 1)? (2? +1) 


whence B= A = ;*; 
0=54+2C, whence C= -—$A= — %. 


dz 
= (a*+1)° 
A B 


ms 2 i 22-5 
—17@—2) + 1744045)" 
(2n+4)-9 | 
w+4a+5 
2 ore de 
Flog (@-2) + fe | tA ae - @+2)F+1 


— 7, log (2 —x) + yy log (a? + 42+ 5) — 5% tan (a +2), 


Be Fig OTD 
gab (ead ata 


L=A (a—1) (x? +1) + B(x? +1) +(Cxe+D) (x-1)% 


Comparing coefiicients of 2°, 0=A+C; 
comparing coefficients of a, 0= —A+B+D-2C; 


comparing constant terms, 
Subtracting the last equation from the preceding one, 


and C=}; 


1 
= es —4, 


Hence the given fraction 


1 1 


1= —A+B+D. 


1 
es — g log (w#—1) — 


Examples XLV. 


Integrate the following: 


1 
1 2 (a—1)' 
a 
" (@—1) (w? +4)’ 
1 
* g? (at +1) 


x? 


x 


Pier gress Gare 
xi+a?-2 


10. 


1 
* ¢(a?+1)° 


2 


5 x 
‘ (a@=1) (2e4+1) 
1 


8. ara: 


1 


M+ (etl) @+2e42) 


a3 


Mee BG 


1=B.2, and B=}. 


-—l=—26, 


and D= A-—B+1=0. 


= ~9@—1) * 8@—1) * 2@ FI)’ 


eo ica 2 lf 2e 9. 
(@—-1'@41) 2) 2-1*2) @-ipt 2) ol 


+ slog (aw? +1). 


1 
* B—8a7+2x° 
ie Pisieyorol 
~ (w—1)? (x41) 
xv 
9. @—1) 


UPS Serpe fo 


15. 
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16 we 1 ee : piped 
‘(-tp@—4)) TU Toa 248" 
19 elise 20 de wien DAL gly 
" #432742 ‘2 (l+a+a)” ott 4 
4x7+3 a? 1 
ee w—daert4 ad l+a°+a* ad (w—1) (@*+1) 
at a es 
oe ge aC: (a?=1) (2a?+9) eg Ea 


128. Integration of irrational fractions of the form 

prt 
V (ax? + bx+ 0) 

Many irrational expressions can be salionnlied by a suitable 
change of variable, as will be explained later on. We will here 
consider a fraction whose numerator is constant or of the first degree, 
and whose denominator is the square root of an expression of the 
second degree, i.e. of the form v(ax?+bz+c¢). It should be noticed 
that the form ~/[(ax+b)/(ce+d)] is reduced to the form just 
mentioned, by multiplying numerator and denominator by ~(ax+ b). 

We must begin by adding to our list of standard forms. It has 
already been shown (Art. a that 


ESS vV (a?— 2?) ee = sin } () 
and (Art. 104) that lag ae ieee (ii) 
loos a Tignes = cost 1 (iii) 


It should be noticed that the last two integrals can be expressed 
in the alternative tg 
loess Veta) +e 7 = log [w+ V(a?+a°)]. (iv) 
as follows from an example worked in Art. 98. 
It was shown in Art. 94 that sinh! = log [w+ /(a?+1)], and 
that one of the two values of cosh # = log [a+ /(a?—1)]. 
In exactly the same way, the more general results 


24 92 
sinh! = log ee: 


a+ V(x? —a?) 
a 


and cosh7! - = log 
can be obtained. Since 

log {[a+ v (x? + a*)]/a} = log [w+ V (a? 4.a”)]—loga, 
da 


it follows that the two alternative forms given above for 


_ differ only by the constant term loga. See Art. 76, 
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Taking now the fraction mentioned above, 


(1) Let the numerator be 1. 

Divide the expression under the root by the numerical value of 
the coefficient of x, and complete the square of the terms which 
contain # ; the integral reduces to one of the three forms above. 


Examples: 


LE dae sinh be Gh 
Ve+4a+i3) ~ | V[@rareo] ~ BB gy by Gh), 


or log [#+2+/(2?+42+13)], by (iv). 


‘ dx 1 ae oy x 
v¥(8—5x—82") ~ 4/3 | V(§-§a—a") zl V7 [et — (e+ 6)’] 
1 5 F . _, 644+5 
Se sin—! a by (i), = 43 sin" “ : 


ee ae a dx 
eicse) =| Fase y J/2 =e 


3 
— ya] Term ~ ene hy 
= 3008 he? soto or log [a+ 3+ /(a?+32)]. 


Examples XLVI. 


Integrate 
1 eel Se . 2 a Fe 5 3 ai oe C 
" / (a? + 2x +10) * VW (a? +102—11) ' V7 —6x—2") 
4. tak 5. i Met Bie ay . 6. peat oe 4s : . 
V {a (4—a)] V(x (1+z)] V [(w=3)(#—4)] 
1 1 1 
1 Vieta)@-) © Vdse—@aer37) * Viz8—Ia)] 
1 1 1 
aed V/ (22°—72 +5) =i (8+ 32-2") = V (9a? —4ax) 


129, (2) Numerator of the first degree. 


Since the d. c. of 2 = 32%, it follows that the d.c. of uw} with 


; . $du/d. 
respect to «= }u-*xdu/dx, which may be written 2 Fe = 


fraction whose denominator is “« and whose numerator is half 
the d. c. of u. 


Conversely the integral of such a fraction is Wu. (This again is | 


really a particular case of the method of integration by change of 


1628 R 


Nota 
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variable, to be considered in Art. 181). Hence, proceeding on the 

puta 
WV (ax? + ba + c) 
numerator equal to k x (} the d. ¢. of the expression under the radical 
sign)+l, where, as before, k and J are constants whose values in 
a numerical case are evident on inspection. The integral breaks up 
into two parts, of which the former is a fraction of the form just 
described, whose integral is therefore equal to the denominator, and 
the latter is of the type considered in the preceding article. 


Examples : 


same lines as in Art. 126, to integrate , put the 


sa. _ | 2(2e—-2)42 
Vie (@=2) V (xx? — 2) 
we) 
(a? — 22) ha 212 | ooo —2zx) 


= eel ate 
= /(a?—2x) +2 cosh (a —1). 


- (8 x4 (4e4+1)- ia, 
irs | Tess +u— Than V (22° +a—8) 
4 (4x41) = dx 


3) Jesta—5) 2) VOaaead 
=> bv (228+ 0~8) - 


d 
i7| Tea D 


iti <a] eT 


4x41 
whe 2 ig@orte\ ri : 
=F Vee +a-8) 7700 5 
Examples XLVII. 
Integrate 
7 Tes “: x+1 . 2x—-1 . 
A (x? +5)  (a®—1)° * /(4—2°) 
2 2x43 
4. a ere ~ 5. ——_—_——""——— ¢ OO 
Aces) Tia S: 745246) 


= 


Nites E - Fieeaay" pe J (=) 


8a—4 
10. (6a +4047). 1. A/ (2): 18. eae)" 


| 
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130. Standard forms. 


All the standard forms which it is absolutely necessary to 
remember have now been mentioned, and it will be convenient at 
this stage to make a list of them. They are:— 


ped ela for all values of <cept n= —1 
i Seay be values of n except n = —1, 
and in that case, ie dx = log x. 

[ease 

| sine de = —cosz 


[cose dx = sin x. 


sce a dx = tan x. 


1 au 
2a Ve 
lapa® tan 5 
1 1 atx 1 x 
2 2 = = 2 et 
Tf <a? = qi tt = 5, los 7 zl g tanh 7 
J r—a 1 
2s 72 eS 1 
If z?> a’, lao 3 da = = log ae = coth-} a 


Rede as: 
dx = sin! — 
a 


ee 
lanes dx = log [w+ V(x? +.a7)] or sinh“! 
laece = gr alonile V (2? —a?)] or cosh— ae : 


Also the rules of Art, 75 =, us to write down at once the a 
when z is replaced by ax+D. 


131, Integration by substitution or change of variable, 


This is the most frequently used of all the devices for converting 
expressions into standard forms. Particular cases of it have already 
been considered in Arts. 75, 125, and 129. It will be seen from the 
proof below that this method of integration is the converse of the 

method of differentiating a function of a function (Art. 34). 
R2 
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The theory of the method is as follows: - 
Let y =| J (x) dx; it is required to change the variable from 2 
to u, where wu is a given function of x. 

Since i= i J (x)dx, dy/dx= f(z), 


a y =| fc). 5 au, 


: dx 
i.e. |r @dz= | T (2) vm du. 
Conversely, if (interchanging x and w in the result just obtained) 


an integral is recognized to be of the form | tT (u) ae, it may be 


replaced by |r (u) du. 


The latter is a form of the theorem which is very convenient for 
use, i.e. the integral of the product of f(u) and du/dx with respect 
to x is the same as the integral of f(u) with respect to vu. The 
difficulty in practice at first is to determine what function of x should 
be adopted as w in any particular case, and it is only experience 
which enables this question to be answered readily. If the theorem 
is used in the form last mentioned, it must be borne in mind that 
the substitution adopted must be such that 

(a) one factor of the given expression supplies the du/dx which 
has to be introduced, and 

(b) the rest of the expression is easily expressible in terms of u. 

The following examples will illustrate the method. 


Examples : 


(i) /sintxcosadx. Let snz=u. .. du/dx = cosa, 
and the integral becomes 


M 5 
| us ba dx = ig du= oe ye 
dx 


(ii) | es dz, let. cosr=u .. du/de = — sina, 


and the integral becomes 


ed ly hlbu'f ds amen eNRgaie ol 
u” dx iT] wu ntl (n=1)u™? 
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(ili) fa? /(a3 + 25) dx. 
Here, since a? is (save for a constant factor) the d.c. of a3+2°, which 


occurs under the radical sign, let a@+a%=u; .. 327 = du/da, 
The integral becomes 


ld 8/2 
Is = vu dx = |v du = 3 5 = Glatt 
2 


(iv) /a (a—bx?)" dx. 
Let a—ba? = u. . —2bx = du/dz, 
and the integral becomes 


Sys ae Co : dl ia 
2bd 5y) = — ob nth 
seek (a = ba’) n+], 
rd 
©) Ss = 
In this case, since the numerator 2° is } of the d.c. of the denominator, 
let atao'=u. .. 62° = du/dz, 
and the integral becomes 


1 1 du i du 1 i : 
he 6 dx PIES u = ¢ logu = glo og (a°+2a°) (see Art. 125), 
5 ‘ x 
oi) [aan 


In this case, since the numerator is only 2%, let a2 =u, and then 
32° =du/dx. The integral becomes 


1 1 du 1 du 1g A a) 1 an Oe 
es ee a= 3° 3 tan 3g = 3s tan 


Generally, if the function to be integrated is the product of x7} 
and some function of 2” or of a+bx", which is recognized to be of 
a type whose integral is known, the substitution 2”, or a+ba",=u 
will effect the integration. 


Examples XLVIII. 


Integrate: 


1. sin?x cosa, 2.-cos* @ sin 2. 3. v/(a? +27), 
Se Beant” & ea), 
3 2 
” Gai © mae Tea 
10. x(a? +2”) 11. x? (a—<x)", 12. 2 (a—ba")’, 
13. & 5° 14. = “= 15 ae = 
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16 oh 17 =i Pigs 
Vee) (a= a) vi 
s/s Bove COSx & b 
19. a? (a? —2)8, 20. is aT 
e sin x F " 
22. Le 23. Tadiowe 24. cos x(1 sin x) ° 
] n 
ny eae ag, (08 2)" , 27. tan xsec?a. 
x x 
. : secta sect ar 
28. tan” aw sec’ x. 29. jetta: 30: Tsien 
31. (1+log x)*/z. 32. e*(1—e”)". 33. (cos 4/x)/4/x- 
aa sin la He x aa cos x 
* A (1-2) * / (a'—16) * /(2—sin? a) 
sy, sine __. cn u PRL Ta al 
" (a—bcos x)? " ¢(1+logx)? " / (6-5 2? —z"4) 
a? 
bo +4a4 5° 


132. Further examples. 
In some cases it is more convenient to proceed as below. 


Any algebraical expression involving only the one irrational 
quantity //(ax+b) can be rationalized by the substitution az+b=u? 
as in the following examples, and then its integral can be found by 
the methods of Arts. 122-127. 


Examples: 


(i) (< 9) dx 


Denoting the integral by y, we have owt Elo 
‘ dx / (+2) 
Let x+2=4); .. dz/du=2u, and r=u?-2; 
dy = da = _ (w—2)? lip wat “ 
du dx du BOVE) we <a ee ee 


y= ae —4u°+4) du = 2(tu5—$u8+4u) = 2u (tus—$u? +4) 
= 2 /(x+2) [b (w+ 2)?—4 (w+ 2) +4), 


@) eae 2 va. 
dx 
oy. Lf et = 2. ee — = 
Here a 33 2 Let w= u?; qu 2u, 


du dx du s8+u 
. give teers | Lee 
a. y= 2 gt du 2 | [1 oi du = 2[w-3 log (3+4)]. 


= 2./x—6 log (8+ x). 
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see dx 
Gy l= V(@a—1) 
dy 1 


Here dz x+/(@x-1) Let 22-1= x4, 


dx 
2 =2u, and x=3(14u"), 


dy _ _9y da 1 Qu _ Qu 


du dx du “1 Sees ae 


° 


| du, by partial fractions, 


ya2| ¥1 2 [4 - ey 
Ss 2 
maid |) = Jes Lee 
net (td)? oes 2log[/(2a— 3 ae yee Det 


Sometimes two gn beh dd in succession are needed : 


- d 
Gv) | Goan 


dy _ 1 a Lec nt, eed 
dx (a?—a/? es ere gaat 
a et ee ee 
du dz du (@—1/feP* ~~ (v1)??? 
x oF udu 
oe oe j (a? u? — 1)8/2” 
Now let a’w=z; .. 2a%u =de/du. 
Ge du 
z 2a? du’ i dz 1 =r 
oo = eet ee ee =~ gia] @-0 a 
Pee Ciera yeh indi 1 ied ae filjiacey 
oo 28° -i a (z-1)'/? a? J/(a?u?-1) a? / (a? —2?) 
i dx 
84 it overs. roe ams se 
| a vf (x? — a?) 
dy _ il . ; Sreane ; : 
de ea making the same substitution as in the preceding 
example, x=I1/u, and .. dx/du=-—1/u’, we have 
dy _dy dx _ 1 — ick: -1 : 
du dx du 1/u. /(1/u?-a’) ue (1—a*u?)’ 
R du tee ee OE) otgl eae 
ne y--| aya au = —= sin) = or — —cosec™?” 
1 


Any expression of the form (GB) (aa? + be +0) can be integrated 


by the substitution used in the preceding example, viz. —k= 1/u; 


the expression is thereby reduced to the form V(Aa+ Bet Cy’ which 
has been already considered in Art, 128. 


| 


248 METHODS OF INTEGRATION 


é dx 
c) iE (ax” + b) : 


This may be written if 


n—-1 
x” (ax” + b) 
by substituting 2"=w4, nx”) = du/dx. 
1 du 4 


The integral becomes faa? Be dx“ ak a 
u (au +b) au+ ae 


1) bie 
3, [log u—log (au +2)] = nb! OCF ae: 


The integral can ae be found by substituting 2” = 1/u, and the method 
of finding da/du should be noticed. Since #” =a, it follows that 


dx, and therefore can be integrated 


nlogx=—logu; .*. differentiating with respect to u, 
dees LE Ray eS 
adu w’ dus nu 
OY oO ig Ne ee 
du dx du  x(a/w+b) nus n(at+bu) 
1 1 b 
Whence y= — log (a+bu) = — 5 log (a+ =) 


an 
= — log —_—_., as before. 
aD Gaze 


Examples XLIX. 


Integrate 
x Fo J/(14+2) 
I. —A~—— * ———————) » wee ee 
V(=) * V(a—2) “jo°2 
"  £+6 " J/x-1 a 
1 
Liars /i=a)- 8. x/(x+2). 9. x /(ax+d). 
10. ima eey A ————_— * ————_——— 
1+ /2 i: Vx (3 +2) 2. xJ/(a+x) 
1 1 1 
Oar 1 Gra Ww Tea 
1 1 1 
i686. ——_,~————. > 17. —_“__—e Se eee Lee 
a / (a +a +1) 1 J (@—N) 18: G41) JU 4a) 
19. iT). a a ee a! .————_. « a een 16 
x /(1—-5a—-22") 20 (a? +4a@+5)92 21, a /(1+2) 
22 La iS 23 1 a 8./x 


34+22 * 2 /(a?—2*)” re 
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1 1 1 

2. aay) 20. ray" aT. aa" 
1 1 1 

sg a (38-22%) : x(1+a?)?” oe x (1+a)?3° 


133. Integration of the circular functions. 
We have already, in the list of standard forms, 
/singdx=—cosx, /cosxrdx=sina. 


sin ae 


Also [ tan ede = lise x = —log cosa, 


ect ede = Ja ee de = logsingz (Art. 125), 


cosz cos x 
see x dx = a | enn 
cos ae cos? x 1—sin? a 


e ° d a d 
=(if sinz=w, and .. cosx=du/dz) {7S da = i 1 ae 


zt 1l+u 1 1+sinz ; ee: 
=5! rae Se are which reduces to log tan(7 +5). 


Similarly, /cosec w dz, if cosz =u and.*. sing = — a becomes 
an erg which reduces to log tan” 
2°°8 Ty cosa’ Se om 

The two latter integrals can also be obtained as follows: 

1 1 1 

C = ———— | eae (See ee 

[eosee a lac” ie sin 44% cos $x a 2 tan $2 cos* aa 
Peapkt 
ag fe ip la, by Art. 125 
=| ear dz = log tan 3a, by Art. - 


Then /secxdx = /cosec (}7+2) dx = log tan (17+ 32). 
= 


134, Integration of the squares of the circular functions. 

The first two of these occur very frequently, and the results, 
together with the method of obtaining them, should be carefully 
noticed. 

Ssin® « da = /} (1—cos 2x) dw = } (v—} sin 2x) = }x—1 sin 22, 

JScos*? x dx = /} (1+ cos 2x) dx = 3 (x+}sin 2x) = $x+} sin 22. 

[Since sin?z+cos*# = 1, it follows that the sum of their integrals 
= /1dx = 2, as is obtained by adding the two preceding results. ] 


| 


nN-B. 


{* 
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JS tan? x dx = / (sec? x—1) da = tanrz—z. 
JS cot? x dx = f (cosec* x—1) dx = —cotx—&. 
JS sec? « dx = tan x. 
J cosec? x da = —cot x. 
The integral of any function of cosa, cots, or cosecx can be 
deduced from the integral of the corresponding function of sin 2, 


tan x, or secx respectively. 
E.g. /cosec? ada = /sec® (47+) dx = tan (7+) = —cota. 


185. Further examples of trigonometrical integrals. 


A few more examples of trigonometrical integrals, which illustrate 
some of the various devices which may be adopted, will now be 
given. 


Examples: 
(i) /costx sin’ x dx, 
_ Let cosr=u; .°. —sina = du/dz. 


From the sin®z, one factor sin is taken in order to supply the necessary 
_ du/dx, and that leaves sin?z, which can be expressed in terms of u (it is 
equal to 1—w*) without introducing irrational expressions. 

Hence the integral becomes 


ies - wax = ~ | (taut du= — T+ pu 


= }cos’x —}cos° a. 


In this case, let sina =u, then cosa = du/dz. 
As in the preceding example, the integral now takes the form 


| [“".¢ el ae — | (Jp-1) dum ~ 1 w= ~ coreee—sing, 


The Pts, Ssin™ xcos"x dx can always be obtained as in the last 
two examples if either m or » (or both) be an odd number. If the index of 
sing be odd, put cosa =w; if the index of cosa be odd, put sinz =u, 

The integral can also be found when m+n is an even negative integer, 
by the method indicated in the following examples. (See also Art. 141.) 


(ili) bey dx = | cot x cosec’ x da. 
Since cosec?a = — the d.c. of cota, let cota =u. 
-. the integral becomes 
oo es dx= —' u'du= — 2u®= — = cot’a, 
dx / J 
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(iv) /sectx da = /sec?x.sec? x dx. 
Let tane=w, sec?a=du/dx, the other seca =1+tan?x=144, 
and the integral becomes 


du 1 1 
a Vises = 2 = ame a 8 
[as fara faswyau utsu = tan a+ 3 tan com 


1 1 sec! a 
(v) sin? x cos? x oma lear cost x oh le we 


2 2 
= |=E dx = (as in preceding example) | C= +#) a 


=/(1/u? +1) du = —1/ut+u = tanx—cotz. 
The product of a sine and a cosine, or of two sines or two cosines, 
can be integrated at once by expressing it as a sum or difference. 
(vi) /sin2xcosxdx = /}[sin 8x+sin x] dx = }(—}cos3x—cosz). 
(vii) /sin 38x sin 4a dx = /3[cosx—cos 7x] dx = }(sina—}sin7z). 
It should be noticed that any rational function of sin # and cos x 


can be transformed into a rational algebraical fraction (such as is 
dealt with in Arts. 122-127) is the substitution tan}a= u. 


du i dx 2 
Then a poecthe = 5 5 (1+), and Ha: 
2tan4a 2u 
. = Bnet 1 = 2 ele . 
sin # = 2sin} #cosgx tanks 1 ae 


1-tan?3e2 1-2 
iat, emit” 

The integrals of Arts. 133 and 134 are all included in this case, although 
there some of them were obtained by simpler methods. Two other examples 
are here given. 


(viii) | tee 


Denoting it by y, we have 


cos x = cos*?3. x—sin’? 4a = 


u 
~ 5+4c0sx 
dy _ dy dz 1 y 2 
du dx” du 5+4(1—w)/((1 +0?) * 1402” 
(making the substitutions just mentioned), 
2 2 


= 54 bw edd Tea 
— 2 a _ 2 45 a ° 
cy | opmae= gta 3 = gtan 3 tans 
f dx 
(ix) i T2+i3sinaz 
. eo d ] H 
Denoting it by y, S = 124+13sinz’ 
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dy dy dx 1 2 2 


"Gy — dx * du ~ 12418. 2u/+u ~ 140 — 1241204 260! 
foys)| eee ee Ll (ge 5- acca) am 
- Se eaTHOueH “| 8u+2 2u+3 
(by partial fractions) 


1 ‘stan yee? 
= 5 [log (8u+2) —log (2u+3)| = 51 Bath £2 


8 2 tankat+3 


Examples L. 


Integrate 
1. tan2a. 2. cot ma. 3. sec} a. 
4. cosec 32. 5. cosec (a/a)- 6. tan?4a. 
7. cosec? nx. 8. sin’ x. @: Cos’ x. 
10. sin’ x cos‘ x, 11. sin” xcos* a. 12. sec’ x. 
A 5 + 38. 
} 13. a 14. re" 15. 4 =. 
| 16. costa. D7 taney: 18. cosec‘ x. 
19. tan® x. 20. sec x cosec 2. 21. tan®z. 
22. sec® a cosec 2%. 23. sec? x cosec? x. 24. cot’ x. 
25. sin? x cos? x. 26. sin®z/cos’ a. 27. sin‘ x. 
cos? & 1 1 
mi ae pe l+cosa eee 
31. a 32. a 33. ell . 
l+sinz l-sinz cos xsin’? x 
34. sin 4x cosa. 85. cos2x cos 32. 86. sin mx COS Nz. 
37. sin px sin gx, 88. sin? x cos 32. 39. cos?asin mx. 
cos? x sin? x 1 
40. cosa ot ie 43. Ty bce 
| 43. Peers 44, LES» 45. 1 Uta 
13485 sin x 148 cos? 25 —24 sin? a 
| 46. ee aoe 47. pee 48. —— 
4cos?a@+9 sin? a l+tanz sin’ x cos’ 
| 49. hie . 50. el let e 
2+sinx 5—38cosx 


136. Trigonometrical substitutions. 


Many algebraical functions which involve the square root of a 
quadratic expression can be rationalized by a trigonometrical sub- 
stitution, and their integration is often thereby simplified. E.g. if an 

expression involves the irrational quantity V (a?—.?), the substitution 
of asin@ for x changes v7 (a?—2?) into ¥[a?(1—sin?6)], ie. a cosd. 
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The substitution «=acos? would of course serve equally well. 
These are legitimate substitutions, because asin@ and acos@ can 
have all values from —a to +a inclusive, and these constitute all 
the values of x for which V (a?—2?) is real. 
Examples: 
(i) SV(@—2") da. Let x=asind; .. dx/dd=acosd. 
Denoting the integral by y, 
dy _ 5 _ dy _dy dx Ape 
aS ov (a? —<x*); gon Geiger acos@.acos 6 = a’ cos? 6, 
 y=a/cos?6dd = }a?/(1+cos24) dd = }a7(04+}sin2 6) 


= $a? 6+ }.a'sin 6 cos 6 = ha’ sin— (x/a) +} 27 (a?—2?). 


(ii) i ie Ota == COSO 1s Nes on —asin 6, 
ada d 2: 
= a. = aide a) x -asin@= a x —asiné6 = —tan?é, 


y= —/tan?@.dd= — /(sec?d-1)d6 = —tan6+6 
= cos) (a/a) — /(a? — x?) /x. 

Similarly, an expression which involves /(a?+4<7) is rationalized 
by the substitution x= atan0, which makes ~¥(a?+<7) into 
7 [a* (1+ tan?6)], i.e.a sec 0. The hyperbolic substitution «= asinh wu 
will do equally well in this case: it changes /(a?+27) into 
¥ (a? (1+sinh?)], i.e. acoshwu [Art. 92], and may be used if the 
student is well acquainted with the simpler relations between these 
functions. Some of these relations are required in the integration, 
and in restoring the x after integration. 

Again, an expression which involves v (x?— a?) may be rationalized 
by putting = asec 0, which makes ¥ (x?— <a?) into v [a? (sec? @—1)], 
i.e. atan@. The hyperbolic substitution « = a cosh u will also serve 
_ equally well, for it changes ~(a?—a*) into wv (a? (cosh? u—1)], 
i.e, asinh 2. 


Examples : 
(a) leita Let x=2tand; .. a = 2see?d, 
Denoting the integral by y, 
ares a a 
y= 2] ol a6, which is found by putting « = sin 8, a = cos 6, 
and becomes y= : =, pecs Lee ay 
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(Gi) //(a?+0")dx. Let x=asinhu; S = acosh #, 


its oe / (a? +a) x a cosh u = acoshu x acosh u 


du dx du 
= a’ cosh? u = 3a? (1+ cosh 2 u), 
* y=ta'/(14+cosh2u) du=}a? (ut+4sinh 2 wu) 
=ta'ut}a'sinhucoshu (using the results of Ex, XXXII. 12) 
=}a'sinh™ (x/a)+$a/(a? +2"). 


It should be noticed that the values of the standard integrals 


py te a 
V (a?— 27”) -* a?+ a? 
can be worked out by this method, by substituting = asin @ and 


x = atan 6 respectively. 


The substitution 2 (or x—k) =atan@ is often useful in dealing 
with certain types of rational expressions. 


E.g. to find ot we may write #?—2x2+5 in the form 


(a—1)?+4 which, if e—1=2tan6, becomes 4tan?6+4, i.e. 4sec? 6. 


Denoting the integral by y, we have 
dy _ dy dx 1 2 sec? 6 


See bed ek ei os ys oe ye ea . 
Gan a db GRRE SUT en! = eectat Ore mame ne 


Y= Pps/(1t+c0s20)dd = 3% (6+4 sin2 6) = j; (6 + sin 4 cos 6) 
1 2-1 x-1 2 
| Nec Vi@-1)+4] * Tera] 
Ue eye, £2,eeD) 
id vibra PLA 


187. A useful substitution. 


It should be noticed that the expressions /[(c—a)(8—z)], 
1/7 [(cx—a)(8—2)], and V[(a—a)/(B—2)], where 8 >a, are all 


rationalized by the substitution 2 = a cos?0+£ sin? 6, 


This expression admits of all values from a to 8 inclusive, and it 
is just for these values and these values only that the preceding 
| expressions are real. 


If this substitution be made, 

x—Q becomes (cos? 6—1)+ sin? ), i.e. (8B—c) sin? 4, 

B—x becomes 8 (1—sin? 6)—«a cos? 6, i.e. (8B—a) cos? 6, 
dx/d9 = x 2cos 0 (—sin 0)+ 2 sin 6 cos 0, i.e. 2 (6—a)sin 6 cos 4. 
Two examples are here given. 
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Let w=acos?6+2asin?96; .. x-a=asin?6, 2a—2=acos®d, 
and dx/dé = —2asindcos6+4asin 6 cosé = 2asin6cosd, 
Hence, denoting the integral by y as usual, 


dy wa asin? 6 ; 
dz ‘N2a-x aoe es 


x Fa = tand.2a sin dcos @ = 2asin?d = a (1—cos28) ; 

* y=a/(l—cos2d)dé =a(8—ksin2 6) = ad—-asin 6 cos 4. 
ae 2 = es el mes 

Since #—-a=asin’d, sind a[—, and 6 =sin a/ 7 


Also 2a-—x=acos'd, .* cond = / = 4. 


a 

; Bee A Ee ra. 2a-—x 
. y=asin f= svn a/ e 

“> seein? <—* - [(w—a) (2a—z)]. 
(ii) SY (7#-10-2") dx, ie. S/[(5—ax) (v—2)] dam. 
Let x =2cos*?6+5sin?6; .. x2—-2=8sin?6, 5-x% = 3 c0s76, 

dx/d 6 = 6 sin 6 cos 6 

dy/dx = ./[(5—2x) (x—2)] = »/(3 cos? 6. 3 sin? 4) = 3sin 4 cos 6. 


ae =: dy x = = 3sin6cos@x 6sin @cos6 = 18sin? 6 cos? 0; 


and ewe oh dé = 3/sin?20d0 = ?/(1—cos46) dd 


= 2(0—-} sin 4 6) = 26—% .2sin2 6cos20 
i a ee ze 


what EASE. AMG) (05~) 


= sin ¥/ {3 (@-2)} Soe Mie) (w—2)}, 


Examples LI. 


Integrate : 
dea) (922) 2. /(2*—a?). 8. /(a? +1). 
25 — a? 1 
4. (a? —4): 5. aes 6. eis 
J (1427) a : a : 
as a 2 A (a — x”) &: A (x? +9) 
x? a+a* 1 


0. agiaay ™ Yaa) (e+e) 
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ay x ; 1 : 
is} Fina’ la. Taya 15. an 
a? a—l 5-2 ; 
16. (1-2)? a) 17. (FE) . 18. a/(=5) 
19. »/[(«—8)(7-2)]. 20. /[(x+1) (4—2x)]. 
1 1 
ah V[@+2)(7—2)] 2. 7i@—o) (—«)] 
23. /[(x—X)(8—2x)]. 24. /[(a—2a) (6a—-2)]. 
a AX 2 
25. Gz =) 26. Vesa) 27. Aieed 
1 
28. (a? + 1)?” 29 * @a4das 5) reo 30. (2a?—6a445)* 
x x? 
$1. (w+ 2042)? 32. (+1) ° 


188. Integration by parts. 

There remains one more important elementary method of integra- 
tion, known as ‘integration by parts’. This is the converse of the 
rule for finding the differential coefficient of a product of two 
functions of x. 


We have 


therefore, integrating each term, we have (save for an arbitrary 
constant to be added) 


w ={uS a, dz+| o oe a, 
dx 


du 
whence [ug ae dz = w— -|o% a dx. 


The integral on the right-hand side is frequently much easier to 
evaluate than the one on the left. The method is particularly 
valuable in many cases when the expression to be integrated contains 
such functions as log, or an inverse trigonometrical or hyperbolic 
function. Ifsuch a function be taken as the ‘w’ in the integral on 
the left-hand side, the du/dx on the right-hand side becomes a simple 
algebraical function. 


Examples : 
(i) /2* log xda. 
Take w=logaz, do/dx=a*; .. dufdx=1/z, v=fSardx=}2'. 


We have Sx log x dx = logxxta—/h as. dx 
=X logx—t/a'dx 
= 42 loga—tar. 
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(ii) /xtan™ x dz. 
Take w=tan "2, do/dr=ax; .. du/dz =1/(1+2*); v=32%. 


Satan” «x dx =i 2? tan 32— jae. 


Vera? ee 


= >2* tan 'x—} | [ = iva dz 
=}2* tan? «—} [x—- tan a] 
= }(a?+1) tan a2—-te, 
(iii) /tan a dz. 
In this case, take w=tan a, dr/dx=1; 
dujdo—A/(l 2), v1 =x. 


dx = vton*2-3| a! 


1+? 


tan la dx = «tan ba-— = 
l+2? 


= xtan-'x—dlog(1+27). [Art. 125.] 

(iv) /wsin x da. 

In this case, if sina be taken as uw and x as dv/dz, it will be seen 
that du/dx and v are respectively cosw and 327, and therefore the integral | 
on the right-hand side, /42*?cosx dz, is more complicated than the one 
we started with. Hence take w=a, dv/dx =sinz; 

“. du/de=1, v= —cose. 

We have therefore 


JS«xsinx dx = —xcosx—/(—cos x) dx = —xcosx+sin x. 


(w)ine/ct 2” axe 
In this case (since z? becomes simpler when differentiated, and e?* does 
not become more complicated when integrated) 
let w=27, do/dw=e’*; .». dufde=2x, v= 4e?*; 
= fatel® dum iatet—fLe*x2ade = hate*—/xe* dz. 
The integral on the right-hand side cannot yet be written down at once, 
but it is simpler than the one we started with. Integrate it by parts again, 


taking 
f uw=2, do/dx=e*; .. dufde=1, v=}e**; 


“ Sve i desiaee*—/te* dr= hxc —e', 


substituting in the preceding result, the given integral 


KEPT dx =4 x e*—[Lax e2*—1 02] = 1 e2%(2x7-24+1), 


This is a very simple case of a general method known as integration by 
‘successive reduction’. Many expressions can only be integrated by stages 
in this manner, the integral obtained at the end of each stage being simpler 
than the integral at the beginning of the stage, until finally an integral is 
arrived at whose value is known. Further examples of this method are 
considered in Art, 140. 


1528 8 
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Examples LII. 


Integrate : 
1. x log x. 2. /x logs. 8. «™ log x. 4. (log x)/2’. 
5. xCOSa. 6. xsin ma. TCC Saven 
9. 2° tans) a. VOW. vail es Tesi, 1omloerwa. 
13. a sec? x, 14. x cosec? mx. 15, vsin= a. 16. xsinh x. 
17. acosh(z/a). 18. sinha, 19. cosh! a. 20. 2? sin x. 
21. x’ cosia. DIL, BGG PRL MON, 24. “sin 2a. 


139. Two important types. 


There are two important types of integrals which can be evaluated 
by this method. 

I. /v (ax? + ba+c) da. 

Beginning with the simpler form / v (x*?+ a’) dx, and integrating 
_ by parts, take u = WY (z?+a7), dv/dx =1; 


then du/dxc =a/V(e?+a*) v=a, 
° 2 2 roe 2 
os SV (e+?) dx =a V7 (x? +a?) -| serran® 
=v vy (e?+a)— ese ae 
AW (2+ a?) 


=a (e?+0%)-—S/~V (t+ at) ar+| eto 


Pay 
_ The second term on the right is the integral we started with ; 
therefore, transferring it to the left-hand side, we have 


2S Vv (02 +0") dx =a Yereaea | Toe 7a 2) 
: = ¢v (x? +a7)+ a? sinh} (a/a) ;x 
a SV (a? +0) de = ka V(x? +07) +4 a? sinh (#/a). (i) 
Similarly / v (a?—2*) da = 4 avV/(a?—2*) +} a? sin7) (2/a). 
Sv (x2 —a?) dx = 4 x /(2*—a?)—2 a? cosh (x/a). 
Notice that, in the second line of the working as above, the 


numerator x? is always written as the sum or difference of a? and 
the expression under the radical sign in the denominator, 

In the general case / v7 (ax? + ba +c) dx, if we divide the expression 
under the root sign by |a@| and complete the square of the terms 
which contain x, the integral reduces to one or other of the three 
forms mentioned abovey and therefore can be evaluated. 
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BE. g. / J (207+ 6x+5)da=J2/J/(x2+8x4$§) dx=/2//[(x+8 2411 dx, 
which is the case worked out in full above with x and a replaced by «+3 
and 4 respectively ; therefore from (i) the required integral 


= 3.4/2 (e+) V[(e+9)? +3] 44/2. dink 278 
3 
} (2a438)/(207+6e+5)+2/2. sinh (2 2+8), 
It is of course not desirable to attempt to remember results such 
as (i), but in practice it is most convenient to go through the working 


for the simpler case as given by (i), and make the substitutions in the 
result as we have done in the example immediately preceding. 


Il. /e*cosbadx and fe sin be dex. 

These integrals are of importance in the theory of electric currents. 

If each integral is evaluated by parts, the other one is obtained, 
and therefore we obtain two equations to solve for the two integrals. 

Starting with the first integral, and taking 

u =e, dv/dx = cos bx; and .. du/dx = ae, vy = (1/b) sin ba, 
we have /e cos bx dx = (1/b) e sin bx—(a/b) /e” sin bx dx. (i) 

Similarly, taking the second integral and again substituting 

“=e, dv/dx=sinbs, .°. du/dx = ae, y = —(1/d) cos b2, 
we get /e% sin bx dx = —(1/b) e* cos ba + (a/b) fe cosbxdx. (ii) 

If the value of the former integral be required, we substitute the 
result (ii) in the last term of (i); if the latter integral be the one whose 
value is required, we substitute the result (i) in the last term of (ii). 

In the former case, we get 


Oh et i 0) 
[ets cos te de = AP — 5 | OEM + 5 | emrcon dade | 


AL ot 
= ome + i e"* cos ba — sz | e* cos bx dx, 
be” sin bx + ae™ cos b 
whence (1 + -i ) [es cos ba dz = ee 
e*% (b sin bx +a cos bar) 
. an i ‘ 
ae fe cos ba dx Pie 
"s ‘ e% (a sin bx —b cos bx) 
Similarly, lex sin ba dz = eae . 
Examples LIII. 
Integrate : 
1. /(x?— a?) 2. /(a?— 2). 3. 6/(824+22). 
4. /(12—82"). B. /(x? + 2045). 6. /(6-5 2-2). 
7, /(32°+42—7) 8. (8-5 2-82"). 9. +/[ax (8 2-2). 


s 2 


| 
| 


260 METHODS OF INTEGRATION 


10. /[x(5-42)]. ll. e* cos2 x. ~ 12. e& sin 5 x, 
13. e *coska. 14. e "sin ax. 15. e” cos? x. 
16. ¢?* sin? x, 17. cosh xsin x. 18. sinh x cos x. 
| 19. sinh xsin x. 20. e-*4/" gin pt. 21. e~ */¥ cos (pt t+). 


140. Integration by successive reduction. 


| A large number of expressions can be integrated only by the 


| method of successive reduction, which consists in making the integral 
| depend upon a simpler integral, then again reducing this to one 
simpler still, and so on until a known form is obtained, as shown in 
| the following examples. 
| Examples: 
(yaa emer? 
_ Integrate by parts, taking w= 2", dv/dx =e; 
du/dx =nz"-!, and v= e/a. 
Sx eda = x" &/a—(n/a) fa" e%* da, (i) 
_an integral of the same form as the given integral, but in which the index 
of w is reduced by unity. By repeating the process, changing into n—1, 
the integral is made to depend upon /x"~’ edz, and so on until finally 
fe" dx, which is e/a, is reached. Of course the actual process of in- 
tegration by parts has only to be carried out once for the general case, and 
then all the successive steps follow by substituting numerical values for n. 
Equation (i) gives the ‘reduction formula’ for the given integral. 
Taking the particular case, n= 4, a=2, we have 
SEC de ai2e*-1/ee* dz, patting © = 4 in (i), 
= date —2 [bad eP*—38 fx? e’* dx], putting »=3 in (i), 
= fate’? —a +3 [ha e*—3 fxe’* dx], putting n= 2 in (i), 
= at oe? * — a8 2% 43 x? ot —3 [2 xe? *—1 /e?* dx], putting n=1 in (i), 
= $a ee Ee oe KS pe ee ee 
=e?" |2a'—4a8+62?-62x+ 3]. 
(ii) /a" cos ax dx. 
Integrate by parts, taking u = 2x", dv/dx =cosaz; 
°. du/dx =nx", » = (1/a)sin az. 


nn ti 
Ya n . 
[= cosax dx = — sinax — a] at! gin ax dx. 
a a 


n—1 


ee ; x n—1 
Similarly |a""'sin aw dx = — cosax+ —— |a"-* cosaa dx. 
a 


Each step reduces the index of x by unity, and the trigonometrical factors 
are sinax and cos aw alternately ; the process is continued until finally the 
integral reduces to either /cosax da (if m be even) or /sinax da (if n 
be odd). 

In the same way /ax"sinaxdx, a” sinhaxdx, and /x"cosh ax dx 
may be found. 
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141, Evaluation of /sin™®@ cos”6 dé. 


This is an integral of frequent occurrence, It has already been 
mentioned (Art. 135) that if m be odd, the integration is at once 
effected by taking cos? =u, and if n be odd, by taking sin # = u, 
and also that the integral can be found when m+n is an even 
negative integer. Several examples of the latter case were given in 
that article. The integration can always be effected in this case by 
substituting tan é@= uw; 

a dé 1 : u 1 
“. d@=tanly, —=— — 6 =—_—.—_, =——; ' 
sy Tapas kor V7 (14 u?)’ eld Vv (1 +4?) 
dé dy 1 (1412)? 
.g if y= | = : = = : 
eee: a: dé sin? 6 cos? 6 a, 


dy dy dé (1+u?)? 1 l+u? 1 


du dO dus @ OCU d+? 
y =/(1/w+1) du = -1/u+u = —cot 64+tané. 


Le dé d 1 
Again, if y = | sara = ie (1+u2); 


es = : = = (1+?) x eer as (L4+u?)? =14+2u?+u'. 
y=utset+iu’ = tan6+#tan' 6+} tans, 
Generally, | 355 d6 [in which the sum of the indicesis —2p] 
= /tan™ 6 sec?? 6 dé 


= /tan™ 6 (1+ tan? 6)?! sec? 6 dé, 
which, on substituting tan 6 = u, becomes 
Jum (1+u*)P du. 
This can be expanded by the Binomial Theorem and integrated 
at once if p be a positive integer. 
If, in the given integral, m= —m [m positive], so that the 
integral becomes /tan”6d0, we may proceed as follows: 
J tan™6d0 = /tan™-*0.tan?6d0 = /tan™~? 0 (sec? 6—1) dd 
= /tan™~? 6 sec? 6 dé—/tan™ ? 6 dé 
= (tan™~! 6)/(m—1)—/tan™—* 6 dd 


eal —3 
ee = [a= tes tan™-*0a0]. 
m—1 m—3 


Proceeding thus, the integral is eventually reduced either to 
J d0 (if m be even) or to /tan 0 dé (if m be odd). 

If m=—n [n positive] the integral becomes /cot”9d0, which 
can be found in exactly similar manner. 
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If the integral does not belong to any of these cases, i.e. if m and n 
are both even and m+n is positive, then its value can be found by 
successive reduction as follows: 

In the first place, since the d.c. of sin”*!@ = (m+1) sin’ 0 cos 0, 
it follows that /sin™6 cos 0 d0 = (sin™*16)/(m + 1). 

Now /sin”@ cos"@ d0 may be written in the form 

J cos" 16. sin™d cosé dé. 
Integrate by parts, taking «= cos""16, dv/dé = sin™0@ cos 6; 
du/d@ = —(n—1) cos”-26sin 0, v = (sin”*! @)/(m+1); 
JS sin™ 6 cos” 6.d9 


cos” 14 gin™*1@ jax 6 


= 2 
Stele m+1 (n—1) cos”? 6 sin 6 dé 


cos? 10 gin™"19 = m— 


peed pear 
| — cos? 8) cos-? 6.46 
aaa + as i | sin 6 (1— cos? @) cos 
SD ae ps! s 
= oS + BOF [sin@ cost-29 a0" 1 | Sint 9 cost 0. 
m+1 m+1) m+1 


Bringing the last term on to the left-hand side, we have 
nm—1 
——)|sin™ moda 
(1 a. 1) {sin 0 cos 


mi tymrtl == 
= OOSatiec ee eee Comer ene ee sin™ 6 cos”-20 d0; 
m+1 1 


dividing by the coefficient on the left, i.e. (m+m)/(m+1), 

| we have 

cos® 1 @sin™19 m—1 
m+n m+n 


| sino cos" 6 dd = | sinn 6 cos”-2 0 dd, 


in which the integral on the right-hand side is of the same form as 
the given integral, but the index of cos @ is reduced by 2. 

In a similar manner, by taking w= sin™~! 6, dv/d? = cos” 9 sin 8, 
_ the integral may be made to depend on a similar integral in which 
_ the index of sin @ is reduced by 2. The process may be repeated, 
reducing the index of either sin@ or cos@ by 2 at each step until 
_ finally the integral is reduced to /d@, i.e. 0. 
This method is quite general, and can be used for all values of 
| mand n. 

If m be odd and m even, the integral ultimately depends upon 
/sin@d6, i.e. —cos 0. 

If m be even and m odd, the integral ultimately depends upon 
y cos 0d0, ie, sind. 
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If both m and m be odd, the integral ultimately depends upon 
J sin 6 cos 0 d0, i.e. }sin? 6, 

The cases when either m or 7 is zero, i.e. /sin™d d@ and /cos"d dd, 
are included in the general case. 


These facts are of importance when the definite integral of 
sin” 6 cos” 0 is considered (Art. 149). 


These integrals are particularly important when m and n are both positive 
integers, but the preceding investigation holds for all values of m and n 
except when m+n=0. The method then fails, for m+n occurs in the 
denominators of the terms on the right-hand side. In this case, however, 
the integral becomes either /tan™6 dé or /cot™6dé, for which reduction 
formulae have been obtained in the earlier part of this article. 

If n be negative, »—2 is numerically greater than n, and the integral on 
the right-hand side is more complicated than the one on the left; in this | 
case the formula can be reversed. Similarly if m be negative. 


142. Another method of obtaining reduction formulae. 


The various reduction formulae of the type considered in the | 
previous article can be obtained by differentiation. 
If we denote /sin™ 6 cos"@d0 by Im, , then I, , can be con- | 
nected by a reduction formula with any. ‘one of the six integrals 


ve f, 


m, n—2) m—2, n? Ln, N+2? Iinse, n? Lin-2, N+2) Lint, m— 2° 

The required formula is obtained by differentiating sin? 0 cos? 0, 
where p exceeds by one the smaller of the two indices of sin @, and q 
exceeds by one the smaller of the two indices of cos@ in the two | 
integrals which are to be connected. For instance, the formula | 
worked out above connects J,, , and I, »-:- The index of sind 
is m in both cases, and the smaller of the. indices of cos @ is n—2; 

therefore we differentiate sin™*t! 6 cos”~1 6. 


We have 

5 (sin™*! @ cos*—! 6) 

= sin™*! @.(n—1) cos”? 0 (—sin 6) + cos"-! 6.(m+ 1) sin” 0 cos 6 
—(n—1) cos"~? 6 sin™ @ (1—cos? 0) + (m+ 1) sin™ 0 cos” 0 
—(n—1) cos"~? 6 sin” 0 + (n—1) sin™ 6 cos” 6+ (m+ 1) sin™ 0 cos” 0 
= —(n—1) cos"? 6 sin™ 0 +(m-+n) sin™ 6 cos” 0. 

Integrating, we get sin”*!@ cos"~! 0 

= —(n—1) cos”? 6 sin” 6 d6+ (m+n) /sin™ 6 cos" 0 dd, 


+1 1 fae 
eS ee 1 | sine 0 cos"-? 6 dd, 
m+n m+n 


{| 


il 


i.e. [sin § cos" 6d0 = 


as before. 


264 METHODS OF INTEGRATION 


Similarly, the relation between J,, , and any other of the six 
integrals mentioned above can be obtained. 


If m and m are both +, the relations between J, , and either 


EG) ee eer simplify the integral; the former reduces the 
index of cos 6 by 2, and the latter reduces the index of sin 0 by 2. 

If m is + and m —, the relation between J,, , and Ino nyo 
reduces both indices by 2. 

If m is — and n +, the relation between J,, , and Ins2, n—2 
reduces both indices by 2. 

If m and n are both —, the relation between = q end’ T,,, n+2 


reduces the index of cos 0 by 2, and the relation between In, n and 
I, reduces the index of sin by 2. 


m+2, n 


Examples LIV. 


Integrate with respect to x: 


Ths Get Oh, BA 3. x sin? w. 
4. x cos x. 5. x'sin x. 6. x? (log x)’. 
fe BGR. 8. x cosh. 9. a*sinb x. 
Integrate with respect to 0: 
10. tan‘ 4. 11. cot® 6. 12. tan? 6. 
13 HES 14. ee es 15. gic oc 
* cos’ 6 sin 6 cos*® 6 sin‘ 6 cos‘ 6 
16. »/(cosec 6 sec 6). 17. sin® 6, 18. sin? cos‘ 
19. cos‘ 6. 20. 1/cos* 4. 21. 1/sin‘ 6. 


22. cosec? 6 sec 0. 

23. Obtain the formula connecting Im,n and Im—s, n. 
24. Find /sin®6cos?6d6 in terms of /sin‘ 6 cos’ 6 dé. 
25. Obtain the formula connecting Im,n and Lm—2,n+2. 


sin’ 6 sin‘ 6 
moar” in terms of ie 


| 27. Obtain the formula connecting. Im,n and Im+2,—2. 


26. Find \2 


36 
| 28. Find [ess dé in terms of in 


sin 0 


dé. 


| 29. Obtain the formula connecting Im, n and Im,n+2. 


| dé dé 
| 80. Find gin Goose in terms of liaeeae 


| 31. Obtain the formula connecting Im,n and Im+2,1- 


, Salar dé 
| $2. eo OW = sin? 0 cus? d 
Find Ve dcost6 7” pene! Ess & cos? A 
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Miscellaneous Examples for Practice in Integration. LV, 


Integrate : 
1 
St eee ee 
4. (1-42)" 
x 
* V0 —427) 
10. #(1—4 2%)", 
a? 
v7 (142%) 
a 
V0 4a4)" 
x 
"(1-42)" 


22. 2? ./(1—4 2”). 
1 


> (1—427)3/?" 
1 
v (1-42) 
1 
* (1-42) 
1 
‘gt (1-42) 
1-42? 
‘ 2(1—42) 
40. x/(1—42). 


43. sin22cos2za. 


46. sin’ x cos* x, 
49. cosx cos 22. 
52. tan?22, 

Bb swtans 2: 

58. cot x cosec &. 
6l. asin nz. 

64. xtan?z. 


67. x e*, 

70. 2° log 2. 

73. x log. 

76. e-*sind 2. 

79. e-* sin’ x, 

82. sec7! a. 
sinx—cosr 

‘sinz+cosz. 

E) 


a rs 


‘Vl —42) 


1 


"1-427 
. eV (1-427). 


1 


/(-424) 


W(1-42). 


zx 


x 


" J (1—4a8) 


a 


“Wd —42)? 


a?(1—42)?. 
x 


“(144 x)s/? 


e 


"V(1-42) 
1 

* (1-427) 
1 


“2 (1—427) 


eee 
Vv (1—4a7). 


. sin? az, 

. sinx cos 2. 

. sin? x cos? x. 

. sing sin2 a. 
. cot?i ag, 

. tan x sec’ x. 
. cosec 2.x. 

. £ C084 x, 

. a sina. 

. we™, 

. log (142). 
. log (a—x). 

. &* cos 3a. 

, tan 2, 

. xcosec"'a. 


1 


* (a +1) 


x 


‘V(e+ly 


9 7 (4a) 
. (1-42). 


90. 


1 


1 


*(=4ay 
. 2? J/(1—4a°), 


. wm / (1-42). 


x 


*(1—42)" 


x 


(1-42)? 


1 


«el —4a)* 


1-42 


‘2 (1-427) 


ax 


(1-427) 

. cos? 4a. 

. sin’ z cos @. 

. sina cos2 x. 
. sin? 2 cos* a, 
. sec? x. 

. tana sec’ z. 
. sec 2 x. 

. asec? max. 
pena 

. (a + bx) e*. 

. (log x)/x. 
75. 
. eX sin x cosa. 
. xcos' x. 

. tanh az. 


x log (1+<?). 


1 


"2 (a>+2) 


1 
a x/(a?+1) 


103. 
106. 


109. 


12. 


115. 


118. 


121. 


124, 
127. 
130. 
133. 


136. 


139. 
142. 


145. 


148. 
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1 


a A/ (ae? 1/207. 


1 


* (a? +1)? ] 
100. 


2 (aA 
x . 
v7 (1-2) 
7 [x (2-1). 
1 


v[ed-2)} 
1 


1+cosx 
cos? x 
l+cosx 
cos @& 
(1+ cosa)? ’ 
e” 
e*+1. 
sech x. 
axsinhda. 
sinh a, 
cos? x sinh x. 
1 
x +6x2+109 
id 
x?+6a+109 
a] / (a? +6 x +109). 
1 


a (a*4+62+109) 
aus 
1+2 


92. 


95. 


98. 


101. 


104. 
107. 


110. 


113. 


116. 


119. 


122. 


125. 
128. 
131. 
134. 


137. 


140. 


143 


146, 


149. 


a? 
xt 
x 4/(x? +1). 
1 


a /(1—2). 
e+ 

V@-1) 

[x (1—2)]. 


Jw (1+2)}. 


COSax 
1+cosx 
sin £ 
(1+ cosa)? 3 
cos? x 
(1+cos a)? 
1 
e+ 1. 
cosech a. 
cosh? a, 
a cosh a, 
sin 2a cosh38 2. 
xr+3 
x+6x+109 
iL 
a/ (a +6 2 +109) 
. / (a? 4+ 6x +109). 
1 
x / (x? + 6a+109) 
a 


i+ 


93. 


a 


V (a? +1) 


» (at + 1/?, 


x 


. 2 / (2-1). 


A(T): 


. J {(w-1)/2). 


sin & 


*T+cosa 


sin? x 


“T4+cosa 


1 


"(1+ cos x)* 


sin? x 


* (1+cos x)? 


et 


. xcosh2, 

. sinh? x. 

. sinaz sinh ax. 

. cos ma cosh nx. 


a—3 


"2+6 24109" 


xt+3 


"iV (a2? +6a+4109) 
.a/(a*+6a4109) 


CHAPTER XV 


DEFINITE INTEGRALS 


143. Integration as a summation. 


Let f(x) be a function of x which is finite and continuous from 
x=a to «= ), both inclusive. Let b > a, and let the interval b—a 
be divided into m intervals 

L1—A, ®e—X, U3—Xq, ...Up_y—Up—o, V—Ly_y- 
Then the value of the sum 
(4, — 4) f(a) + (®2— 4%) fF (@) + (@3— 22) F(a) +. +(0— Hy) Fp) 
z=b 
[which may be written we aaa (@)5x] tends, when the intervals 


are all indefinitely diminished, to a limit, which is called the definite 
integral of f(a) with respect to x from x=atox=b. This is written 


i f (x) dx. 


The value of the given expression is evidently finite whatever the 
value of m, for if 2 be the maximum value of f(x) in the given 
interval, the sum 

< M[(%,—4)+(@,—%) + ... +(6—2%,_4)), 
i.e. < DL (b—a), which is finite, since JZ, b, a are all finite. 

The definite integral is here defined as the limiting value of the 
sum of a series. The calculation of the limiting value from this 
definition is complicated even in the case of quite simple functions, 
and in most cases would be quite impossible. 


For instance, take the very simple function x’, and let each of the intervals 
%,—a, %,—X,,... be equal toh; so that 
%=ath w%=aHth=at+2h, «,=atd3h,...%_,=at(n—-l])h, 


and b-a=ni. 


paal 
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Then, from the above definition, 


wus ¢h[at (nD A} 


Nr > wo 


of xe dx== Lt fha?+h(ath)+h(a+2h)?+ 


= Lt hlat+a?+2aht+h +a? +4ah4+2?hnr+ 


ids . $a?42(n—1) aht (n—1)?h?] 
= Lt h[na?+2ah(1424... +n—1) +h? {1427+ ... +(n—-1)}] 
n> w~ 
= Lt [nha?+2ah?x3 (n—-1)n+h8x3(n—1)n(2n—-1)] 
n> wo 
= Lt | (b—a)a%+ah'n’ (1-2)+§ hn nt (1- *)(2-)| 
n>o 


= (b—a)a*®+a(b—a)’?+34(b—a)*.2 
= a’?b—a’+ab?—-2a’b+ a5 +} —- 
30-2) 

The values of the definite integrals of a few very simple functions 
may be calculated in this way, but it will be seen that the method 
of the next article saves an enormous amount of labour. 

We now proceed to show how the value of the definite integral can 
be deduced at once from that of the corresponding indefinite integral. 


bv? a+ ba? — 


144. Relation between definite and indefinite integrals. 


This can be obtained either geometrically or analytically. 
1. Geometrically. 
Let A, X,, Xq, ... X,_1, B (Fig. 93) be the points on the axis of z 


whose abscissae are @, 2, X2,...%p—y, b respectively, and let the 


fe) A io ors Xn) Bak 


Fig. 93. 


ordinates of A, X,, Xo, ... 

Sed C1 aoe aral SMe 
shen, AP, Xif), Xele, ss 

f(a); F(a) F (2); 


Xn-1, B cut the graph of y= f(x) in 


Xy,- 1? n-1 
«oJ (__1) respectively. 


represent the values of 
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Therefore 

(2 —a) F(a) + (2-2) f(a) +... +O—2y 4) S(On-2) (i) 
=AX,. AP+XyX,. X, Py +X, Buy, Pas 
= the sum of the rectangles PX,, P, Xq, ... P,,_, B. 

The difference between this sum and the area APQB < the sum of 
the small rectangles PP,, P, P,, ... P,Q, and if « be the greatest 
of the bases, this sum is less than a x the sum of their heights, 
i.e. << (BQ—AP), and this 0 when a —>0, since BQ and AP are 
finite. Hence the area APQB is the limiting value of the sum of the 
rectangles, and therefore represents the limit of (i), But it was shown 
in Art. 80 that the area APQB= F'(b)—F (a), where F” (x) = f (2). 

(2 —a) F(a) + (€g—2y) f(a) + -- +(0-Sp—1) F (Gna) 
tends to the limit F'(b)— F(a) ; 


b 
i.e. [ J (x) da = F(b)— F(a), 
where F(z) is the indefinite integral of f(z). 


2. Analytically. 


Let F” (x) = f(a), i.e. let F(z) be the function whose d.c. is f(z). 
Then from the definition of a d.c. (Art. 26), 


LL, FEra-FO _ wa = se); 


bz >0 
eee = f(a) +, where «—>0 as da—>0 [ Art. 24], 

i.e. F (x+62)—F (x) = 6a. f(x) +62, 

Take s=a, 6x=,—4, 
then F(x) —F (a) = @%—a) fa) +4 (4-4). 

Take z=2,, 62 =%,—%, 
then F (x,)— F (a) = (%,—%)) F(#)) + &(%,—%). 

Take r= 2,, 64 =%,—2%o, 
then F (x3) —F (&2) = (€3— 2) f (az) + €3 (#3 —W)- 


Take v= 2,1, 64 = b0—2, 1, 
then F(b)—F (@p_1) = (0—2p—1) f(@n—1) + €n (0 — Sn-1)- 
Adding together all these results, 
F(b) —F (a) = (&% —4) f(@) + (@—%) (4) + + + (6-21) F(@n-1) 
+ € (@—4) + €y (%q— 4) +». +&p(D—Lp_). 
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Let n be the (numerically) greatest of the quantities €,, €,, ..- €,5 
then the expression in the last line 
<1 (%—a) +7 (%,—%)+ ... +N(b—4y_), 
i.e, < (yj —-A+%,—% + «6 $0—2y_1), 
i.e. < (b—a). 
All the numbers ¢,, €, €3 ..€,, and therefore 7, which is one of 
them, tend to zero as the intervals 2,—a, %,—2,..., b—%p,_, are 


indefinitely diminished; hence, since a and b are finite, (b—a) 
tends to the limit zero, and therefore 


F()— F(a) = Lt [(%,—@) Sa) + (a) F(a) +» +O) Sn] 
= js afi (a) dx. 


This gives the same rule for evaluating a definite integral in 
general as was obtained in Arts. 80 and 81 for the particular cases of 
areas and volumes, viz. : 


b 
The value of | SI (x) dx is obtained by substituting (i) b, (li) a in 


the indefinite integral of f(x), and subtracting the latter result from the 
former. 

For instance, in the example just worked out in full from the 
definition of a definite integral, we have at once, by this rule, 


2 =|52 Ss Ona 
[, eae= 5 3 0 yer 


We have now connected the two different points of view from 
_ which an integral may be regarded (as given in Arts. 71 and 148), so 
that the value of a definite integral can be deduced at once from that 
of the corresponding indefinite integral obtained by the methods 
of Chapters IX and XIV. 


Further examples are: 


{pl ays 1 wo ; é 
i Ay5a [ slog (4452) | = 5 (log9—log) = 5 log j- 


J Gis ] Serta): 1 : = 1 (a a 
i ara [3 tan 3 | = 3 (tan 4l—tan 0) = 5 (7-0) =F 
0 


| le v/ (a? a") da = [gov (t—a% + sa sin | (Art. 139) 


= (0+3a'sin11) -0=47a% 9) 


1 1 


i3 x 4a 
Af cota dx = [tog sin x | Ps = log 1—log va log /2 = 9 log 2, 


DEFINITE INTEGRALS 271 


m/b w/b 
i e* cos ba dx = Es 73 (a cos ba +b sin be) | ‘ (Art. 189) 
0 a b 0 

1 


Poe came (—a+0) —l (a+0)] = i rpc? +1)- 


In the preceding investigation, the values of the functions at the com- 
mencements of the successive intervals have been taken, but this is not 
essential ; it is sufficient to take the values of the function at any points 
within the intervals. It can be shown that the limiting value to which the 
corresponding sum tends is the same in this case as when the values at 
the beginnings of the intervals are taken. 

In the geometrical proof above, the successive terms of the corresponding 
series (i) will then be represented by rectangles which are intermediate 
between the inner rectangles PX,,P,X,,... P,_,; B and the outer rectangles 
P, A, P, X,... QXn+ respectively, and both sets of rectangles, and therefore 
also any intermediate set, tend to the same limiting value, the area APQB. 

145. Exceptions. 


The condition has been laid down above that the function f(z) is 
to be continuous for all values of x from a to b inclusive, and it has 
been supposed that a and 0 are finite. We are therefore not yet at 
liberty to apply the preceding result if these conditions are not 
satisfied, e.g. we cannot, as he eo such expressions as 


+1] mt i da | 
_1 a se Wie W (1—2)’ Jo a +a?’ 


because, in the oe case, the function 1/2” is discontinuous for the 
value x = 0, which is within the range of integration ; in the second 
case, the function becomes infinite at one end of the range, when 
xz = 1; and in the last case, one end of the range of integration is at 
infinity. 

Such cases will be considered later (Art. 148), and it will then be 
seen that the first of these three integrals has no value, whereas the 
other two have finite values. 

It should be noticed that an indefinite integral may be regarded as 
a definite integral taken between some arbitrarily fixed value a and 
a variable value a, the arbitrary constant of integration being the 
value of the integral function when x =a, with the sign eat G 
ie. /f’ (x) dx, which has hitherto been written in the form /(z)+ 
may be regarded as 


[re da, ine. | $e) |" =Se0)-Sla) 


which is the same result as before with C replaced by —/(a). 
The following set of examples will serve as exercises for a revision 
of the various methods of integration which have been considered. 
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Examples LVI, 

Find the values of the following: 

4 3 9 10 1 
ile | “ide, | xe" da, [ xt dz, i (x’—2+1)dz, i (1-2)? dz. 

1 2 4 Oe = | 

1 - dx a es dx a 
2. | (8x”+2)? Weal "dx, | —~—> 2 

ix x +2) deca aerate 2 | Vie ib V(4at+52a) dx 


5 4 dx * da idx 
. —~) ? ———ee 
18 o “+a 12%+2 


t7 T Bos 
4. sin x dz, cos x daz, sin 4a dx. 
0 Jo —7 


ee ha 4a 
5. sin? a dx, cos? x dz, sec? x dx. 
Bas 0) 


«far |. yacey J. fee 
"Jo a+ eer Ties cet 


ce —2") da, I AV (a? + a?) dax, 1 (a? —1) dx. 


oe 
Ss 
Pye 


x d dx ; dx 
» Vata)” |, e@ta) |, r2er2 


8. 
7 Pau hr 
o. (*7 m8 a6, | "sin'a da, |" cote da, 
}o 1+cos aie 0 i: 
b 
10. |’ alog x dx, \.7" x log x da, a log aw da. 
1 a 


1 J 
12. [ sin! x dz, [ tan! a da. 


4a 
u. | ose 1—cosx_ 


0 J Jo 
/ hr 1 fe 
13. k e’*sgin x dx, 5 e-* cos x dx, 14. | ae dx, | cosh x da. 
J0 0 0 Jo 
ri 2_ 2 : eB 
5 - sa 
15. I, a/(a a”) dx, i) WV (a? +2") te 
Tv wv Tv Tv 
16. } asin x da, [ a’ sin x dx. 7s { cos’ 6 dé, [ cos? @sin 6 dé, 
v9 ea) 0 Jo 
‘ dx " 
bam fT isis w*+4243) dx. 
18. [ Tex eas) I v/( ) 
“a a? — gt 1 2 i 7 hr 
a as artsy . . dx . 
eat oe dx, i ran 20 he sec x dx, Seer 
bn tm dx in ho 
i 2. 4 I int 
21. ii eos! ic wane cae 2. Me tan‘ x dx, fe sin‘ a da. 
ta ae he 
23. | sin? x cos’ x da, | sin? a cos’ a da. 24. I tan x da. 
0 iY —¢r 


| sem is ta tae: 26 ee ee ae i 2 oo dx 
a5. eet)" > (@+1pP(@t2) oat vib eae 
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w 


. tr he 
sin4x cos 2a dx, { sin 2 mx cos2 na dx. 28. | sec'x dx, 
0 


o a costa + U? sin? ax 


== * | dex. 32. Yn OS a 
9 L+2ecosx+2” 


27. { 
0 
C1 1 
it xtan-!2e da, | cos-1a dx. 80. ie dae 
0 
33. ; 
Jo 


dx 1 dx sing 
l+/x- sa. | e+e 85 —_—_ dx. 
a 2 ‘ 
so. | sabes OG is Ei 
ou tl 9 (w+1) (x? +4) SS 
3 dx 
39. Bess eS He 2 
i: eae (! V (a +24) of” atan?x dx. 
dz 1 axa dx 
41. ’ . : 
| ae (23a aa.’ Ee 2) 
Evaluate from the definition of Art. 143: 
a 2 ha 
a2. | x dx. 14. | (82?—42) dx. 45. i sin x dx. 
0 1 
Pb tm b 
ee] e” dx. ar.| cos2a dx. 48. [2a x 
a 0 


146. General properties of definite integrals. 

Let F'(x) be the indefinite integral of f(z). 
b 

I, It is at once evident, since { I (x) dx = F(b)—F (a), 
a 


end If fle) de = F(a)—F (0), 


that an interchange of the ‘limits’ a and b changes the sign of the definite 
integral. 


II. I f(a) de = [ * f(a) de+ [ falas 
since the latter expression = F'(c)— F'(a)+ F'(b)—F'(c) 
= F(b)—F (a). 


In a similar manner an integral may be divided up into the sum 
of any number of parts. 


III. [ : J(x)dx=0 or 2 [ , F(x) dx, according as f(x) is an odd 
v—G@ 
or an even function of x. 


For | * fle) dn = F(a)—F(—a) 


1628 T 
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If F(x) be an even function of , i.e. if f(x) be an odd function of ,* 
F(—a)= F(a), and SO dx = 0. 
If F(x) be an odd function of «, i.e. if f(a) be an even function of z,* 
F(—a)=—F(a), and i is f(e) de =2F(a) = 2 |"se) dit, 
for in this case, [ J (x) dz = F(a)—F(0) = F(a), since, F(x) being an 
odd function of x, it follows that F'(0) is zero [Art. 5]. 


+1 +1 1 
E. g. \ x dx=0, | x! dz= 2 xt dx. 
=i -1 0 
a x? 7 Pr a ae 
(ae cas -2 | oan i fo 


This result also follows directly from the definition in Art. 148, if 
the two halves of the range from —a to 0 and 0 to a be divided 
into equal intervals. For, if f(a”) be an odd function, the terms of 
the series obtained from negative values of # are equal in magnitude 
and opposite in sign to the terms obtained from the corresponding 
positive values of 7; hence the terms of the series cancel out in 
pairs and the sum is zero. If f(x) be an even function, the terms 
obtained from negative values of « have the same magnitude and 
sign as the terms obtained from the corresponding positive values 
of «; hence the terms occur in equal pairs, and their sum is twice 
the sum obtained from the positive values of x alone. This theorem 
is especially useful in dealing with the integrals of certain trigono- 
metrical functions. 


hr Aw $n 
E. g. i sing dx =0; I conse d= 2 | cos x dz, 


—ha 0 


Tw us rT 
( sink ada = 0; | sin? a dx = 2 i sin? a da. 
—T —T fi) 
€ 4a tr 
| sin’ x cos’? x dx = 0; | sin’ x cos’ a da = 2 sin’ a cos’ x dz, 
te —hr 0 
since, in each line, the first function given is odd and the second even. 


* If F(x) be an even function of x, F(x) = F(—2). 
Differentiating, F’(x) = F/(—«)x-1, ie. S(w) = —f(—2); 
hence f(a) is an odd function of «. 
Similarly, if F(#) be an odd function of x, F(—x) = —F(z); 
—F' (=) = -£'(%), ite. S(—x) =s(2); 
hence f(a”) is an even function of x. 


\ 
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IV. iF f (2) dx = if f(a—z) de. 
For, on putting =a—¢, /f(x) dx becomes 


d : , 
|re-2) Fas, ie, —|ra—a)ae, since = —1. 


Also when «=0, ¢=a, andwhen w=a, 2=0; 
a 0 a 
on [P7e@ae = —| Sa—z) ae = | I (a—2) dz = ft Aa e a are 
0 a 0 Jo 


since the value of the definite integral depends only upon the values 
of the limits, so that it does not matter whether the variable be 
denoted by & or z. 


S $n A har x hn 
In particular, [ TS (sin x) dx -| J [sin 4 r—2x)] dx -| F (cos a) Ax 
t) 0 0 
1 1 nti nt+2—5 1 
Also I x(1—2)" dx -| (1-2) a" dar on Ee eh ] 
0 0 0 


n+1 n+2 


1 1 1 
(except when n = —1 or —2) ee pay om NCEE 


¥, fe S{a)dx= 0:or 2|" f(x) dx, according as f(2a—x) = —f(2) 


or +(x). - : 7 
For I, rae le SI (x) dx +| I(x) dx. 


In the last integral, let «=2a—z2; then when x=a, ¢=4, 
and when «= 2a, e=0. 


2a 0 a 
tea i J (z).dx becomes -| JS (2a—2) dz, i.e. | 7ea-a) dx, 
Hence 
2a a a a 
{ fede =|" se) de+|" f2a—a) de = |, (/@+s@a—a))as 
) 0 0 0 . 
which is equal to 0 if f(2a—z) = —/f(z), and to 2 T(x) da if 


f(2a—x)=f(x). This is especially useful in dealing with trigono- 


metrical integrals, since sin(w—) = sinw, and cos(m—2z) = —cos2, 
wT ir 7 
E. g. | sin” « cos’ x dx = 2 sin” x cos’ x da, 
0 0 
us 
but sin” x cos’ a dx = 0. 


i) 
This result also follows, like Theorem III, directly from the definition of 
a definite integral, if the two halves of the range be divided into equal 
T2 
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intervals. For, in the first of the two examples just given, the expression to 
be integrated takes the same series of values (in the reverse order) between 
17 and 7 as between 0 and 37; hence the integral from 0 to 7 is twice the 
integral from 0 to}. In the second example, the values of the expression 
to be integrated between 3m and z are equal in magnitude and opposite in 
sign to the values between 0 and 37; hence the terms cancel out in pairs, 
and the integral is zero. 


VI. If G be the greatest value and ZL the least value of f(x) within 


b 
the range of integration a to b (b > a), then the value of i J (a) dz 
lies between L(b—a) and G(b—a). 

This follows at once from the definition of Art. 148, for, since G@ is 
the maximum value of /(x), the sum there given is less than the sum 
obtained by replacing every value of f(x) by G, 

i.e. <G[v,—a+a,—%,+ ... +b—2, 1], Le. <G(b—a). 

Similarly, it is greater than Z (b—a). 

If f(a) be a continuous function of 2, then as x increases from a 
to b, f(x) must pass through every value intermediate between L 
and G@; hence the value of the definite integral is equal to b—a 
multiplied by the value of f(x) for some value of x between a and b. 


This value may, as in Art. 117, be denoted by a+6(b—a) where 
0<6<1; hence 


[ 7@ dz = (b—a) f[a+0 (b—a)]. 
E.g., since the maximum and minimum values of /(5+sin?a) are 4/5 
and 4/6, it follows that |e /(5+sin?x) dw is between /5.4n and 
76.37, i.e. between 1118 a7 and 1°2257. 


147. Geometrical proofs. 


If the definite integral be represented by an area, the preceding 
results are all easily seen to be true from geometrical considerations. 

Theorem I simply states that the area from AP to BQ is the same 
as the area from BQ to AP; the change of sign is due to the fact 
that the intervals AB and BA are measured in opposite directions. 

Theorem II states that the area from AP to BQ is equal to the sum 
of the areas from AP to CR and from CR to BQ (Fig. 94 (i)). 

In Theorem III, if f(z) is an even function of 2, the graph of 
f(x) is symmetrical about the axis of y; if f(x) is an odd function 
of x, the graph is symmetrical about the origin (Art. 10). The 
theorem follows from the facts that in the first case the aren APQB 
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is double the area ORQB (Fig. 94 {ii)), and in the second case, the 
areas AOP and BOQ are equal, and, since they are on opposite sides 
of the axis of x, opposite in sign (Fig. 94 (iii). 


E 
Pp 


Fig. 94. 


Theorem IV is equivalent to the statement that, if in figure (ii) the 
origin O be moved to the point B, where x = a, and the direction of 
the axis of x be reversed, the same area OBQR is obtained, provided 
the range 0 to a is the same. 

Theorem V follows from figures (ii) and (iii) in the same way as 
Theorem III, by taking A as the origin and O, B as the points 
«=a, x= 2a respectively. The curve is symmetrical about OR if 
J(2a—2z) = f(x), and then the area APQB is double the area APRO ; 
the curve is symmetrical about the point O if f(2a—xz) = —f(a), 
and then the area AOP = —the area OBQ. 

Theorem VI follows from the fact that the area PABQ in fig. (i) 
is greater than the rectangle AX contained by AB and the minimum 
ordinate of the curve, and less than the rectangle BL contained by 
AB and the maximum ordinate. The final form in which the 
theorem is given is equivalent to the statement that there is some 
intermediate point R, such that the area PABQ is equal to the 
rectangle contained by AB and the ordinate CR. 


Examples LVII. 


Express as integrals from 0 to $7 the following: 


hr T 
hs or sin’z cos?’a dx. 2. [ sin’ x cos? a da. 8. : sin’a dx. 
0 us 
any 4m 
4, ss cos’ x dx. 5. F sin‘ x cos‘ x da. 6. sin‘ w dz. 
—-“sTr 
sin? x M A 2 a 
Le 8. cos*a dz. 9. sin? a cos'a dz. 
1+ cos? a 97 bau 
Qn Q0 
10. f sin® a dx, ie cos!’ x da, 12. sin‘ «x da, 
Pana Pa kr 
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Find the value of: 


1 a 2 
13. [ x (1—«x)§/? da. 14. | x (a—x)” dx. 15. I x? /(2—x) dx. 
0 0 0 


MAS A sind a $m 
16. =; dan. : -——— da. é a ; 
I ee 17 (ks ip neeste dz. 18, we tan?’ x dx 
1 a a 
19. | a? (1—a)” da. 20. | x? /(a—x) dx. Pile i a /(a’ — a) dx. 
= | = 


7. z kr t T 
22. sin® x cos‘ x dx. 2s. | sin x cos’ x dx. 24. | sec’ a da, 


ane —}hr —tk7r 


teas $7 cosx—si 
25. sin a sec’ ax dx. 26. pa dit ace 
—tr 9 cosx+sinaz 


27. From the fact that, within the range of integration, 0 <a" <a’ if n>2, 


deduce two values between which i ; ete must lie. 
0 ¥(1—x") 


Between what two values must the following three integrals lie? 


tr n 
28. { (4—cos? x)'/5 dx. 29. te eee. 30. is Behl dx. 
0 


3 v7 (1—3sin? 6) ed at 


31. Prove that [ir Ci [vera da. 
a 0 


b b 
| 82. Prove that { J (x) dx -| S(at+b—2x) dx. 
a a 


mb 


b 
83. Prove that I ST (max) dx = L I (a) dx. 
a m ma 


2 2 
34. Prove that ( ee da<| xe dx, and hence find a number below 
1 


1 
which it must lie. 


1 1 
85. Prove that \ x” (l—a)” da -{ xv” (1—a)" da, 
0 r) 


148. Extension of Theorem of Art. 144. 
b 
It has been assumed in Art. 144 in evaluating | J (x) dx that the 


Ja 
extreme values of the range of integration are both finite, and that 
the function f(x) is continuous, and therefore finite, throughout that 
range. Cases frequently occur in which these conditions are not 
satisfied, and it remains to consider how far the results of that 
article may be extended to such cases. 


It has been shown that 
b 
| J (a) dx = F'(b)—F (a), where F” (x) = f(z). 
a 
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If, as b>, F(b) tends to a finite limit I, then L—F*(a) is 
defined as the value of I J (x) da. 

Similarly, if as a—> arn F(a) tends to a finite limit ZL’, then 
F'(b)—L’ is defined as the value of a J (x) dx. 

Examples: a 

(i) i" x~* dx (where a and Dd are positive, so that the value 0 for which 
the Aacetabn 1/z* is discontinuous is not within the range of integration) 

= [-1ve] = 1/a_1/b. 


As boo, 1/b-+0; hence [ x dz =1/a, 


a 


. (ii) in| 5 ae =[loge | = log b—loga. 


As b>o, logb also oo, hence ‘ae has no value. 
a 
This example shows that the condition that f(x) >0 as xo is not 


foe) 
a sufficient condition that i: (x) dx may have a value. 


dD. 

-1 aA = 

ci | 58 oes -[; tan “| <5 tan at 
HS cenurite Oeety of 5 
le eden Ee ts ee 


8 ae 8 
(iv) [ e-** cosbe dx [at] = las = sin bara cos ba) | (Art, 139) 
0 


0 


As b>o, tan? 5 


e408 . a 
ata pp (sin b8—acos b6) + Pre 


When 6->0, sinbé and cosbé are finite since they cannot be greater 
than 1, and e~@9, i.e. 1/e49, +0, 


oo) Fi 
os | e ** cosba dx = 


a 
ar 
0 a’ +b 


Next, suppose that f(x) becomes infinite at one of the extremities 
of the range of integration. Let f(z) = 0 when 2= b. 


Taking the integral [~ “f (2) dx, f(x) is finite throughout this 
range of integration, If, as «—0, ok J (x) dx tends to a finite 


limit Z, this value Z is defined as the value of ip I (a) da. 
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b 
Similarly, if f(z) = 0 when =a and if, as «—>0, J (a) dx 
at+e 


b 
tends to a finite limit LZ’, then D’ is defined as the value of \ J (x) dx, 
a 


| In practice it is usually at an end of the range of integration that 
| f(a) becomes infinite. If f(z) becomes infinite for a single value 
| g=c within the range of integration, then 


iF f(a) dx = I. f(a) da +[ f (2) dx, 


and each of the latter integrals may be treated in the manner just 
described. 

Similarly, if f(z) becomes infinite at any (finite) number of points 
| within the range of integration, the integral may be split up into 
a number of integrals in which the infinite values occur at ex- 

tremities of the ranges of integration. 


Examples : 


(i) xtdx; x-} isinfinite when x=0, 
o 


| w4de=[2ab |’ =2at—-2eh, As «20, +0. 


{ at dx=2a}, 


0 


ae [Tax 1 ee : 
(ii) i @-p! @—1)* is infinite when a = 1. 


ieee -(-s4l isan 
i (@—1P x—1 le a-le 


1/e->oo as e->0, therefore this integral has no value. 


a oy OER A i b infini ‘ ee 
(i arpeny | payer eee nite when x= 8, which is 


_ within the range of integration. 


; 4 dx 8 dx S dx 
Hence we write i V(a—3) =| 4/ (x —3) +{ Y(a—3)° 
S—e dx ae 
0 


* eS a 3 3 
Now ' ied eo ] m 5 (See — 9(-8), 
which tends to the limit —%(—3)?/5 as «+0. 


‘ dx 3 ere 8 8 
Ce laine /38 i SAE 
| 8+e &/ (a — 8) E . cs thee, ye (1) 2 («) , ’ 
which tends to the limit 3 as «+0. 


, ‘ dx 3 2/8 3 3 3 
Hence Tees an (—8)?/ +5 =9(1- 79). 


Also 
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Geometrical illustration. 


: b 
To illustrate the matter geometrically, consider | =: dx. 
a 


If P and Q (Fig. 95) be the two points on the graph of y =1/”? whose 


Fig. 95. 


b 
abscissae are a and b, i s dx represents the area PABQ. 
a 


b 
Now { =a dx = a8 2 which, as b-»oo, tends to the limit i. 
a2 a b a 


el 
Pos 
ait a 
1 i 1 Oe | 
Whena=0, -;isinfinite; andas a>0, ->»0; . —; dx has 
x a h & 
no value. 

Hence the area APQB tends to a definite limit as the ordinate BQ recedes 
to an infinite distance (AP remaining fixed), but has no limit as the ordinate | 
AP approaches the axis of y; as great an area as we please can be obtained 
by taking AP sufficiently near to the axis of y. 


Examples LVIII. 
Find, when they exist, the values of the following: 


fe. [7S aes 
Hee eee ee 
sslasee 3 (2. ai bat 
“Jo 27/8 0 & Ve 
z.| dx 3 Baa ®. |’ dx 
o (w—1)? V7 (7-2) o ¥ (1—2’) 
Sy S ke : x omar 
10 i, ML | ae 2. | Gp! 


13. ig e "sin x dx. 14, [ ee is. | e” dx. 
0 o ¥[x(1—2)] 0 


ES i oo da 
10. | V (a2) v7. | logx dx, 18. | ade pis. 
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1 dx fs) dx r 00 dx 
1. | a(2+2) 20.{ a (1+) a. | a? (1+2%) 
maas B dx °- da 
| 2." a (1+ a8)" 2s" Ji@-0@-a} "| _., cohe 


25. Prove that, if m be positive, 


foe] ts) 
xe de = n| ale-* dx, 
0 0 
Hence evaluate the former integral if m be an integer. 


br 
149. An important definite integral: | sin” 6 cos” 6 dé. 
0 
hr 
One of the most important definite integrals is I sin™ 6 cos” 6 dd, 
0 
when m and » are positive integers. 
It has been shown (Art. 141) that 
cos™1@sin™19 m—1 
m+n m+n 


[sin 6 cos"6. dé = [sin 6 cos”-26 dé. 


The evaluation of the above definite integral is rendered very 
simple by the fact that the first term on the right-hand side vanishes 


for both the values 0 and $2, cos6 being 0 when 6 = }z, and sin 6 
_when 6 = 0. 


ay m—1 [im , 
[ sin” @ cos” 6 d@ = ——— | sin” 6 cos”? 6 dé, 
0 M+nN Jo 


in which the index of cos 6 is reduced by 2. 


By Art. 146 IV, the integral is unchanged when }7—@ is sub- 


stituted for 0 ; 


ta hn 
[ sin™ @ cos” 6 dé = I sin” 6 cos” 6 dé 
0 0 


pe tr ae $n 
= al Rs sin” 6 cos™—-26 dé = goa { sin™—2 6 cos” 6 dé 
M+n jo M+N Jo 


(again replacing 0 by }7—6), in which the index of sin @ is reduced 


by 2. This result may also be obtained from the reduction formula 
connecting J, , and I,» , (Art. 142). 


The integrals on the right-hand side can be reduced a stage further 


by using these results with n—2 for m, and m—2 for m respectively. 


n—1 n—8 
m+n m+n—2 


ar hr 
one { sin” 9 cos" 0 dé = { sin” @ cos"~4 6 dé, 
0 0 


m—-1 m—8: 


ir 
es, Sea inm—4 1) 
or ae sane sin” 4 @ cos” 6 dé. 
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By repeated use of these results, the numerical factors in the 
numerator will be n—1, n—8, n—5,... down to either 2 or 1 
(according as m is odd or even) as the index of cos is gradually 
reduced, and m—1, m—8, m—5, ... down to either 2 or 1 (according 
as m is odd or even) as the index of sin 0 is gradually reduced ; at any 
stage the last factor in the denominator exceeds by 2 the sum of the 
remaining indices of sin 6 and cos 0. 


If one index is odd and the other even, m+ is odd and the 
tr hn 
integral reduces to either | sin 6d0 or { cos 0d0, either of which 
0 0 


is equal to 1; the last factor in the denominator is 3. 
If both indices are odd, m+n is even, and the integral reduces to 


or hn 
{ sindcos6d6, ie. iy, sin26d0, which is equal to }. The 
0 0 


iw 
last factor in the denominator of the coefficient of sin 0 cos 6 a0 
0 
is 4; hence, in the final result, the last factor is 2. 


If both indices are even, m+ is even, and the integral reduces to 


hr 

| dé, which is $7, and the last factor in the preceding denomi- 
0 

nator is 2, 


Hence we have the following simple rule for writing down the 
value of the integral: 
(m—1)(m—8) ... (n—1)(m—8) ... 
emg Gi LALOR aac) followed by 
the factor $7 only when m and are both even.* All the three sets 
of factors descend 2 at a time to either 1 or 2 according as the first 
factor of the set is odd or even. 

The value of the integral when the limits are multiples of $7 


can be obtained from the preceding case by the aid of the theorems 
of Art. 146, 


hr 
i sin’ 4 cos”0dd= 
0 


Examples: 
£2.20 91 
8.6.4.2 24 
5.3.1.2 2° 
Oy a Pe es 


ta Sah sdnSaly nl poser 
sn4 6 Ses 22s Eee 
i sin Vcus 0d 0'= 7 a.6.4.8, 27513 


hw 
{ sin’ cos’ 6 a6 = 
0 


[, sint costa ao = 
0 


* 0 counts as an even number, 
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* in? 0 cos Odd =2 oa ie Pie ee eee 
ait, s1n cos = ‘ sln“ 6 cos = 5 : 3-1 = ae 
im ' Wade Stele Boom 

ins es 78 pee), Mae esis Aig peas SEES 
[, smtoao— al Se OA 8.6.4.2 2 64 


150. Change of limits of integration. 


It has been seen that many algebraical expressions which contain 
irrational functions can be integrated by trigonometrical substitu- 
tions; in these cases, the transformation back from the angle @ to 
the original variable x is often troublesome, but in the corresponding 
definite integrals this may be avoided, since the value of the definite 
integral depends only upon the limits, and the limits for « may be 
replaced by the corresponding limits for 6. 


Examples: 
(i) I o/(a?—2*) dx may be found by substituting 2 = asin 6. 
0 


As x increases from 0 to a, sin@ increases from 0 to 1, and therefore 6 


| from 0 to 47; hence 


mu hn 
[ Viat=2) dem | cos? dd = a3 .4.47 = 17a’, 
0 


_ by the rule of the preceding article. 


ree : ure 
(ii) | »/[(x— 0) (8—x)] dx may be obtained by the substitution 
a 


x= Xcos?6+8sin?6. [Art. 137.] 

S J/{(x-&) (8—«)] dx becomes /(8—Q) cos 6 sin 6. 2(8—Q) sin 6cos 6 dé. 
When zw=Q, sind=0 [since x—X=(8—Q)sin’?6]; .«. O=0. 
When x=8, cos6=0 [since B—x = (8—Q)cos?6];  .. O=kn. 

$n 
the given definite integral = 2 (eo) sin? 6 cos? 6 dé 
0 


. 
—y 
—" 


151, Reduction of algebraical expressions to preceding form. 


The integrals of many other algebraica] expressions, rational as 
well as irrational, can, by trigonometrical substitutions, be reduced 


| to the form /sin™0@cos"6d0 with multiples of $7 as limits, in 


|| which case their values can be written down by the preceding rule, 


The following examples show types of expressions which can be 
so reduced and the methods of reducing them. 
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Examples: 
(i) | a? (a®—a:)3/3 dar, 
0 


hn 
asin? 6. (a®cos" 6)/2, acos6dd- 
0 


nr 
= a sin? 6 cost6dO=a*. 
0 


If # = asin 6, we get 
MoBo dl ee 
A et ae 


(ii) i a aye, 


Here the substitution x=asin@ will not rationalize the expression, 
but 2=asin?6 will, and the limits for 6 will be 0 and 37. 
tr 
The integral = a’ sin‘ 6 (a cos? 6)*/2,2asin@ cos dé 
0 


= Tele Se ie edi 
9/2 ind 4 = 2 x 
=2a i eee Ve Oa = 20g yk G1 Bb? 


a | eae 


In this case, if « =atané@, a?+2?=a'sec?6, dx/dé =asec? d, 


When r=+0, 6=+37; when x= —-o, O=—1i7 
ae tm a‘tant 6 ; 1/47 tan‘é 
the given integral -[" secbg 1 Bee 6a0 = uh = 00 —— dé 


1| 47 


Examples LIX, 
Find the values of the following: 


sin'd a do 
7 a}o 


hr 
sin®d cos? dé. 


1. is " sin* 6cos'd dd. 
0 


lt 
4. 
0 


Q0 
7, { sin?d cos®6 dé. 


cos!’ 6 dé, 


10. . " sin®6 cos°6 d 6. 


13. i a (a?—2"))/? de, 
0 


fe) ee d 
), Gray 


2. | sinta cos’6 dé. 3. 
0 


5. |" sin?6 cos’6 dé. ar sin’é dé, 
—hr 
w , 2r 
°. | cos*é siné dé ».|” costé dé. 
0 Q9 
J (a? — 2") dx. 18. | 16 —2*)°/? da. 
—a 
a 
14 | a? (a® —x*)'/? dx. a8. | at (2—2x)/? dx. 
0 0 


43/3 2) 5/2 ° 
17 | (8-4 27)§/? dx. is. |" aaa’? 
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a 1 = 2 a! 
: S(a—x)§ dx. . | a®/? (1 —ax)!/? dx. 21. Va dz. 
19 | x (a—x)§ dx 20. | a/? (1 —a)'/? da | aa) 
1 ze ; a * 2a x? ae 
22. | Ve) dx. 2s. | J (aa — 2 ) da. 24. i (2 aa — x") . 
Eva 


1 3 oo 
2s. | x /(a—2x) dx. 26. Ib wf 9-42") dx. 27. i 
0 


ne x B (0 
22. | (ata) + a) dx. 29. la V[(@—-0) (8—2)| aS 5 (B— x)) 30. \, a (Zo )ae. 
a1. |" V/ (Va —10—2") dx, sa. |" / (3 2—2? +4) da. 
ce JoNC "M(Z 3a— =.) a 2a. |" ee: ate) 
ne { ar/(4ae-3--"?) dx. 36. IF enl(= - 


CHAPTER XVI 


GEOMETRICAL APPLICATIONS 
AREAS 
152. Areas of Curves. 


Some simple cases of the determination of areas (which is some- 
times referred to as quadrature) have already been considered in 
Chapter IX. The following method, in which an area is regarded 
as the limit of a sum, yields the same result as the method of 
Art. 79. 

Let AH, BK (Fig. 96) be the ordinates of two points A and B on 
a curve; and let HK be divided into very small equal parts, each 6x. 


B 


MON 
Fig. 96. 


Let IP, NQ be the ordinates at two successive points of division, 
Mand N. Complete the rectangles PN, QI; draw all the ordinates, 
and complete the rectangles in the same way. 

The difference between the sum of the inner rectangles, (PJ), 
and the sum of the outer rectangles, =(QJ1), is equal to the sum of 
the small rectangles, }(PQ), and this is equal to the length of their 
common base, 52, multiplied by the sum of their heights, i.e. to 
da(BK—AH), which can be made as small as we please by taking 
da sufficiently small. Hence the two sums of rectangles have a 
common limit, and this is the area of the figure HABK. 
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1] 
| Therefore the area HABK 


=| .2(M) =] 45225 (yda), if OF =a and OK =}, 


é6az>0 


b 
=| ydx (by the definition of Art. 148) 


b 
=| J (a) dx, if y= f(x) be the equation of the curve 4B. 


This gives the same rule as was obtained in Art. 80. 
Since y is + or — according as the point (x, y) is above or below 
- the axis of x, it follows that, if 6x be taken positive, the value obtained 
_ for the area is + or — according as the area is above or below the 
axis of x. 
This accounts for results such as the following: If, to find the area 
between the graph of y=sina and the axis of « from x=0 tozw=2r7, 


Qa 2Q0 
we take sina dz, we get [ - cos | , which is equal to 0. 
0 0 

It is obvious from the graph that the area from «=0 to x= isabove 


the axis of 2, and the area from 2w=z7 to #2=27n below the axis of a. 
The preceding integral gives the sum of these areas with opposite signs, and 
therefore merely indicates that the areas above and below the axis are equal 
in magnitude. The area of each part is numerically 
[ sine dx = —cosz |" = 2, 
0 0 

In such cases the points where the curve cuts the axis should be found, 
and the areas on opposite sides of the axis determined separately. 

In some cases the area required has to be divided into several 
parts, as shown in the following example: 

Example. Find the area between the circle x?+y?= 4a? and the ellipse 
x? +5y? = 16a’. 

Let P (Fig. 97) be a point of intersection of the circle and the ellipse. 


The required area 4 = 4x area OBPC =4 x area OBPM+4x area MPC. 
The coordinates of P are obtained by solving the equations of the curves. 
This gives x=+a, y= +4+/8a. Cis the point (2a, 0). 
The ordinate of the circle is / (4 a? — 27), 
and the ordinate of the ellipse is 4/(16 a?—2”)/4/5. 
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Hence A= al” V/}. /(16 a? — 2’) ax+4|” / (4 a? — x?) dx 
tt) a 
= 4/3 [Sav/(16at—a%) +8 0% sin er 


2 
+4) $2 /(4a?—27) +2 a? sin Res (Art, 139) 
= ( Zata 


=4/} (ba? /15+8a?sin2]+4[2a?. 37-40? ./3-2a?. 37] 
= a? (32/3. sin-3+ 7) 
= 12 a’, approximately. 

153. Area of cycloid. 


As an example of the determination of an area when the coordinates 
are each expressed in terms of a third variable, we will take the case 
of the cycloid (Art. 50), and find the area between one arch of the 
curve and the axis of 2. 


The coordinates of a point on the cycloid are =a (9—sin 6), y=a(1—cos 0), 
where 0 is the angle turned through by a fixed radius. 


|» dz = Eee d@@ (Art. 131), and in describing one arch, the angle 


turned through is 27. 
Hence the required area 


w 2a 7 
-| ye ao=| a(1—cos 6). a(1—cosé) domat| (1-2 cos 6+ cos") dd. 
0 0 0 
Now, by Theorem V, Art. 146, 
. 23 Ar 
cosdédé=0, and i costa dd = 4) cos?6 dd0= 4.3.40 =m. 
0 


0 0 ; 
Therefore the required area = a?[207+7] = 37a’, i.e. three times the 


area of the rolling circle. 
154. Area of a closed oval curve. 


Let AH and BK (Fig. 98) be tangents to the curve parallel to the 
ie (4) 


1528 U 
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y-axis. Any intermediate ordinate will cut the curve in two points 
P, (x, y;) and P, (a, yz); let y, be > ys. 


b 
Then, if OH=a, OR=b, the aren HAP, BR { y, da, 


b 
and the area HAP, BK = Yo Ax 5 


a 


v 


b 
_ therefore, by subtraction, the area AP, BP, = [ (Y1 — Yo) ax. 
Ja 


Or, parallel ordinates may be drawn dividing the area into strips 
perpendicular to the z-axis, and the area is the limit of the sum 
of the rectangles P, P, x62, ie. the limit of 2(y,—y,.)6a taken 


b 
between =a and = 8, i.e. | (Y;—Yz) da. 
a 


It is easily seen that this expression gives the whole area, whether 
_ the curve cuts the z-axis or not. 

In Fig. 98 it does not; if, however, the axis of x, as shown by 
the dotted line ECDJ, cuts the curve (below A and B) in C and D, 


b 
and the ordinates AH and BK in FE and F, then | y, dx gives the 
a 


b 
area HAP, BF, and i Y_dx gives the areas HCA and DFB (which 


are above the x-axis) with + sign, and the area CP, D (which is 
'below the z-axis) with — sign; therefore, on subtracting, the 
common areas HCA and DFB disappear, and there remains 
CAP, BD—(—CDP,), i.e. the area AP, BP, of the closed curve. 


The same result follows more readily from the facts that the area 
is the limit of 2(P,P,x6x), and that no upward or downward 
movement of the x-axis affects the length P,P,, which is y,;—y,. 

It should be carefully noticed that the limits are the values of z 
for which y, and y, are equal. 


The following example illustrates the application of the method: 


Example. Find the area of the curve 3x*—-10xy+10y? = 2. 

The two values of y which correspond to any particular value of # are 
found by solving the equation as a quadratic for y in terms of a, 

Thus 10y°—10ay+38a*-2=0, 
whence y = sy {10 r+ 4/[20 (4-2) ]}. 


These two values are y, and y,, hence 


Y1-Ya = 10 [20 (4-24)] = $/[5 (4—-2°)], 
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The limits are the values of x for which y,—y,=0, and therefore are 
Sliven by 2? = 4, ie. w= +2. 


Hence the area of the curve 


=| $5 (4—2*)] de 


$m 
-|" 3/5 .2c0s6.2cosdd6 (if # = 2sin 6) 
4 
= ty5x2) cos? 6 dé 


0 
= 8/5xh bn = Qn/s/5. 


Fig. 99. 


The curve is an ellipse whose centre is the origin, and is shown in Fig. 99, 
y= +1 when x= +2, and y= +1/,/5 = +°45 when a=0, 
Also when y=0, 327 =2 and x= +'82. 


Examples LX, 


1. Find the area of the curve y? = a? (4—27). 
2. Find the area of y? = 2*(9—a’). 
8. Obtain the area between the curve y’? = 2#°/(2a—«x) and its asymptote. 
This curve is called the cissoid. 
4. Find the area of the curve «=acos*6, y= bsin°d. 
5. Find the area of the ellipse y? = (w—2)(9—272). 
6. Show that the area between the curve xy? = a*(a—wx) and its asymptote 
is equal to the area of a circle of radius a. 
This curve is called the witch of Agnesi. 
7. Find the area of each loop of the curve «=asin20, y=bcosd. 
8. Find the area of the loop of ay? =42?(a—2). 
9. ad the area cut off from the parabola y?= 16a by the straight line 
y= 3x. 
10. Also the area between the two parabolas y?= 20a and a? =l6y,. 
11. Draw the curve (a—2)y?=2"(a+ax); and find (i) the area of the 
loop, (ii) the area between the curve and its asymptote. 
This curve is called the strophoid. 
12. The rectangular hyperbola 2?—y?=3a? divides the circle 2?+y?=5a" 
into 3 parts; find the area of each part. 
u 2 
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13 Find the area of the oval of the curve ay? = (w—a)(a—5a)’, and find 
its ratio to the area of the circumscribing rectangle with sides parallel 
to the axes. 


14. Prove that the area between the catenary y=acosh(z/a), the axes, 
and any ordinate PN is double the area of the triangle PNL, where NL 
is the perpendicular from N to the tangent at P. 


15. Find the area cut off from the hyperbola x?/a?—y’/b? =1 by the double 
ordinate «=2a. Find also the area between the curve and the lines 
which join the ends of the double ordinate to the origin. 


16. Find the area of the ellipse #7+4y’-6x+8y+9=0. 
17. Also of 927+16y?—90a%-—6!y—-119=0. 
18. Find the'area of the curve 527+6a2y+2y?+7x+6y+6=0., 
19. Find the area common to the ellipses 2?/a? + y’/b’=1 and 2?/b?+y7/a?= 1. 
20. Obtain the area of the ellipse whose equation is (y—2)? = (x—1) (8-2). 
21. Find the area of the curve 2?/5+ y?/5 = a*/®, 
[Put #=acos’é, «. y=asin* 6]. 
22. Draw the curve * (a?+4 a?) y = 8a', and find the area between the curve 
and its asymptote. 


23. Find the area of the curve 2 = 2acos6+acos20, y= 2asinéd+asin20. 
24. Find the area of the astroid a’/§+y?/8 = @/8, 


25. If y=f(x) beaclosed curve, show that y=bf(x/a) is also a closed 
curve, whose area is ab times the area of the former curve. 


155. Approximate integration. 


The preceding method of finding an area requires (i) that we 
know the equation of the curve, and (ii) that the equation may give 
y as an integrable function of 2 In practical work, a curve is often 
plotted from a number of isolated observations or drawn by some 
mechanical device, so that the equation of the curve is not known. 
Various methods have been devised for finding an approximate value 
for the area of such a curve. Moreover, since the integral of any 
function may be represented graphically by an area bounded by the 
graph of the function and the axis of %, these methods may be used 
to find an approximate value for the integral of a function whose 
graph can be drawn, but which does not yield to any of the ordinary 
methods of integration. 


1 
For instance, if the value of ( (1+a°)-3 dx be required, we cannot find 


0 
the indefinite integral of 1/,/(1+a°) in terms of elementary functions, 
and therefore cannot find the exact value of the definite integral by the 
method of Art. 144, but by plotting the curve y? = 1/(1+2°) carefully, and 
using one of the following methods to find approximately the area between 
the curve, the axes, and the ordinate z= 1, we obtain an approximate 


1 1 
value for { y dx, i.e. for the given definite integral \ (l+a5)-2 dx, 
0 0 


* This is the curve in Question 6, with z and y interchanged, and a replaced 
by 2a. 
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The simplest and most obvious way of approximating to the area 
between a curve and the axis of a is to draw a number of equidistant 
ordinates, and then, by joining their extremities, obtain a series of 
trapeziums whose areas can be found by elementary geometry ; the 
sum of these areas will be less or greater than the actual area 
according as the curve is concave downwards or upwards. By 
drawing tangents at the ends of alternate ordinates and producing 
these tangents to meet the consecutive ordinates on either side, we 
obtain a number of trapeziums, the sum of whose areas is greater or 
less than the actual area according as the curve is concave downwards 
or upwards. Hence the actual area is intermediate in value between 
the sums of the areas of these two sets of trapeziums. The more 
ordinates are drawn, the more accurate is the approximation obtained, 
and the error involved in the approximation is obviously less than 
the difference between the two sums. 

A more accurate approximation than is possible by this method is 
obtained by the rule known as ‘Simpson’s Rule’, 


156. Simpson’s Rule. 


Let ¥;, ¥2, Ys be the ordinates of three points A, B, and C (Fig. 100), 
whose abscissae are a—h, a, and a+h, and let h be small. 

Suppose y = f(x) to be the equation 
of the curve (the form of the function 
J (x) may not be known); let P be any 
point on the curve between A and C, 
whose coordinates are (x, y). 

ath 
The area HACL =| ydz 


a—h 


= ce f(x) dx. 


Let x =a+z; then as 2 increases 
from a—h to at+h, 2 increases from 
—htoh; 


¥ 


h 
*. thearea=| f(a+2) dz. 
h 


By the extended Mean-Value Theorem (Art. 119), 
S(at+2) =f(a\+ef (a) t+y2f" (at 92). (i) 
If ¢ is very small, the last term will, only differ by a very small 
quantity * from }2?f” (a). 


* If f(a) is a quadratic function of x, say pat+qu+r, f” (~) has the constant 
value 2p for all values of z, and hence in this case the following expression for 
the area is exact, and not merely an approximation, 
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h “ ° 
Hence the area = | [f(a +ef (a)+322f" (a)] dz, approximately, 
-h 


ah 
=[ef@riela+iesr'o| 
= 2hf(a)+ 3h? f(a) 
= 5h[6f(a) +h? f” (a)]. 
This can be expressed in terms of the ordinates y,, Y2, ¥3; for 

yy, =S(a—h) = f(@—hf (a)+ zl’ f’ (a), approximately ; 

Y2= F(a); 

Y3 =f (ath) =f(a)+hf (a)+4h2 f’ (a), approximately. 

Hence 9 +Y5 = 2f(a) +02 f” (a), and y, +492 +4, = 6f(a)+ f(a); 

the area HACL = th(y,+4y.4+ 43). 

If there be any odd number (2”+1) of ordinates, then, applying 
this result to the areas between y, and y;, y; and y;, y, and y,, ..., 
Yon—1 20d Yon41, We have, as an approximate value for the whole area, 

Bh (H+ 4yot+Ys) + (Yst4¥e+Y5)+(Yst4Ye+Y2)+ + 

+ (Yon—1+4Y2n+Yonsi)] 

= $h[Y1+Yonsirt+2 (YatYst +» +Yan—+4 Yet Yat -» +Yon)]- 

This is Simpson’s Rule, viz.: To obtain an approximate value for 
the area, divide it into an even number of strips by equidistant ordinates, 
and multiply one-third of the distance between consecutive ordinates by the 
sum of the first, the last, twice all the other odd ordinates, and four times 
all the even ordinates. Since we found the area of two strips at a time, 
the number of strips must be even and therefore the number of 
ordinates odd. If the curve cuts the axis of aw at one or both 


extremities of the area, then one or both of the extreme ordinates 
must be taken as zero. 


Equation (i), when /” (a+ 02) is replaced by /” (a), is of the form 
y= f(a+e) = at bet cz’, 

which is the equation of a parabola whose axis is parallel to the - 
axis of y. Hence just as the method described at the end of the 
preceding article consists of taking the are joining two consecutive 
points on the curve as a straight line, so the present method consists 
of regarding the are through three consecutive points on the curve 
as an arc of a parabola. 

As explained in the same article, the method may be used to 
obtain an approximate value for any definite integral, if y,, yo, ... 
are the values of the function to be integrated at equidistant intervals. 


\ 
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The second of the following examples will show how close an 
approximation may be obtained by the use of it, and also shows 
a convenient way of arranging the calculation. 

Examples: 

(i) A curve is drawn through the points (1, 2), (1°5, 2°4), (2, 2°7), (2°5, 2°8), 
(3, 3), (8°5, 2°6), (4, 2°1) | estimate the area between the. curve, the axis of x, and 
the ordinates x =1, x= 4. 


The distance between consecutive ordinates is ‘5; hence the area is 
approximately 
= $ [242142 (2°74+3)+4+4 (24428 4+2'6)] 
= 3[46°7] =7°8 nearly. 


(ii) Find +t sin ax: 


0 
Divide the range of integration into 10 parts, each equal to the radian 
measure of 9°, 


Then 

y, =sin 0°= 0, Y,=sin 9°= ‘1564845, y,=sin18°= °3090170, 
Yy=sin 90°= 1, y,=sin27°= °4539905, y,=sin 36°= 5877853, 
2 (other odd Ob. tha pega ates 
ee - 5°3137516, y,=sin45°= °7071068, y,—sin54°= *8090170, 
4 (even or-) ae wer mt ene = 

aes = 12°7849064, y,=sin 63°= °8910065, y,=sin 72°= ‘9510565, 


Y,9=s8in81°= 9876883, 


Sum Sum of 
19°098658. of even | ~s:1902200, ather odd} = 2°6568758, 
ordinates ordinates 


Hence the approximate value of the integral 
=} x57 x 19°098658 = 1°000008. 


hr oe 
The real value is [ -e08 | , which is 1. 
0 


1 
(iii) Find approximately the value of e-=? dx. 


0 
(The function e-*” cannot be integrated in finite terms.) 
Divide the range of integration into 10 equal intervals, each ‘1. 
Then, from Table X, 


y, =e = 1, yz=e "= 9900, ys=e = *9608, 
Yy,=e '= 3679, Yj—Can — lsd, ype °= °8521, 
2 (other odd y’s)= 6°0758, Yo=Ca = V10e, Cae OO Milly 
4 (even y’s) =14°9608, Ya=e "= °6126, Yy=e "4 =s 5273, 


Yo=er = °4449, 


' Sum of even : Sum of eet : 
22°4045. ordinates } Sete odd ordinates 30379 


Hence the value of the integral is 4x ‘1 x 22°4045 = °7468.... 
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An approximation can also be made to the value of this integral by 
expanding e~”” and retaining a few terms only; since x is not greater than 


1, the terms will diminish fairly rapidly. E.g. if we neglect terms after 


the em, 1 4 6 a 10 
1 
EL Pa Bie FSG o- ele 
[- ae = | [1 mania 31th 51 | 

1 

= [eae +t a — Dy a" 4 lye? raha 2" | 

=1-$4+yYo-det+ate- 320 

=O lace 

Since the terms decrease and are alternately + and —, the error in 


this result is certainly 
1 gw? it a8 1 F a 
<4 a dx <| 55° a Hiré. ova, which 15. 000L 


The above method may also be used to obtain approximate values 
for such numbers as 7 and e. For instance, since 


Lae tax 
\iepois and | ae 


we can, by dividing the ranges of integration into equal intervals, 
and treating the corresponding values of the functions as above, 
obtain approximate values for }7 and }7. 


2 dax 
Also since | oe log, 2, we can in a similar manner obtain an 
1 


approximate value for log, 2, whence e can be found, since 
log, 2 = log,) 2/log,,e (Art. 91). 
This gives log,,¢, and e is then found from a table of common 


logarithms, 
157. Mean values. 


If the range b—a be divided into m equal intervals, the values of 

a function f(z) when =a, ath, a+2h,...a+(n—Il)h, are 
F(a), S(at+h), f(at+2h), ... f{a+(n—1)h} respectively, 
and the arithmetic mean of these values is 
[S(a+f (ath)+ ... +f {a+ (n—1)h}]/n. 
Since »h = b—a, this may be written 
h[ f(a+f(ath)+ ... +f {a+(n—1) h}]/(b—a). 
The limit to which this arithmetic mean tends, as m is indefinitely 


increased, is called the mean value of the function over the range 
x=ato2z=b. By Art. 148, this limit is 


b 
—_ Ir J (x) da. 
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b 
Geometrically, [ J (x) dx is the area B 


HABK (Fig. 101), and b—a is HK; P 

therefore the mean value is represented 

by the height of the rectangle on the 4“ 

base HK, which has the same area as 

HABK. It will evidently be equal to 

the value of the function at some point 4 M : 
M within the range. (See Theorem VI, Fig. 101. 

Art. 146.) 


Examples: 
(i) The mean value of sinx between x =0 and x=an 
: = sin 2 di = * = “6366. 
Tv 0 Tv 
(ii) The mean value of sin?x between x =0 and x= 


==" sints d2—2 |" sintz dem —ene == 
7 0 “is ° 7 

The latter integral is important in the theory of alternating currents in 
Electricity. 


If the quantity whose mean value is required can be expressed as 
a function of one or other of several variables, it is important to 
notice which is the variable to which equal increments are given. 


(iii) A particle is projected vertically upwards with velocity of 80 feet per 
second ; find the mean value of the velocity up to the highest point. | 


The velocity may be considered as a function of the time, or of the distance 
from the starting point. 


(a) For equal increments of time. The time to the highest point is 23 _ 
seconds, and v= 80—382¢ gives the velocity at any instant. 


295 2°65 
the mean velocity = = { (80 —32 t) dt=2 [80 t—16 “| 
0 


0 


= 2 [200-100] = 40ft. secs. ; 


which is obvious, @ priori, since the velocity decreases uniformly as the time 
increases. 


(b) For equal increments of distance. The total distance is 100 feet, and © 
»? = 6400—64s gives the velocity at the height s above the point of 
projection. 


100 100 
.*. the mean velocity =rte | / (6400 — 64s) ds = rio | /(100—s) ds 
0 0 


= x80 | ~§ 100—5)°* ] "= Bo -§- 100053} ft. soen 


1 
0 
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(iv) A quantity of steam expands so that it follows the law pv'* = 1000, 
p being measured in pounds weight per square inch; find the mean pressure 
as v increases from 2 to 5 cubic inches. 


Here p= 1000 vt, and the increase in volume = 8 cubic inches; 


5 5 
.. the mean pressure = a] 1000 o-® dv = 1922 [s a] 
a a 


= S000 [Be -26] = 885 1b. wt. per sq. inch, nearly. 


Examples LXI. 


Find approximate values for the following definite integrals 14: 


1 2 
1-[ oy (142°) de. 2. | e” dx, 
0 1 
he : imsin x 
3. log (1+sin 2) da, 4. — dx. 
0 0 x 
5. Find an approximate value for by applying Simpson’s Rule to the 


18. 


19. 


by 
. Find an approximate value for 7 from i ATC 


4 dz 
integral I inet (see end of Art. 156). 


. Find an approximate value for log,2, and thence for e, from we ae: 


. Find the mean value of 4/(4+32) from w=1 to x=5. 
. Also of 1/x from x=1to r=10. 
. In simple harmonic motion, s=acosnt. Find the mean value of the 


velocity during one quarter of a complete oscillation (i) for equal 
intervals of time, (ii) for equal intervals of distance. 


_ Find also the mean values of the acceleration. 
. Show that, in simple harmonic motion, the mean kinetic energy, with 


respect to the time, is half the maximum kinetic energy. 


. Find the mean value of the ordinate of a semicircle of radius r when 


taken at equal intervals, measured (i) along the diameter, (ii) along 
the are. 


. A quantity of steam expands and follows the law pv'? = 500; find the 


mean value of the pressure as v increases from 3 to 8. 


. Find the mean value of 10sin250¢ as ¢ increases from 0 to yAy7. 
. Find the mean value of C? where C=10sin4t, when 4¢ increases 


by 27 


. Also where C=acos(pt+Q) when pt+aQ increases by 27. 
. Find the mean distance of points on the circumference of a circle from 


a fixed point on the circumference. 


A number a is divided into two parts; find the mean value of their 
product. 


Find the mean value of the ordinates of the parabola y?=4ax from 
a=0 to r=4a. 
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20. Find themean value of the positive ordinates of the ellipse #?/a?+ y?/b?=1. 


21. The radius of a circle rotates uniformly about the centre; find the mean 
value of the ordinate of its extremity. 


22. Find the area of a curve in which successive ordinates at intervals of 
‘2 inch are 3°5, 3°2, 2°8, 2°9, 3'3, 3°6, 4 inches. 


23. Equidistant ordinates of a curve are 4°2, 4°55, 4°9, 5°17, 4°8 inches; 
estimate the area between the extreme ordinates, which are 3 inches 
apart. 


24. Use Simpson’s Rule to find the area between xy = 12, the axis of 2, 


x=1, x=4; and compare the result with the area found by 
integration. 


25. Find, if & ='2, the value of Be 


4r 
; “VU —#? sin? 6) to 5 figures, 


VOLUMES 
158. Volumes of solids of revolution. 


The volume of a solid of revolution was defined in Art. 14 (4), and 
some simple cases have already been considered in Art. 81. 

As, in Fig. 96, the area AHKB is the limit of the sum of all 
the rectangles such as PN, so, if the curve APB rotates about the 
axis of x and thereby forms a solid of revolution, the volume of this 
solid is the limit of the sum of the cylinders generated by the 
rotation of these rectangles, i.e. the volume 


ae b 
= Lii(7 PM’. MN) = Li Dena ty? oe =| ay" dx. 


Examples: 


(i) Find the volume formed by the rotation of one arch of a cycloid about 
its base. 


The volume 


. 20 , dx 2a x - 
= |rydx= d TY qaeo= : na? (1 —cos 6)? a(1—cos 6) dé 


27 
aca (1—3cos 6+ 3 cos?6—cos* 6) dd. 
0 
Now 
20 20 4 29 
{ coed dd =0; | cost d= 4 | cost dd—n5 | cos’é d6=—0; 
0 0 


0 0 
(Theorem V, Art. 146.) 
.. the required volume = 7 a8 [2 r-0+32—0] = 577. 


The volume of a solid of revolution may be found in a similar 
manner, if the curve rotates about a straight line parallel to one of 
the axes of coordinates. 
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(ii) Find the volume generated by the rotation of the figure bounded by 
@ quadrant of a circle and the tangents at its extremities about one of these 
tangents. 

It is more important that the equation of the rotating circle be written in 
its simplest possible form, z?+y? = a?, than that the axis of the solid should 
be one of the axes of coordinates; hence let its centre O be taken as origin. 


A 
Fig. 102, 


Let AC (Fig. 102) be the tangent about which the quadrant rotates; and 
let MP, NQ be the perpendiculars to this tangent at the ends of the small 
interval MN. 

Then the volume required = the limit of the sum of the cylinders formed 

by the rotation of rectangles PN about AC 


= Lt 30 PM’, MN = Lt Sr (a—2)? dy 
-| m(a—2x)? dy. 
t) 
Let «=acosé, y=asin@; then the limits for 6 are 0 and 37. 


ha 
*, the volume -| ma’ (1—cos6)?acos6é dé 
0 


tr 
= rat] [cos 8—2 cos? 6 + cos® 6] dé 
0 


=nra@(1-2.4.307+2] 
= fra’—}7n’a’ 


= }na5(10—3n). 
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159. Volume of any solid. 


If the solid be divided up by planes perpendicular to the axis of zx 
at distance 5x apart, and if A be the area of the section by the plane 
which is at distance x from the origin, Adz is the volume of the 
cylinder of base A and thickness 5, and the volume of the solid will be 
the limiting value of = Adz, i.e. (Ada taken between proper limits. 

In Art. 158, A = wy?; in some cases, A can be found in terms 
of x by an integration, and then a second integration will give the 
required volume. As examples of this method, we will take the 
following: 


Examples: 


(i) Find the volume of a cone of height h standing on an elliptical base whose 
semi-axes are a and b. 


The equation of this ellipse, referred to its axes as axes of coordinates, 
is x7/a?+y?/b?> =1 [p. 19]. Its area = 4 i y dx. Taking the coordinates 
0 


of a point on the ellipse in the form x=acosé, y= bsin@ [Art. 50], the 
limits for 6 are 47 and 0, hence the area 


0 ir 
=| bsin dx ~asin 0 dd = 4ab| sin? 6d0= 4ab.}4.407= 7 ab. 
0 


T 


Next, taking the perpendicular from the vertex of the cone to its base as 


Fig. 103, 


axis of x, the area A of a section perpendicular to OX (Fig. 103) at distance 
a from 0 is to the area of the base as 2?:h?; i.e. A =aaba’/h’. 
.. the volume of the cone 


h h 
=| A dx = mab ; at de =" AW = bradh, 

(ii) Find the volume of an ellipsoid, i.e. a solid figure such that the section 
by any plane parallel to the plane XOY¥, or perpendicular to either OX or 01, 
is an ellipse. 
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Fig. 104. 

Let a, b be the semi-axes OA, OB (Fig. 104) of the section by the plane 
XOY; a, c the semi-axes OA, OC of the section by the plane through OX 
perpendicular to OY; therefore b, c are the semi-axes of the section by the 
plane through OY perpendicular to OX. a, b, ¢ are called the axes of the 
ellipsoid. 

Consider the section PQ by a plane perpendicular to OX at distance x 
from O. The area of this section is, by the preceding example, » PM. QM. 

Since P is a point on the ellipse AB, it follows that a*/a?+MP?/b?=1; 

MP = b./(a?—2?)/a. 
Since Q is a point on the ellipse AC, it follows that x?/a?+MQ?/c? = 1; 
MQ = eV (a —2")/a; 
hence the area of the section PQ = x be(a?~2”)/a’. 
Therefore the volume of the ellipsoid 


(a§—2a’) = frabe. 


In some cases an approximation may be madé to a volume by the 
use of Simpson’s Rule. If, in Art. 156, y,, y,, ... denote the areas 
of the sections A,, A,, ... of a solid at equidistant intervals, the 
application of the rule will give an approximate value for /A dz, 
the volume of the solid between the extreme sections. 

If three sections only are taken, viz. the extreme sections A,. A, 
and the section A, midway between them, Simpson’s Rule gives the 
volume as $h(A,+4A,+A;), a rule which is sometimes used in 
Mensuration. 
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(iii) Five equidistant sections of a solid are circles of circumferences 36, 42, 
46, 50, and 52 inches, their common distance apart being 6 inches; find the 
volume between the extreme sections. 


If r be the radius of the first section, 2rr=86; .. r= 18/7, and the 
area 77" = 324/r sq. inches. Similarly, the areas of the other sections are 
441/r, 529/n, 625/77, 676/m sq. inches. 

-. the volume = 4. 6(324+676+42.529+4 (441 +625)]/m 

= 2 x 6322/m = 4025 cubic inches, nearly, 


Examples LXII. 


1. The loop of the curve ay?=2?(a—«x) rotates about the axis of 2; find 
the volume of the solid formed. 

2. Find the total volume generated by the rotation of the curve 
a?y? = 2" (a?—2x) about the axis of x. 

3. A segment of a parabola cut off by a double ordinate perpendicular to its 
axis rotates about the tangent at the vertex ; find the volume generated. 


4. The same segment rotates about the double ordinate; find the volume 
generated, and its ratio to the volume of the circumscribing cylinder. 


5. Find the volume formed when one semi-undulation of the curve 
y = bsin(x/a) rotates about the axis of x. 


6. From an extremity B of the latus rectum of the parabola y? =4ax, BK 
is drawn perpendicular to the axis of y; find the volume formed by 
the rotation of OBK about BK. 


7. Find the volume of the solid generated by the rotation of the curve 
xy’? =a? (a—x) about its asymptote. 

8, The arc of a quadrant of a circle rotates about its chord; find the volume 
formed. 

9. Find the volume formed by the rotation of (a—x)y?=«* about its 
asymptote. 

10. The curve x» =acos*é, y=asin’@ rotates about the axis of x; find 
the volume formed. 

11. One-half of one arch of a cycloid rotates about the tangent at the 
highest point; find the volume generated. 

12. Find the volume formed when one arch of a cycloid rotates about its 
maximum ordinate. 

13. Find the volume formed when the figure bounded by the axis of x, the 
catenary y= ccosh(a/c), and the ordinates a= +e rotates about the 
axis of a. 

14. The common part of the two parabolas y7=4axz and x =4ay rotates 
about the axis of x; find the volume of the solid formed. 

15. The curve * x =a(logcot}6—cosé), y=asiné@ rotates about the axis 
of «, which is an asymptote ; find the volume generated. 


* This curve is called the tractriz. It is the path of a heavy particle 4 drawn 
along a rough horizontal plane by a string 4B, when the end B of the string is 
made to move in a straight line which does not pass through A. (See 
Ex; X VIL. 135) 
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16. A circle of radius r rotates about a tangent; find the volume of the 
resulting solid. : 


17. Find the volume formed when the figure bounded by the curve 
y = asin (a/b), the axis of y and the line y =a rotates about the 
axis of y, 


18. Show that the volume formed by rotating y=e™* (from «=0 to 
a = 0) about the axis of y is four times the volume formed by rotating 
it about the axis of x. 


19. Find the volume obtained by rotating the figure bounded by a? + yt = at 
and the axes about one of the axes. 


20. Find the volume obtained by rotating the oval part of the curve 
xy? =a(%—a)(a—b)* about the axis of a. 


21. The circle (x—a)?+(y—b) =r7, (r <b), rotates about the axis of 2; 
find the volume of the solid ring thereby formed. 


22. Prove that the volume of a cone or pyramid of height h, which stands on 
a base of area A, is Ah, 


23. Five equidistant sections of a barrel are circles of circumferences 80, 90, 
96, 90, and 80 inches respectively, their common distance apart being 
1 foot; find the volume of the barrel. 


24, The bounding sections of a solid are ellipses (perpendicular to its axis) 
with semi-axes 4, 6 inches and 10, i2 inches respectively, the middle 
section is an ellipse with semi-axes 8, 10 inches, and its length is 
9 inches. Find its volume. 


25. A square with a semicircle described upon one of its sides rotates about 
the opposite side; find the volume generated. 


26. The smaller of the two portions into which an ellipse is divided by its 
latus rectum rotates about that latus rectum ; find the volume generated. 


27. Find the volume generated by the rotation about the line # = 4 of the 
figure bounded by this line and the curve y? = 2° 


28. A sector of acircle, radius r, of angle 60° rotates about its middle radius; 
find the volume formed. 


29. An isosceles triangle rotates about an axis through its vertex parallel to 
its base; find the volume generated. 


30. A quadrant of a circle rotates about a line through the centre of the 
circle, parallel to the chord which joins the extremities of its arc; find 
the volume generated. 


| LENGTHS OF CURVES 
| 160. Lengths of curves. 


The length of an are of a curve has already been defined in Art. 14 
_as the limit of the perimeter of an inscribed polygon, when the sides 
are all indefinitely diminished. The process of finding the length of 

a curve is often referred to as the rectification of the curve. Some 
simple examples were worked out in Art. 82 from the fact that 


ds/dx = /(1+(dy/dz)?], 
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If P and Q be two consecutive angular points of the inscribed 1 
polygon, whose coordinates are (x, y) and (v+52, y+éy), 


PQ = V[(dx)? + (dy)*] = dav [1 + 0y/da)?), 


Hence the length s of the arc between two points whose abscissae 
are a and b 


=1131Pq =] 222 [142 pe= [aff] )] da, 


since it follows from the mean-value theorem (Art. 116) that dy/dx 
is equal to the value of dy/dz at some point between Pand Q, and 
it was mentioned in Art. 144 that, in the definition of the definite 
integral of a function, it was sufficient to take the values of the 
function at any points within the successive intervals. 

Similarly, the length of the are may be expressed as 


Cabo 


where a’ and D’ are the ordinates of the extreme points of the are. 
If the values of the coordinates x and y are expressed in terms of 
a.third variable 0, it follows in the same way that 


Goa Ga 


and therefore the length of the arc is equal to 


J) 4) 28 


tsken between suitable limits for 9. 

In only comparatively few cases can the integration be effected 
in finite terms of such functions as have hitherto been considered. 
Even in the case of the ellipse, the resulting integral can only be com- 
pletely evaluated by introducing and investigating the properties of 
a new class of functions known as elliptic integrals. The integral 
obtained [p. 306, Ex. (ii)] for the length of an are of an ellipse is 
called an elliptic integral of the second kind. The integra! obtained in 
Art. 194 for the time of oscillation of a pendulum is called an elliptic 
integral of the first kind. 

In some cases an approximation to the length of an are may be 
made by the use of Simpson’s Rule by taking equidistant values of 
ds/dx or ds/dy. 


16838 x 
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Examples : 

(i) Find the length of the arc of the parabola y?=4ax from the vertex te 
any point (X,, y,) on the curve. 

In this case it is best to take y as the independent variable. ~ 

Since y?=4aa, wehave 2y=4adz/dy; .. dau/dy=y/2a. 


yy dx 2 a re y? * 7 1 Yt 2 2 
| \>+(2)]Je-], (14 fa )dv= se): A (4a? +4’) dy 
es = [3 yV (4a? +y?) +4.4a? sinh™ Al “ (Art. 189) 
0 


ara - [vv (att yt) +4 a sinh-! f] ‘i since sinh-! 0 ea 0. 


For instance, the length of the arc from the vertex to an extremity of the 
latus rectum, where y, is equal to 2a, 


= 7 Ra 8a) +4a? sinh“ 1] = a (./2+sinh-'1) 
= a(1°414. .+°881..) = 2°295....a. 


(ii) Find the length of the are of a quadrant of an ellipse. 


The coordinates of any point on the ellipse can be expressed in the form 
x=acosd, y=bsingd (Art. 50). Therefore 
(ds/dp)*=(dx/dp)? + (dy/d pf)? = a’ sin? p + b? cos? h 
=a’ — (a? —b*) cos’ = a’— a" e? cos’ f (p. 19); 
8 = fa(1—ecos?)t df between suitable limits. 
Measuring s from the end A of the major axis where ¢ = 0, s increases 
with d; therefore ds/dg@ is +. At the end B of the minor axis, $= 47; 
hence the values of ¢ at the extremities of a quadrant are 0 and 47, and the 


ir 
length of the arc = a} (1—e? cos? ¢)'/? dg. 
- 0 


This integral cannot be found in terms of functions hitherto considered, 
but an approximate value can be obtained by expanding (1—e? cos? ¢)'/? by 
the binomial theorem and retaining a few terms only, If the series converges 
rapidly, a good approximation is easily obtained. 

Lien De art oe 
(1—e? cos? h)t = 1—2e? cos? p+ = 2 e costo — BEF cost tase 
= 1—}e' cos’ p—}fet cost P— py e® cos®* G—.... 

This series satisfies the conditions under which an infinite series can be 
integrated term by term. Assuming this fact, we obtain, by integrating 
each term between 0 and 37, the length of the arc 


3.1 5.8.1 
maldr-deddn-de 5 beak! pag te... | 
m dna (ltée ate.) 


In the ellipse, e is always <1, and the terms diminish rapidly. E.g. if 
the semi-axes are 6 and 10 inches, e? = 1—b?/a? = "64, and the length of the 
are = }n.10[1—"16—"0192 —°0051] = 5 x ‘8157 

= 12°8 inches approximately. 
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Examples LXITII. 


. Find by integration the length of the circumference of a circle. 
. Find the length of the are of the parabola y?=4a from the vertex to 


the point (9, 6). 


. Find the length of the arc of the curve ay? = 2° from the origin to 


the point whose abscissa is Ja. 


. If s be the length of the are of the catenary y=ccosh (a/c) from 
2 


the vertex to the point (a, y), show that s? = y?—¢?. 


. Find the length of the curve y =e” from y=# to y= $4. 


6. Find the total length of the astroid 2 = acos*6, y=asin°é, 


19. 
20. 


. Prove that the area between the catenary y =ccosh (a/c), the axis of x 


and the ordinates of two points on the curve is equal to cs, where s is 
the length of the are intercepted between the two points. 


. Express the length of one semi-undulation of the curve y = b sin (a/a) 


as a definite integral. 


. Find the length of the loop of the curve 3 ay? = x (x—a)?. 
. Calculate the perimeter of an ellipse whose major axis is 15 inches in 


length and whose eccentricity is 4. 


. The axes of an ellipse are 10 and 20 inches; find its perimeter. 
. Show that in the curve 2?/%+¥’/ = qa?/%, if s be the length of the are 


measured from the axis of y, s*o x’. 


. Find the length of the curve y=log cosa from x=0 to x=4n. 
. Find the total length of the curve (a/a)?/*+(y/b)?/* = 1. 
. The eccentricity e of an ellipse is small; prove that the perimeter is 


2mra(1—e?), nearly. 


. Find the length of the curve x =2acos0—acos26, y=2asin@—asin26 


from 6=7 to d=. 


. Find the length of the curve y = log[(e*+1)/(e"—1)] from =a to 


aw=2a. 


. A curve is given by the equations x=a(cos 6+ sin 6), y=a(sin6—8cos6); 


find the length of the arc from 0=0 to 06=&. 
Find, by Simpson’s Rule, the perimeter of the ellipse in Ex. (ii), Art. 160, 


Find approximately the length of the are of the hyperbola ay = 12 
from. «=1 to «=4. 


AREAS OF SURFACES 


: 161. Areas of surfaces of solids of revolution. 


If in Fig. 96 (p. 287) the curve AB rotates about the axis of 2, the 
straight line PQ generates a frustum of a cone; the sum of the areas 
of all these frusta tends, when 64-0, to a limiting value which is 


bar] 
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defined as the area of the curved surface of the solid (Art. 14). It 
has been shown (p. 44) that the area described by PQ 


= PQx circumference of circle described by middle point of PQ 
= PQ.27 (y+hdy). 
‘. the area of the surface formed by the rotation of AB 
= Lt = PQ.27 (y+d dy) 
= Lt = (PQ/ds) 2m (y+ 4 Sy) ds 


=|" 2nyas, since PQ/is—>1 and y+}by—>y, 
%, 


where s, and s, are the lengths of the are measured from some fixed 
point on the curve to A and B respectively. 


i.e. area of surface =, 2ry./] la+ (2 LY | ae (Art. 82). 


If it is more convenient, this may be expressed as 


Jerr GJ 


between suitable limits. 


As with volumes, the area of the surface can be found in a similar 
manner, if the curve rotates about a line parallel to one of the axes, 
In some cases, too, Simpson’s Rule may be used, circumferences 
being taken of sections at equal distances measured along the arc of 
the generating curve. 

Sometimes it is more convenient to oS both y and s in terms 
of some other variable 6. 


Examples : 
(i) Find the area of the curved surface formed by the rotation of a quadrant 
of a circle about the tangent at one extremity of it. 


Referring to Fig. 102, we have, since PQ = a 56, the area of the surface 
= Lt (207 MP. PQ) = Lt>27(a—2) ad6 


hr 7 
= [ 27a(1-cos 6) add = 2nat | (1—cos 6) dé 
v0 


0 


= 2na"(he—1) = a(a—2)a° 
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(il) Find the area of the whole surface of a sphere,and of the surface inter- 
cepted between two parallel planes. 

Let the sphere be formed by the rotation of the circle a? + y’ =?" about the 
axis of x. If 6 be the inclination of the 
radius OP (Fig. 105) to the axis of a, eau 
the coordinates of P are (rcos 4, sin 6), 
and the length of the are s from A to 
Pisrd, 

The whole surface is twice the surface 
generated by the rotation of AB 


ta ds 
= 21 anys, dé 


a7 7 
c= tl rsind.rd0=4n0*| sind dé 
0 0 
=4rr, 
If the area intercepted between two Fig. 105. 
parallel planes HH’ and KK’ be required, 
and if & and £ be the inclinations of OK and OH to the axis of 2, this area 
B $ Be 
-| Qn 5 dO = anf sin 8 d6 = 2nr*(cos X—cos 8) 
a 


a 
= 2rr(rceosAX—rcosf) =2arr(OL—OF) = 2rr. FL. 
This is equal to the area intercepted by the same two planes on the 
cylinder with axis OA circumscribing the sphere. (See also Art. 14.) 


(iii) Find the area of the surface of the solid formed by the rotation of one 
arch of a cycloid about its base. 


In the cycloid, y=a(l—cosé), ds/d@ = 2asin} 0 (Art. 82); 


27 20 
the area required ~ | any ao | 2na(1—cos6).2asin} 6 dé 
0 0 


0 


Let 46=¢; the limits for ¢ are then 0 anda, and d6/dp =2. 
. Pee 
the area = Brat. 2 sin pp = 82m at | siniddd 
0 


i) 
= 32na?.% = na’, 


Qa ras 
= rat 2sin?36.sin}6dd= Brat sin®36d0. 
0 


Examples LXIV. 


1. Find the area of the surface of the solid formed by the rotation ahout 
the axis of x of the parabola yy =16x2. from x=5 to = 12 


2. Find the area of the curved surface of the belt of a sphere of radius 
1 foot between two parallel planes at distances 3 and 9 inches from the 
centre. 


8. Find the area of the surface generated by rotating one arch of a cycloid 
about the tangent at its vertex (i.e. the middle point of the arch). 
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. Find the area of the surface generated by the rotation of the cycloid 


about its axis. 


. Obtain the superficial area of the solid formed by rotating about the 


axis of y the curve ay?=a* from «=0 to «= 4a. 


. Find the area of the surface obtained by rotating a circle of radius r 


about a straight line in its plane at a distance a (> 7) from its centre. 


. Find the area of the surface generated by rotating a quadrant of a circle 


about the tangent at its middle point. 


. The are of a quadrant of a circle rotates about its chord; find the area 


of the surface thereby formed. 


. Find the area of the surface formed by the rotation of the astroid 


27/3 + y"/5 = a*/§ about one of the axes. 


. The arc of the catenary y = ccosh(x/c) from «=0 to x=c rotates 


about the axis of y; find the area of the surface formed. 


. Find the area of the surface of the prolate spheroid obtained by rotating 


the ellipse 2?/a?+y?/b? =1 about its major axis. 

First prove that (ds/d 0)? = a? (1—e? sin?@), where (asin 6, bcos6) are 
the coordinates of a point on the ellipse, and integrate by putting 
esind = sing. 


. Find the area of the surface of the oblate spheroid formed by rotating 


the ellipse 2?/a?+y?/b? =1 about its minor axis. 


.-The are of the parabola y? =4aa cut off by the latus rectum rotates 


about the tangent at the vertex; find the area of the surface described. 


. Find the area of the surface produced by rotating about the axis of x the 


are of the rectangular hyperbola y? = a2?+2a? from x=0 to r=a. 


. The arc of the catenary y= ccosh(#/c) between x= —c and xw=c 
revolves about the axis of ~; find the area of the surface generated. 
. Find the area of the surface formed by the rotation about the axis of x 


of the loop of the curve 3 ay’? = x (a—a)*, 


. The part of the curve y=e” from 2=0Q to # = —o rotates about 


the axis of x; find the surface described. 


. The curve #2 =a(logcot6—cos2 ¢), y=asin2d rotates about the 


axis of x, which is anasymptote of the curve; find the area of the surface 
generated. 


. Find, by Simpson’s Rule, the area of the surface of the solid described in 


Ex. LXII. 23, the common distance of 1 foot being measured along 
the arc. 


Lay a similar modification, the surface of the solid in Art, 159, 
x. (111). 


CHAPTER XVII 
POLAR EQUATIONS 


162. Plotting of curves from polar equations. 


If the equation of a curve be given in rectangular coordinates, it 
can be transformed into polar coordinates by making the substitutions 


z=reos), y=rsind, 27+y%=r? (p. 23). 


In the case of several important curves, the polar equation is 
much simpler than the Cartesian equation. 


Examples: 

(i) The Lemniscate. 

The Cartesian equation of a well-known curve called the Lemniscate of 
Bernouilli is (~?+y’)? = a? (@’—y’). It would not be very easy to plot the 
curve or develop its properties from this equation, but, transforming to 
polars by aid of the above substitutions, we get 

(r?)? = a? (r? cos? 6—r? sin? 6) 


ret r? = a’ (cos’ é—sin? 6) = a? cos 26, 


*. 


Fig. 106. 


By the aid of this equation the curve is easily drawn, and the lemniscate 
affords a good illustration of the way in which the form of a curve is deduced 
from its polar equation. 
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In the first place, a change in the sign of 6 does not alter the equation, 
since cos(—Q) = cosa; this shows that the curve is symmetrical about 
the initial line OX. Again, if 6 is increased by 7, cos 26 becomes cos (20+27), 
which is the same as cos26; since the equation is unchanged when the 
radius vector makes half a complete revolution, it follows that the curve is 
symmetrical about the origin. Hence it only remains to plot it from 6 = 0 
to O=in. When 6=0, r is numerically equal to a, and as 6 increases 
from 0 to }7, r decreases from a to 0; as 4 increases from $m to $7, cos20 
is —; therefore 7? is —, and vis imaginary. 

Hence, if the angles between the rectangular axes be bisected by the 
straight lines 404’ and BOB’, the curve consists of two equal ovals in the 
angles AOB and A’OB’ which are bisected by XX’ (Fig. 106). 


(ii) The Cardioid. 

This curve has the equation »=a(1+cos6), and is of importance in 
Optics. As in the preceding example, it is symmetrical about the initial line 
OX. As 6 increases from 0 to 37, 
r decreases from 2a to a; as @ in- 
creases from $7 to 7, r continues to 
decrease from ato0. Hence itsshape 
is as indicated in Fig. 107. 

From the equation of the curve, 
and the equation of a circle obtained 
on p. 28, it is easy to see a simple 
Rao! x geometrical construction forthe curve. 
r=a+acos6é, and acosé is the 
radius vector of a point on a circle 
of diameter a; therefore, if from 
a point O on a circle chords OP’ are 
drawn and points P are taken on these 
chords produced ata distance @ from 
the circumference, the locus of the 
points P is a cardioid. 

If the equation be given in the form r= a(1—cos 6), the graph is the 
reflexion in the axis of y of the curve shown in the figure, 


. 
Ny 


GO 


Fig. 107. 


Examples LXV. 


Draw roughly the curves in Examples 1-12: 


1. r= 2+c036, 2.r=ad, 3. r=acos2 4, 4. r=14+2cosd, 
5. r=asin36, 6. r= e29, 7. r0=a, 8. r=acos36, 
9. r=asin2 6, 10. r= 2asin6@ tan 6. ll. 7 =a’ cos 6 


12. r=asecO+b: (i) when a>b, (ii) when a=b, (iii) when a<b. 
13. Transform y’ (2a—2) = 2° to polars. 

14. Find the polar equation of a rectangular hyperbola, 

15. Find the polar equation of a parabola. 
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163. Angle between tangent and radius vector. 


Let (r, 6) be the polar coordinates of a point P (Fig. 108) on the 
curve, and (r+5r, +46) the coordinates of a neighbouring point Q; 
therefore the angle POQ = 80. 


Fig. 108. 


Draw PM perpendicular to 0Q. 


: MP _ rsinéd sindé 6 388 

Then se ON Sy age Sts 5X PQ" 
When Q moves along the curve and approaches indefinitely near 
to P, the limiting position of PQ is the tangent at P, and the angle 
OQP becomes the angle between the tangent at P and the radius 


vector OP, This angle is usually denoted by ¢. 
Now Lt (sin 66)/s0=1, Ltds/PQ=1, Lt 80/ds = dO/ds; 


: do 
-*. ultimately sing = Fe 
Similarly, cos 0QP = % Es Ce 
— rtor—r cos v6 és 
5s 5a 
=|" (1—cos00) drj ds 
a és 33 | FO PQ: 
P = dr] __ ar 
.*. ultimately cos p = [o + ii} xl= fe 
since it follows from Art. 13 (10) that 
eos) = ae 50 q0. s 
eee eee poe toa 


Similarly it may be shown that tang =r 2 : 
( 
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The last result can also be deduced as follows: 


sin dé ds aé 
= =r—x—= > (Art. 34, 
Cee cos Beis x dr "dr = ) 


Again, since sec? =1+tan?¢, and cosec?p = 1+ cot’, 


| it follows that =1+7 “Gi: , 
| and FB ‘a =1+ : a 
ieee a 
I] ie (F aay. 


Examples: 
(i) Prove that in the cardioid r= a(1—cos6) the angle between the tangent 
and the radius vector is half the vectorial angle. 
1 | We have dr/d6=asin@; 


d6 a(1—cos@) 2 sin?36 
aS ar a asind  2sin30@cos}6 ease) 
whence p =49. 


(ii) Find the polar equation of the curve in which the inclination of the tangent 
to the radius vector is constant. 


Let the tangent be inclined at an angle & to the radius vector; 
then tan®=rdé/dr, .. dé/dr= (tana)/r, 
whence 6=logr.tana+C. 


Fig. 109. 


Let the curve cut the initial line from which @ is measured at distance a 
from the origin, i.e. let r=a when 06=0. 


Then 0=loga.tana+C, and C= —loga. tana; 
é = tan & (log —log a) 
i.e. 6 cot & = log (r/a), whence 7 = qgeicota, 


This curve is called an equiangular spiral (Fig. 109). 
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164. Porpendicular from origin to tangent. 


If p be the perpendicular from the origin to the tangent and « 
the reciprocal of the radius vector, to prove that 


il du 
Sn 
re eG 


Since (Fig. 110) »=rsin¢, we have 
1 cosec?pP 1+ cot? > 


2 


p? 2 a v2 


al 1 ;dr\? 
= alta 70) ¢ 
(ONS Sarg aa 
ia alae . 
du_—ss i 
—— 


1 
Since w= —> ina 


ade 
do? 


1 duy? } 
oe iy ol Cae Fig. 110. 
poz Br 

If a perpendicular to OP through O meet the tangent and normal 
at P in T and G respectively, OT and OG are sometimes called the 


polar subtangent and polar subnormal. 


Evidently the polar subtangent = r tan 6 = r* d0/dr, 
and the polar subnormal =r cot = dr/dd. 


165. Tangential-polar or p and r equation. 


If r be the radius vector of a point P on a curve, and p the perpen- 
dicular from the origin to the tangent at P, the equation which gives 
the relation between py and r is called the tangential-polar or p-r 
equation of the curve. In many curves this relation takes a very 
simple form. 

The tangential-polar equation can easily be deduced from the 
ordinary polar equation. It was shown, in the preceding article, 
that 

yo at algo 

By eliminating 6 between this equation and the polar equation of 
the curve, the tangential-polar equation is obtained. 

In a few cases it can be obtained quite easily geometrically. 

It is obvious at once that the equation of a circle is p =r; if the centre be 


taken as origin; the equation of a straight line is p = constant; that of an 
equiangular spiral (Art. 163, Ex. (ii)) is p= rsina. 
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Again, if P (Fig. 111) be any point on a circle, ON the perpendicular from 


Fig. 111. 


a fixed point O on the circumference to the tangent at P, and OA the 
diameter through 0, the triangles ONP, OPA are similar. 


¢. ON/OP = OP/OA, i.e. p/r=r/2a or r? =2 ap, 


In the parabola, it is easily proved that the perpendicular from the focus 
to a tangent meets it on the tangent at the vertex. 


The triangles ASY, YSP (Fig. 112) are similar ; 
“. AS/SY = 8Y/SP; i.e. a/p=p/r or p?= ar. 
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In the case of the ellipse, it is a well-known theorem that. the rectangle 


contained by the perpendiculars SY, S’¥’ (Fig. 113) from the foci to any 
tangent is equal to 03, 


Si 


Fig. 118. 


The triangles SPY, S’PY’ are similar; hence, taking the focus S as origin, 
Be SY.SY’ S'¥’. SP AA'-SP 2a-r_ 2a 


Pe a ee ne ees Sy ls 


P SYS SY ASP SP r r 


2 
Similarly, the corresponding equation for the hyperbola is 4 =+ +1, 


As examples of the way in which the tangential-polar equation 
can be deduced from the polar equation, we will take the lemniscate 
and the cardioid. 


In the lemniscate, r? = a? cos 2.6 (Art. 162). Differentiating with respect 


to 4, 27 dr/dd = —2a*sin26; 
dr\? _atsin?26_ a*(1—cos?26)_ at—r* 
($5) = Soe = et ee 
1 l fdas Te) sl bratar sat iW Rey's 
por rs a) mata ela tty tLive aise wai acke ee 


In the cardioid, r=a(l+cos@), dr/déd = —asiné, 


(dr/d 6)? = a* sin? 6 = a?— a’ cos? 6 = a? —(r—a)? = 2ar—r*; 


1 2 
pt a Qarort) = 55 r= Dap 


Examples LXVI. 


1. Prove that ¢ = 34(7—6) in the parabola r(1+cos6) = 2a. 


2. Prove that, in the curve r= ae>®, the tangent is inclined at a constant 
angle to the radius vector. 


8, Find the angle between the tangent and the radius vector at the point 
(2a, $7) on the cardioid r= a(1+cos6). 


aS Pet 


— 
SS 
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. Find in terms of r the value of ds/d6 in the cardioid r= a(1+ cos). 
. Prove that in the curve r?=a?sin26 the angle between the tangent 


and the radius vector is double the vectorial angle. 


. Prove that in the curve r6=a (the reciprocal or hyperbolic spiral) the 


polar subtangent is constant. 


. Show that in the curve r=asin°}36 the inclination of the tangent at 


any point to the initial line is four times the angle between the tangent 
and the radius vector. 


. Find the angle between the radius vector and the tangent at the point 


on the curve r6 =a where 0=7. 


. Prove that in the curve r"=a"sinndé, =n. 
. Show that in the curve r=ae? the polar subtangent and subnormal 


are equal. 


. Prove that, in the curve r(1l—cos6)=2a, $+40=7. 
. If ON be the perpendicular from the origin to the tangent at P, prove 


that PN = r.dr/ds. 


. Prove that, in the curve ™=a"cosn6, ds/dé = asec ("—)/" 8, 
. Show that r?cos24 =a? represents a rectangular hyperbola. 

. Show that, in the curve r?cos26=a7, pr=a’. 

. Prove that, in the curve r=a0, p?=r‘/(a*+r’). 


This curve is called the spiral of Archimedes. It is the path of a point 
which moves along a straight line with constant velocity, while at the 
same time the line rotates about a fixed point in itself with constant 
angular velocity. 


. Prove that, in the curve r=a/0, p* =a? r?/(a?+r"), 

. Show that, if r” =a"cosnd, rt} = ap. 

. Show that in any curve ds/dr = r/4/(r?—p?). 

. Prove also that dr/d0 =r/(r?—p*)/p. 

. Deduce from the preceding result the equation of the curve in which 


r = 2 ap’. 


. Prove that all chords of the cardioid r=a(l+cos6) through the 


origin are equal in length. 


. Find the maximum double ordinate of the cardioid. 
. Find the distance from the origin of the tangent (perpendicular to the 


axis) which touches the cardioid at two points. 


. Find the maximum ordinate of the lemniscate 1r? = a? cos 2 6. 
. If uw and o be the components of the velocity of a moving point P along 


and perpendicular to the radius vector OP, prove that u=7, v=r6é. 


. Show that, in the rectangular hyperbola 7*cos26 = a’, p? =a? cos2 0. 
. The curve r= 2+4cosé consists of two loops through the origin, one 


within the other; find the directions of the tangents to the curve at the 
origin. 


. Find the maximum double ordinate of the curve »=a+bcos@ (which 


is called a limagon). 


. Find the ‘p and r’ equation of a hyperbola, taking a focus as origin. 


oe ” ” », an ellipse, taking the centre as origin. 


. Find the distance from the origin of the tangent which touches the curve 


r=at+bcosé at two points, Compare this result with that of Ex. 24. 


. Prove that in the equiangular spiral the polar subtangent varies as the 


radius vector. 


POLAR EQUATIONS 319 


84. Prove that in the curve »= a0 the polar subnormal is constant. 


85. Prove that in the curve r=asiné the tangent and the initial line are 
equally inclined to the radius vector. 


36. In the curve r* cos 26 = a’, find the inclination of the tangent to the 
radius vector when ¢=%7. Explain the result geometrically, 


166, Areas in polar coordinates. 


Let OA, OB (Fig. 114) be two fixed radii of a curve making angles 
a and 6 respectively with the initial line. Let (r, 0) be the polar 
coordinates of any point P on the are AB, and let ¢ be the area 
between the eurve and the radii OA, OP; let Q be the point 
(r+ér, 6+60). The increase 64 in the angle 4 produces the increase 
POQ in the area z. 


Fig. 114. 


If circles with O as centre and OP, OQ as radii cut OQ and OP 
respectively in Df and JN, then the area O/Q is intermediate in value 
between the sectors OPM and OQN, 

i.e. dz >47r700 and < 4(r+ér)? 60, 
52/60 is between +r? and }(r+ér)*. 
' In the limit, when 00—>0, r+6r—>r and 6z2/60—>dz/d0; 
dz 
aé 

As in the case of rectangular coordinates, the same result is obtained 

by taking the area AOB as the limiting value of 2(A OPJD), 


8 ’ B 
ive. L1537720 as 30—>0, ie [iartae. 


n 


B 
=i,*, and 2=| hr? dd, 


a 


Example. Find the area of one loop of the lemniscate x? = a’ cos 20, 


Since r =0 when 6 = +4z, and the curve is symmetrical about 6=0, 


tr 2 
the area =2 tr? dd=a? 
0 


0 
Hence the total area of both loops = @?, i.e, the area of a square of side a. 


T ha 
cos26 dd =a*|$sin 26] = fa’. 
0 
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167. Lengths of arcs in polar coordinates. 

: ds\* _ an.*. 

It was shown in Art. 163 that C3) =r + Ga : 


therefore, measuring s so that it increases with 9, 


ds | a, cary). See lbalt drs? 
a = alr ey 3 oN ay, |, 


where 4, f are the values of 6 at the extremities of the arc. 

As in the case of rectangular coordinates, the same expression is 
obtained by taking the length of the are as the limit of the perimeter 
of an inscribed polygon. 


Example. Find the total length of the cardioid. 
In the cardioid r=a(1+cos 6), 
(ds/d6)* = r? + (dr/d 6)? = a? (1 +cos 6)’ + a? sin? 0 = a?(2 + 2 cos 4) 
= 4a7cos’3 0; 


-. total length of arc = 2 2acost6dd=4a [2 sin 34 |" = 8a. 
0 t) 


168. Volumes and areas in polar coordinates, 


There are no simple general formulae for the volumes and superficial 
areas of solids of revolution in polar coordinates. The following 
example will show the method of dealing with such cases. 


Example. Find the volume and the area of the surface of the solid formed 
by the rotation of the cardioid r= a(1+cos6) about its line of symmetry. 
Starting with the Cartesian formula, we have 


the area = |27y ds = Cerne dé 
0 aé 
(the limits are 0 and 7 since the rotation of the upper half gives the solid), 
-| 2m a(1+cos6)sin@.2acos}6 dé 
. ' 
(it was shown in Art. 167 that ds/d 6 = 2acos}6) 


= trot] 2 cos’? 44.2s8in}6 cos} 6. cos} d6 
0 


= 16a] cos‘; dsin}6 dé 
0 
Let }6=¢; then the limits for ¢ are 0 and 47, and the integrai 


4a 
= 82204 cos‘ psing dd 
0 


3.1 
5.3.1 


= 327a’.- 


= ae TI an 
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Similarly, the volume -|' 
) 


| 
since 6=0 when #=2a, and 6=7 when x =0. | 
Now x =rcosé = a(cos 6+ cos? 6), | 
“. dx/d0 = a(—sin 6—2 cos Osin 6) = —asin 6 (1+2 cos 6); 


0 
-. the volume =| 7 a* (1 +cos 6)’ sin? 6x —asin 6 (142 cos) dd 


us 


=7 at (1+ cos 6)?(1+2 cos @)sin*d dé 
0 


mratl [1 +4 cos 8+ 5 cos? 6+ 2 cos® 6] sin’ 6 dé, 
i) 


Of the four integrals contained in this expression, the second and fourth 


are, from Theorem V, Art. 146, equal 
to 0, and in the other two, the in- 
tegrals from 0 to 7 are double the 
integrals from 0 to 37. 


-. the volume 


ame 
=2r a (sin’ 6+ 5 cos? sin’ 6) d 6 
0 


2 2 
=2ra! [5 +555 (Art. 149) 


= 7a’. 

It will be noticed that, if BMB’ 
(Fig. 115) be the double tangent, 
dx/d6 is — from Ato B,and + from 
B to O; therefore the integral from 
0 to m gives the volumes formed by 


a 0 
ny? te=| mr? sin? @ a dé, 


dé 


Fig. 115. 


the rotation of ABM and MBO with different signs, i.e. it gives the volume 


whose section is ABOB’A, 


Examples LXVII. | 


1, Find the area of the cardioid r= a(1+cos 6). 
2. Find the area between the curve r=2e°® and the two radii whose 


lengths are 2 and 4, 


8. Show that, in the curve r@=a, the area described by the radius 
starting from some fixed position is proportional to the increase iv the 


length of the radius. 


4, Find the area of the curve r= 2+ cos. 


5. The curve r=2+4cosé@ consists of two loops through the origin, one 
within the other; find the area of each loop. (See Ex. LXVI. 28.) 


o On oO 
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. Find the area of the circle r= 2acosé, 

. Trace the curve 7? =a? cos 6, and find its area. 

. Find the area of one loop of the curve r=acos30. 
. Find the area of one loop of the curve »=asin40. 
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10. Find the area of the segment of the circle r=2acos@ cut off by the 
straight line 6 = 47. 

11. Find the areas of the several portions into which the cardioid 
r=a(1l+cos6) is divided by the axis of y. 


_ 12. The polar equation of a parabola referred to its focus as origin 1s 


r(1+cos 6) = 2a; find the area cut off by the latus rectum. 


13. Find the length of the curve += ae? between two radii of lengths 7, 


and 1. 


14, Find the length of the spiral r=a@6 from 6=0 to 6=2'4. 


| 15. Find the length of the curve r= acos* 4 6. 


16. Find the length of the are of a parabola (see Question 12) cut off by the 
latus rectum, 

17. Express the length of one loop of the lemniscate 7? =a?cos26 as 
a definite integral. 

1s. If A be the area of a curve whose vo oy eal equation is given, 
prove that dA/dr = 49//(r?—p . 
Deduce from this result the area ae the cardioid. ' 

19. Deduce from the result of Ex. LXVI. 19, the length of the cardioid. 

20. Prove that 2d4/d0 = pds/d6 =7"; and verify geometrically. 

21. Find the volume of the solid formed by rotating the curve r? = a?cos 0 
about its line of symmetry. 
This solid is called the solid of greatest attraction. 


22. The curve r=4+2cos@ rotates about its axis; find the area of the 


surface described. 
23. Find the volume of the solid described in the previous example. 


| 24. The curve r=acosé@ rotates about the line which bisects it; find the 


superficial area of the solid thereby formed. 


' 25. Find the volume of the solid in the preceding example. 
_ 26. The area mentioned in Question 12 rotates about its axis; find the 


area of the surface of the solid formed. 


_ 27. Find also the volume of the solid in the preceding question. 
_ 28. The curve r= e? between 6=0 and 6=7 rotates about the line from 


which 6 is measured; find the superficial area of the solid formed. 


169. Epicycloids and hypocycloids. 


If a circle rolls (without sliding) on the outside of the circumference 
of another circle, the locus of a fixed point on its circumference is 
called an epicycloid; if it rolls on the inside, the locus is called a 
hypocycloid. 

The equations of these curves are easily obtained in terms of 
a third variable, as in the case of the cycloid (Art. 50). 

Let P (Fig. 116) be the position of the tracing point when tho 
point of contact of the circles has moved from A to H; P was 
originally at A. Let a and b be the radii of the fixed and rolling 
circles, and 0, ¢ the angles turned through by OH and CH respectively ; 
then the are AH = a0, and the are PH = bd. 

Since these arcs are equal, ab=bf, ie p= a/b. 
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Let (x, y) be the coordinates of P ref igi 
ene of P referred to O as origin and OA as 


x = OK—PM = 0C cos 0— PC cos CPM 
= (a+ b)cos6—b cos (0+ $), [since CPM = CLK= 6+ -] 


(a+b) cos @—b cos 7 6, (since p=; 0). 


y = KC—MC = 0Csin 0—PCsin CPM = (a+b) sin 0—b sin atte, 


Fig. 116. 


If the rolling circle be inside the fixed circle, it will be seen at once, 
by drawing a figure, that the coordinates of the tracing point are 
obtained by changing the sign of b. 


Hence, in this case, 
x = (a—b) cos 0+bD cos 6, 
y = (a—b) sin 0—b sin at 6. 


If the rolling circle surround the fixed circle, 6 > a; but the latter 
equations still give the coordinates of the tracing point. The locus in 
this case is sometimes called a pericycloid. 


All these curves are special cases of a class of curves known as roulettes. 

It can be shown exactly as in the case of the cycloid (Art. 50) that, if P be 
joined to H and also to H’, the other extremity of the diameter HC, then 
PH’ and PH are respectively the tangent and the normal to the curve at P. 

Particular cases. (i) In the case of the epicycloid, if b = a, the equations 
become x= 2acos6—acos26, y=2asiné—asin26. 

In this case the curve is a cardioid; for, if r be the distance of P from A, 
we have 7? = (a—a)’+y’, which reduces to 4a? (1—cos 6)*. 

¥2 
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Hence r =2a(1—cos 6); 
and it is obvious geometrically that in this case AP is parallel to OC, and 


the angle PAK is equal to 6, so that the locus of Pisa cardioid with A 
as pole. 


(ii) In the case of the hypocycloid, if a = 2b, the equations become 
x =bcos6+bcos6 =2bcos#, y=bsind—bsind=0. 


Hence the tracing point moves along the axis of x and describes a diameter 
of the fixed circle. 


(iii) If a = 4b, the equations become 
x = 3bcosd+bcos3 4 = b[3cos +4 cos* 6—3 cos 6] = 4b cos® 4, 
y = 3bsin 6—bsin 36 = b[3sind—3sin 6+ 4sin* 6] = 4b sin’ 6; 
a?/8 + 2/8 = (4b)2/3 (cos? +sin? 6) = a2/8, 
In this case, the curve is the astroid [Art. 49, Ex. (1)]. 


Examples LXVIII. 


1. Give the coordinates of any point on an epicycloid and a hypocycloid 
when a=3b. Sketch the curves. 


2. Find the value of dy/dx in an epicycloid; deduce that, if HCH’ be a 
diameter of the rolling circle (Fig. 116), H’P is the tangent at P. 


8. Find ds/dé@ in an epicycloid, and deduce the length of the curve traced 
out in one revolution of the rolling circle. 


4, Find ds/dé@ and the length of the curve in the case of the hypocycloid. 


5. Find the equation of the tangent to the epicycloid in which a= 2b, at 
the point where 6 =47. 


6. Find the equation of the tangent to the hypocycloid in which a= 3b, 
at the point where 6 = 47. 


7. Find the area between the epicycloid and the fixed circle when a = 2b. 
8. Prove (geometrically) that the tangential-polar equation of the epi- 
re 4(a+b)b 
1 «29 Upehed 69 

cycloid is 7 =a?+ (a+b)? : 
9. Find the tangential-polar equation of the hypocycloid when a = 3b. 
10. Obtain the coordinates of a point on an epicycloid when b becomes 

infinite, so that the rolling circle becomes a straight line. 

The epicycloid in this case is called an involute of the fixed circle, 


CHAPTER XVIII 


PHYSICAL APPLICATIONS 
CENTRES OF GRAVITY 


170. Centre of gravity. Contre of mass or inertia. 


It is proved in text-books on Mechanies that the resultant of any 
number of parallel forces P,, P,, ..., acting at fixed points A,, Ag,.. 
is their algebraical sum >(P), and that it acts at a point whose 
position relative to A,, A,,... is fixed. This point is called the 
centre of the system of parallel forces. 

Ti (7, Y1), (%g, Yq), --- be the coordinates of A,, A,,..., referred to 
rectangular axes OX, OY, it follows, by supposing the forces to be 
paraliel to each axis in turn and taking moments about 0, that the 
coordinates (@, “ of the centre are given by the equations 

ced OF yo ee oe — a oy 6 5) 8 
9. =(P)= PyytPoyat ... = = (Py). 

Each particle of a body is acted upon by a force, viz. its weight, 
along the line joining it to the centre of the earth (regarded as 
a sphere). In the case of all ordinary bodies, the distance of the 
centre of the earth is so great compared with the dimensions of 
the body that the weights of the different particles of the body may 
be regarded as a system of parallel forces. This system possesses 
a ‘centre’ which is fixed relative to the positions of the particles, 
i.e. fixed with respect to the body. The resultant of this system of 
parallel forces is the weight of the body, and its centre is called the 
centre of gravity (frequently denoted by the letters C. G.) of the body. 

If m,, mz, ... denote the masses of a system of particles whose 
coordinates are (a, Y,), (ey Yo), +», the equations above, which 
determine the position of the centre of gravity of the system, become 

GE(mg)==(mgx); — y X(mg) = = (gy); 
i.e. dividing by g, 
ME =3(mz); My = (my), 
if IZ be the total mass of the system. 
(mx) and = (my) are sometimes referred to as the first moments of the 
system about the axes of y and # respectively. 

We here confine ourselves to the case in which the body is 
symmetrical about a plane; the centre of gravity lies in this plane, 
and the preceding equations determine its position relative to fixed 


axes in this plane. 
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In the case of a continuous distribution of mass, the summations 
above become definite integrals. The centre of gravity, as given 
by the preceding equations, coincides with the point (defined in 
various ways independently of the weight of the body) known as the 
centroid or centre of mass or centre of inertia of the body. 

If the preceding equations be differentiated with respect to the 
time, we have, using the notation of Art. 62, 

Mz = = (mz) ;sx My = = (my); 
and, differentiating a second time, 
Mi = 3 (mi); My = = (mi). 

Hence the velocities and accelerations of the C. G. of a system of 
particles are obtained from the velocities and accelerations of the 
several particles by the same rule which gives the coordinates of 
the C. G. in terms of the coordinates of the particles. 


171. Centre of mass of a lamina and of a solid of revolution. 


(1) To find the centre of mass of a uniform thin lamina bounded by 
acurve y= / (x), the axis of x, and two ordinates x =a, x= b, let 
the area be divided into elements by ordinates as in Fig. 117; let the 
coordinates of P and Q be (a, y) and (7+ 6a, y+ oy). 


B 


Oo H MN K X 
Fig. 117. 


Consider the rectangle PN. Its area is ydx, and its mass myda, if m 
be the mass per unit area of the lamina. The coordinates of the 
centre of mass of PN are (v+ 452, }y); therefore, if (%, 7) denote the 
coordinates of the centre of mass of AHKB, and M the total mass, 


b 
Mi = Lit Dine myda (w+ 45a) =| myx ax, 


since 7+ 30u7—>a” as d2—>0; and 


= ee b 
My = Li Sill mee. ty =| m.ty dx 
a 
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If the area be symmetrical about one of the axes, the centre of 
mass will be on the axis of symmetry, and only one coordinate has 
to be determined. 

(2) If the area AH KB makes a complete revolution about the axis 
of x, the centre of mass of the solid of revolution so formed will 
be on this axis. If m be the mass per unit volume, i.e. the density, 
then we have, taking moments about the origin, 


z= b 
Mz = im ia es mary" da x (v+ 452) =| mr yx ax, 
which gives the position of the centre of mass of the solid. 


Examples: 
(i) Find the centre of mass of the area between the parabola y*? = 4ax, the 
axis of x, and the ordinate x = b. 


We have 


0 
and M=mx area = m.2b.2a‘/?b'/? [Art. 79, Ex. (i)] = 4 mal’? b8/%, 
by division, % = 2b. 


pAb ts b b 
Mz -| x.my d= m| 2.2agl/? dz = 2 ma| x/? dae = 2maV? , 2b5/2, 
0 0 


b b 
Similarly My -| dy.my dy = m| 2ax dx = mab’; 
0 0 
“9 = mab?/M = mab?/$ ma'/? 08/2 = 3 /(ab) = 8.2 /(ab) = 3 BK. 


(ii) Find the centre of mass of the volume formed by the rotation of the same 
Jigure about the axis of x. 


In this case 


b 
ua =| 


b 
mr y? dex = me 4 ax dx = 4mrab’. 
0 


J 0 
go b 

Also =| may de = mr) 4ax dx = 2 mrab?. 
0 0 

Therefore 2=%b. 


(iii) Find the C. G. of a quadrilateral with two parallel sides. 

Let @ and b be the lengths of the parallel sides AB and CD (Fig. 118), 
and ¢ the distance between them; the C. G. obviously lies on the line MN 
which joins the middle points of AB A M B 
and CD. 

Let PQ be a strip of length x at dis- 
tance y from AB. If m be the mass per p Q 
unit area, the whole mass 

= mxarea = 4(a+b) cm. 
., taking moments, 


A ¥ D K oN Cc 
Bias O)om 9 -| WITS # Fig, 118. 
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Let ALK, parallel to BC, meet PQ at L; then, by similar triangles, 
Yo) APPEL ee b—a 


CUD SDK ae ee a ee 
2 b- 3 
a vessedeal Tapa 
== mc [La+4 (b—a)] =} me? (a+2d); 


eo Se a+2b 
ivaay c '8 (geen) 
It follows that the C.G. divides MN in the ratio a+2b:2a+6. 
From this result, the following simple geometrical construction for the 
C. G. easily follows : 
Produce AB to Eand CD to F'so that BE = CDand DF = AB. Let EF 
meet MN in G. 
Then MG/GN=ME/NF=(ka+b)/(a+$b) =(a+2b)/(2a+5); 
hence G is the C.G. of the figure. 


We will now find the C. G. of a solid of revolution when the axis 
of rotation is not one of the axes of coordinates. 


(iv) The part of the parabola y? =4ax between the axis of x and the latus 

rectum rotates about the latus rectum ; find the C. G. of the solid formed. 
The centre of gravity is obviously on the latus rectum SL (Fig. 119). 
Let AS=a, therefore SL=2a (Ex. II. 20). 


L Imagine the solid divided by planes per- 
pendicular to SZ into thin circular plates. 
The mass of an element 
p= = m7 PN? dy = mr(a—«x)* by, 
= and its C.G. is at the height y+3dy, which 
>y as dy>0. 


the whole mass 


2a Qa y? 2 
-| ma (a—a)tay = ma | oe) dy 
0 0 4a 


2a 
A Ss = mo (a?—2 y+ J y'/a?) dy 
0 


Fig. 119. 
= mr[a*.2a—F(2a)>+ d(20)°/a?] = 1S ma 
Therefore, taking moments, 
2 2 
mat. g— | ma(amayty dy= mo {faty bet delle] 
0 
=m ea 4 (2a)?-24(2 a)' + Gy (2 a)8/a?] =F mat, 
whence y=fa= i aL. 


172. Centres of gravity connected with the circle and sphere. 


We will now solve some examples connected with the circle and 
the sphere. 
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To find the C. G. or centre of mass of: 


(i) A uniform circular are. Take the line which bisects the arc, upon 
which the C.G. obviously lies, as axis of aw, and let the are subtend an angle 
2 X at the centre. 

Let m be the mass per unit length. Let s be the length of the are 
measured from X to P, and let the angle XOP=6 (Fig. 120). 

Then the mass of an element of arc PQ 
of length 5s = mds=mr8é, and the whole A 
mass =m.2rQ. ve 

Therefore, taking moments about 0, 


ié 


a a 

m.2ra. mf mrdé.x=2| mrdé.rcosé 
=a 0 

= 2mr’ sind, 


whence x = (rsin X)/a. 


(ii) A sector of a circle. To find the C.G. 
of the sector OAXA’, we may regard it as 
the limit of =(APOQ). The area of this 
triangle = }r7sin 80 = 47786 x (sin d6)/d4, 
and in the limit, the last factoris 1. Its C. G. 
is on the median from O to PQ, and there- 
fore is ultimately at distance %7 from 0. 
The area of the whole sector =4r?x2Q; 
hence, if m be the mass per unit area, and 
therefore r?m the whole mass, we have 


Qa 
r? Xm x al m.3r7d0.%rcos 0 = Z mrs sind, 
—a 
whence x = 2r(sin X)/a. 


(iii) The area of the surface of a sphere intercepted by two parallel planes. 


Consider the surface formed by the rotation of the are AB (Fig. 120) about 
the axis of 2, and take, as in Art. 161, an element of surface 2ry6ds. Its 
OC. G. is at a distance from O which tends to the limit z as 5s 0. 


w. Mz =/m2ryds.x (between suitable limits) 


a 
= ms | rsin@.rcosé.rdé (if a, B be the values of 6 at A and B) 
B 


e a 
= mar’ Qsin cos dd = mars] —cos'd | 
B 
= mr (cos? B— cos’ X). 
a 
Aiso, Mam | ny dem Qnrsind.rdd =2 mr r’ (cos 8 —cos X). 


&s by division, z= }r(cos8+cosaX) =}3(OM+ON). 
Hence the C. G. is half-way between the bounding planes. 
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(iv) The volume of the portion of a sphere cut off by a plane. 


Consider the volume formed by the rotation of AMX (Fig. 120) about the 
axis of x, and take an element of volume wy’Sa. Its C.G. is at a distance 
from O which tends to the limit # as ’a—>0. Therefore, denoting OM byh, 


a 
Mz -| miry” dx x x. 
h 

In this case, it is more convenient to integrate with respect to x. 


r 
Mz -| mr x(r?—x?) dx = mir E rat pat | 
h 


= mr [kr —trt— (gr ph) 


=dma(r-2r hth) = tma(r?—h’) 


aie ; 
Also, =| mm (rv? — 2”) de = mx | raga |’ = 1 mn (203 —8r2hth’). 
h 
2__ fy2)2 " : 
.. by division, Pe sped (Ad es 8 A 


after removing the common factor (r—h)*. 
Particular Cases. 


If in (i) we take & =47, we have the C.G. of a semicircular arc at 
a distance 27/7 from the centre along the middle radius. 

If in (ii) we take & = 437, we have the C.G. of a semicircular area at 
a distance 4r/3~ from the centre along the middle radius. 


If in (iii) we take A=}7, B=O0, we have the C.G. of the surface of 
a hemisphere or of an indefinitely thin hemispherical shell at a distance 3 r 
from the centre along the middle radius. 


If in (iv) we take h=0, we have the C.G. of a solid hemisphere at 
a distance 3r from the centre along the middle radius. 


173. Application of Simpson’s Rule to centres of gravity. 


If the equation of the bounding curve (in the case of an area) or 
the generating curve (in the case of a solid of revolution) be not 
known, or if the expressions obtained by the method of Art. 171 
cannot be integrated, the position of the ©.G. can be found 


approximately by Simpson’s Rule (Art. 156), as shown in the following 
example: 


A curve is dratwon through the points (1, 2), (1°5, 2°4), (2, 2°7), (2°5, 2°8), 
(3, 3), (8°5, 2°6), (4, 2°1) ; find the C. G. of the area between this curve, the axis 
of x, and the ordinates x = 1 and x= 4. 


4 4 4 4 
We have a=| sy de + | y dx; i-| iy? az +[ y dx. 
1 1 1 


1 


4 
‘The value of i y dx has been found in Art. 156, Ex. (i), to be 78 nearly. 
1 
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4 
To find { ay dx, we first write down the successive values of xy at each 
a | Es 


point; they are 2, 3°6, 5°4, 7, 9, 9°1, and 8°4. 
The sum of the first and last values = 10°4, twice the other odd values 
= 2(5'4+49) = 28°8, four times the even values = 4 (3°6+7+9°1) = 78°8. 
.. the approximate value of the integral =} x °5 (10°4 + 28'8 + 78°8) =19°67. 
Similarly, the successive values of y? are 4, .5°76, 7°29, 7°84, 9, 6°76, 
and 441. Hence the approximate value of 


4 . 
Al y dx =; x : [44+4°41 42 (7'2949)44 (5°76 +784 + 6'76)] 
1 
= yh (122°48) = 10°2. 


Therefore the coordinates of the C. G. of the given area are approximately 
19°67/7°8 and 10°2/7'8, i.e. (2°52, 1°31). 


174, Pappus’ theorems, 


These are two useful theorems first given by Pappus of Alexandria 
about 300 a.p. 

(1) If an are of a plane curve rotate about an axis in its own plane 
which does not divide it into two parts, the area of the surface 
thereby formed is equal to the length of the are multiplied by the 
length of the path of the centre of gravity of the are. 

Let the axis about which the curve rotates be taken as the axis of a. 


Y 


Fig. 121. 


If 2 be the total length of the arc, and g the ordinate of its centre of 


gravity, : 
ly = /yds between suitable limits. 


Hence the area of the surface generated 
= /2ryds = 2rly = 1x length of path of C.G, of are, 
which gives the theorem stated. 
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(2) Ifa plane area rotate about an axis in its own plane which does 
not divide it into two parts, the volume of the solid thereby formed 
is equal to the area multiplied by the length of the path of the centre 
of gravity of the area. 

If 5A be an element of area, y’ the ordinate of its centre of 
gravity, and 9 the ordinate of the centre of gravity of the area, 

Ay = Syd. 
Hence the volume generated = /27y/dA = 279A 
for = Ax length of path of C. G. of A. 
oh These results are evidently true if the arc or the area does not 
_ make a complete revolution; in this case, the factor 27 in the 
preceding proofs is replaced by the factor a, where & is the circular 
5 measure of the angle turned through. 


4 ped 


wn, 
io. BB Examples: 


3, (i) A circle of radius 7 rotates about an axis in its own plane at distance 
_ e(>r) from its centre; find the volume and superficial area of the solid 
formed (which is called a tore or anchor-ring). 
The centre of the circle is the centre of gravity of both are and area. 
Hence the superficial area =2arx2ac=47're, 
’ and the volume = 9X oC — OTe fe Ce 


(ii) These theorems can also be used to find the centre of gravity of a 
semicircular arc or area, for the rotation of semicircular area gives a sphere. 

The volume of the sphere 477° = area of semicircle x length of path of 
its C.G.=t777x2mry, whence y¥=47/3n for a semicircular area. 

Similarly, the area of the surface of the sphere,iie. 4ar?=arx2ry, 
whence y= 2r/m for a semicircular arc. 


Examples LXIX, 


Find the C. G. of the following, 1-25: 

1, (i) A quadrant ofa circle. (ii) A quadrant of an ellipse. 

2. A solid cone. 

8. The area between the curve ay =a’, the axis of «, and the ordinates 
PS 62h 

4. The figure bounded by one semi-undulation of the sine curve y=bsin(«/a) 
and the axis of a. 

5. The part of a solid sphere of radius 10 inches intercepted between two 
parallel planes at distances 3 and 8 inches from the centre. 

6. The area between ay = 2, the axis of a, and «=a, 

. The area between y = 2°, the axis of y, and y=1. 


8. The solid formed when the portion of a parabola cut off by the latus 
rectum rotates about the axis. 


®. Half a prolate spheroid bounded by a plane bore to the 
major axis. 


a 


10. 


11. 


12, 
13. 
14, 


15. 


16. 


17. 


18. 
19. 


20. 
21. 


22. 


23. 
24. 
25. 
26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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Half an oblate spheroid bounded by a plane perpendicular to the 
minor axis, 


A segment of a circle cut off by a chord which subtends 60° at the 
centre. : 

A cardioid. [Proceed as in Art. 172 (ii).] 

One of the four areas between the axes and the curve 2?/$+ 42/3 = «2/8, 
The surface generated by the rotation of a quadrant of a circle about the 
tangent at one extremity. 

The smaller of the two portions into which a solid sphere is divided by 
a plane which bisects a radius at right angles. 

A frustum of a solid right circular cone, the radii of its ends being 
8 inches and 6 inches, and its length 12 inches. 

The solid formed by the rotation of the figure bounded by a quadrant of 
a circle and the tangents at its extremities about one of the tangents. 
The area between the curve y = (x—2)(5—a) and the axis of a. 

The portion of an elliptical lamina between the minor axis and the 
latus rectum. 

The area between the parabola y=a?—72+412 and the axes of x and y. 
The portion of the solid obtained by rotation of y= a?—42+6 about 
the axis of x, between the sections #=1 and w= 4. 

The solid formed when the portion of the parabola y= 2z?—3- cut off 
by the axis of x rotates about the axis of x. 

The arc of one arch of a cycloid. 

The area between one arch of a cycloid and the axis of 2. 

The area between the catenary y=c cosh (a/c), the axisof z,and x= +a, 
Find (by Pappus’ Theorems) the surface and volume of the solid formed 
by the rotation of an equilateral triangle about its base. 

Also of the solid formed by the rotation of a square about an axis in its 
plane through one corner perpendicular to the diagonal which passes 
through the corner. 

A circle rotates about a tangent; find the superficial area and volume 
generated. 

An ellipse rotates about its directrix; find the volume of the solid ring 
thereby formed. 

A semicircular bend of iron pipe has a mean radius of 10 inches; the 
internal diameter of the pipe is 5 inches, and the thickness of the iron 
inch. Find the weight, supposing 1 cubic inch of iron weighs ‘28 lb. 


A square of side 6 inches with an isosceles triangle of height 6 inches 
standing on one side rotates about the opposite side; find the area of 
the surface and the volume of the solid which is formed. 

Deduce from Pappus’ Theorems the volume and area of surface of a cone 
and a cylinder. 

An iron ring is in the form of the solid generated by the rotation of an 
ellipse whose semi-axes are 3 and 2 inches about an axis in its plane 
parallel to its major axis and distant 8 inches from it ; find the weight 
of the ring if a cubic inch of iron weighs ‘28 lb. 

A curve is drawn through the points (2, 1°4), (8, 2), (4, 2°83), (5, 1°8), 
(6, 1°2); find the C.G. of the area between this curve, the extreme 
ordinates, and the axis of x. 

Find the C. G. of the solid formed by rotating the curve in the preceding 
question about the axis of a, 
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CENTRES OF PRESSURE 


175. Centre of pressure. 

It is proved in text-books on Hydrostatics that the intensity of 
pressure at any point of an area immersed in a liquid varies as the 
depth of the point below the surface of the liquid and is equal to wh, 
where w is the ‘specific weight’, i.e. the weight per unit volume, 
of the liquid. The point of an immersed area at which the resultant 
pressure on the area acts is called the centre of pressure of the area. 
Its position can easily be determined by the Integral Calculus, as 
follows: 

If 5A be an element of the area at depth y below the surface, the 
pressure on 6.4 =wy5A, and the total pressure on the area= /wyd A, 
taken all over the area. 

If 7 be the depth of the centre of gravity of the area, AY = /ydA; 
.*. the total pressure = wA7 = the area x the pressure at its C.G. 

If z be the depth of the centre of pressure below the surface, we 
have, by taking moments, 

the total pressure x z= /yx wydA 


ie. wAjz=w/y dA, 
2 
and £= ae, the integral being taken over 


the whole of the immersed area. 
In evaluating the definite integral, the area is usually divided into 
strips parallel to the surface of the liquid. 


Examples : 


(i) Find the centre of pressure of a triangle immersed with its base in the 
surface. 

Let b be the length of the base and h the height of the triangle. The 
resultant pressure on the triangle 
= $bhx pressure at C.G.=3bhx w.th 
= 4whh’. 

Dividing the triangle up by lines 
parallel to the surface, the pressure on 
a strip PQ (Fig. 122), whose upper 
edge is at depth y, 
= PQ.dyxwlyt+tdy) =w.PQ.y dy, 
neglecting small quantities of the 
second order. 

.. taking moments about the surface, 


i 
zx % wbh? -|' w.PQ.ydyxy. 
0 


Fig, 122. 
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Petar is PQ AH h-y ., b 

y similar triangles, $d ye EO = pe ¥)- 

e ee ee RtDD ame 105 fr gh Soe ie 00 : 

Y ll eed Fy el ee yay = ghy—ty ty 
i) 0 


= 1 whbh' 
iz : 
-. the depth of the centre of pressure = }h. 


Since the centre of pressure is obviously on the median through A, its 
position is determined. 


(ii) Find the centre of pressure of a rectangle, sides a and b, immersed 
vertically in a liquid with the sides a parallel to the surface, and its centre 
of gravity at a depth h below the surface. 

Dividing the rectangle into strips by lines parallel : 
to the surface (Fig. 123), the pressure on a strip at 
depth yisadyx wy. a 

The resultant pressure on the rectangle = ab x wh. 

taking moments about the surface, 


ad. ihem PP aay dy xy mau fav] b 
h—}b h—4b 

= dar [(h+}b)'—(b-3b))] 

= taw.2[3h?.2b +158] = dawd([3h? +407] s = 
whence 2=h+yzsh/h. Fig. 123, 


(iii) Find the centre of pressure of a circle of radius rx immersed with its 
plane vertical and its centre at depth h (> r) below the surface. 

The resultant pressure on the circle = 11° x wh. 

The pressure on a strip PQ (Fig. 124) parallel to the surface and at depth 
y below it is PQ dy x wy. 

If PQ subtends an angle 26 at the centre of the circle, PQ = 2rsinJ, 
y =h-—rcos6, dy/dé =rsiné. Hence 

rr* hw x depth of centre of pressure 


h+r 
-| wy.PQdyxy 
h 


ae 
us 
-| w.2rsin 6 (h—rcos 6)? rsin 6 dd 
v us 
=2r?w| [h?sin?6—2hrsin? 6 cos 8 
: +r?sin? 6 cos? 6] dé 
(The second integral is 0 by Art. 146) 
=4 ule (h? sin? 6 +r? sin? 6 cos” 6) d@ 


0 


re Ceres (Art, 149) 


Fig. 124. 


= ariw[h?+tr?]. 
.. depth of centre of pressure = h+i0/h, 
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Examples Lx 


Find the C.P. of the following, 1-7. 
1. A triangle immersed with its vertex in the surface and its base parallel 
to the surface. 


2. A triangle immersed with its vertex upwards and at depth h below the 
surface and its base parallel to the surface. 


3. A rectangle 3 ft. by 4 ft. immersed vertically with its shorter sides 
horizontal and the upper one 2 ft. below the surface. 


4, A semicircle immersed with its bounding diameter in the surface. 


5. An ellipse immersed with its major axis vertical and one vertex in the 
surface. 


6. A trapezium immersed with one of its parallel sides in the surface. 


7. The area cut off from a parabola by its latus rectum, immersed with the 
latus rectum in the surface. 


8. A triangle is immersed in water with its base in the surface ; show that 
the pressures on the two parts into which it is divided by a horizontal 
line through its centre of pressure are equal. 


9. Find the displacement of the centre of pressure caused by increasing the 
depth of an immersed area by a given amount h. 


10. Prove that the limiting position of the C.P., as # is increased inde- 
finitely, coincides with the C. G. 


MOMENTS OF INERTIA 


176. Moments of inertia. 


If particles of masses m,, m2, ... be situated at points whose 
perpendicular distances from a given straight line are 7, 79, ..., 
then 2(mr?), i.e. m, 72+ me1_7+ ... is called the moment of inertia 
of the system about the given line. 

It is sometimes called the second moment of the system about the given 
line, = (mr) being called the first moment [cf. Art. 170]. 

In the case of a continuous distribution of mass, the summation 
becomes a definite integral. If 6m be an element of mass of a body 
at distance 7 from a fixed line, Lt >r?dm, i.e. /r?dm taken 
throughout the body, is the moment of inertia of the body about the 
given line. 


The moment of inertia of a body is of very great importance in Dynamics 
in dealing with rotation (see Art. 196); it plays a part in the rotation of 
a body similar to that played by the mass in a motion of translation. For 
example, if the given system of masses have a common velocity », parallel to 
a given straight line, the kinetic energy of the system =} (mass of system) v%. 
If the system of particles above mentioned be rigidly connected by a frame- 
work of negligible mass, and rotate about the fixed straight line with angular 
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velocity , the linear velocities of the particles m,, m,, ... will be TO) 006 
respectively, and the kinetic energy of the system will be 


em, (7, 0)? +h my (rg0)? 4+ ..., Le. (my ry2+ mgr? t ...) 03, 
i.e. 4(moment of inertia of the system) x o?. 


If the moment of inertia of a body of mass M about a line be 
written in the form Mk?, k is called the radius of gyration of the body 
about the line. In the case of a uniform wire of negligible thickness 
bent into a circle of radius r, every point of the wire is at distance r 
from an axis through its centre perpendicular to its plane; hence its 
moment of inertia about this axis is mr?, and the radius of gyration 
is equal to the radius of the circle. 

The moment of inertia and the kinetic energy of a body rotating 
about a fixed axis are the same as if the whole mass were collected 
at a distance k from the axis. 

The letters M. I. are generally used as an abbreviation for the term 
‘moment of inertia’, Methods of evaluating moments of inertia 
are shown in the following examples: 


Examples: 


(i) Find the M.I. of a uniform straight rod about an axis perpendicular to 
tts length through a point at a distance b from its centre. 


Let 2a be the length of the rod and m the mass per unit length; therefore 
the whole mass Mis2am. Taking the axis of x along the rod and the axis 
about which the M.I. is required as axis of y, the mass of an element 
PQ (Fig. 125) is mda, and its M.I. about OY is (to the first order of small 
quantities) mdaxa’?, if OP=a. 


Hence the M. I. of the rod 


b 
-|" ma? dx = m| be al, pan lene) =(— a+b)*] 
—a+b 


= 1m (2a°+6 ab*) = M(ha?+0?). 


If the axis pass through the centre of the rod, b=0, and the M.L 


=1Ma*, Therefore the radius of gyration = a//3. 
If the axis pass through one end of the rod, b = a, and the M.1. = § Ma’, 


Therefore the radius of gyration = 2 a/,/3. 


1628 Zz 
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(ii) Find the M.I. of a rectangle about an axis parallel to a side. 


If 2b (Fig. 126) be the length of the sides parallel to the axis, and 2a the 
length of the other sides, the M.I. of a strip parallel to the axis 


=m.2b8ax x, 


and the whole mass Mis 4mab; the 
working is the same as in the preceding 
example with the addition of the factor 
2b until the M is introduced, and the 
results are exactly the same. In fact 
the rectangle may be regarded as made 
up of rods perpendicular to the axis, and the preceding result, being true for 
each one, is true for the sum of them. 


Fig. 126. 


(iii) Find the M.I. of a circular disc about an axis through its centre 

perpendicular to its plane. 

Let a be the radius of the disc and m its mass per unit area; therefore its 
total mass Mis ra?m. Divide the disc into elements 
by means of concentric circles (Fig. 127); the mass 
of the element between two circles of radii r and 
r+dr is ultimately m.2ar6r, and its radius of 
gyration is r. 


a 
. M.I. of dise -| m.2rrdrxr? 


0 
a 

=2mr [2 #4) = mr7.4a'= + Ma’. 
0 


Big wh Hence the radius of gyration = a/4/2. 


This result may now be used to obtain the M.I. of a solid of revolution 
about the axis of revolution, as shown in the following example. 

(iv) Find the M.I. of a sphere about a diameter. 

Let 7 be the radius and m the mass per unit volume; therefore the whole 
mass M is §mmr%. Divide the sphere into 
thin slices by planes perpendicular to the 
diameter about which the M.I. is required 
(Fig. 128). 

The mass of an element = mry?da, and, 
by the preceding result, its M. I. 

= (its mass)x} y? = may? da.dy7. 
.. M.I. of whole sphere 


s r r 
Ses -| tm y' dx = i ma | (r?~2?)? dx 
7 =f ie 


Fig. 128. r 
=tmrx2| (r6—2r22?4 24) dx 
0 
: 


=m [reg rtat+ da? = mr [ro —Fr5 +375] = Smarr 


o 


= smarr>x Zr? = 2 Mr}, 


Therefore the radius of gyration = r4/2. 
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(v) Find the M. I. of an elliptic lamina about its major amis. 


Divide the ellipse into indefinitely 
thin strips by lines perpendicular to the 
major axis (Fig. 129). The mass of an 
element is m.2y Sa, and its M. I. about 
the major axis is, by Ex. (i), 

m2ydSaxthy. 
M.I. of ellipse 


a a 
-| Amy? de= amo) y> dx 
th 0 


Fig. 129, 
[let  =acosé, y=bsin@, (Art. 50)] 
0 
= 4m bd’ sin’ dx —asin 6 dé 
an 
4 mb? area eth, re Sooo tae A ¢ 
=imbea|  sin*6dé=4mb8ax Tg 37 = aa mad 
A ; 


=iWMb?, since M=mxarea = mrab. 

The radius of gyration = 1b. 

This is given as an example of the way in which an area may be divided 
up into strips perpendicular to the axis about which the M.I. is required. 
The result might have been obtained by dividing the area into strips parallel 
to the major axis. The mass of such a strip is m.2a Sy, and its radius of 


b 

gyration is y; hence the M.I. = 2 m .2ay? dy, which may be evaluated 
0 

in a similar manner, and gives the same result. 


As in the case of areas, volumes, and C.G, if the equation of the 
bounding curve is not known, or if the general formula gives an 
expression which cannot be integrated, an approximate value of the 
M.I. can be found by the use of Simpson’s Rule. For instance, 


(vi) To find the radius of gyration about the axis of revolution of the solid 
described in Hx. (iii), p. 308. 


If A be the area of a section of radius y, perpendicular to the axis of a, 


we have 
Me =/mA.tydxa=m.4r/y' dx, since A=ry’. 


The values of y are 18/m, 21/1, 23/7, 25/m, 26/7, whence, by logarithms, the 
values of y‘ are found to be 1077, 1995, 2870, 4006, 4690, approximately, 
and M = mx volume = 4025 m, using the result obtained in Art. 159. 


by Simpson’s Rule, 
4025 k? = 40 x $[1077 + 4690 + 2 (2870) + 4 (1995 + 4006)] = w. 35511, 


whence & is found to be 5°265 approximately, 
z2 
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Examples LXXI. 


Find the M.I. of 


1. 
2. 


A square about a side. ; 


A rectangle, sides a and b, about a line parallel to the sides a and distant 
4b, $b from them respectively. 


. A flat circular ring, whose outer and inner radii are r and 27, about an 


axis through its centre perpendicular to its plane. 


. A circle about a diameter. 

. An isosceles triangle about an axis through its vertex parallel to its base. 
. The same triangle about its base. 

. The same triangle about its axis. 

. The same triangle about a line through its C.G. parallel to its base. 

. A right circular cylinder about its axis, 

. A right circular cone about its axis. 

. A spheroid about its axis of revolution. 

. An elliptic lamina about a latus rectum. 

. The portion of a paraboloid of revolution bounded by the section x= 8, 


about its axis. 


. A thin uniform circular wire about a diameter. 
. An indefinitely thin spherical shell about a diameter. 
. The area between the parabola y?=4axz and the double ordinate 


x=b, about the tangent at the vertex. 


. The same area about its axis. 

. The same area about the ordinate a = b. 

. The area described in Ex. LXIX. 34, about the axis of a. 

. The volume described in Ex. LXIX. 35, about the axis of x. 

. A uniform arc of a circle about its chord. 

. The area between one arch of a cycloid and its base, about the base. 

. The solid formed by the rotation of a cycloid about its base, about the 


axis of revolution. 


. The area enclosed by the curve x7/$+ 7/8 = a’/$, about one of the axes, 


177. General theorems on moments of inertia. 


The evaluation of moments of inertia is facilitated by several 
simple general theorems which establish relations between moments 
of inertia about different axes. 


I. The M.I. of a lamina about an axis perpendicular to its plane 


through a point O in its plane is equal to the sum of the M. I. about any 
two rectangular axes through O in the plane. 


If r (Fig. 180) be the distance of an element 5m from the origin 0, 


and (2, y) its coordinates referred to two rectangular axes through 0, 
the M. I. about a line through O perpendicular to the plane XOY 


= fr?dm= / (x+y?) dm 
= [x dm+/y’ dm, taken all over the area, 
= M.I. about OY+M.I. about OX. 
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Examples, This result may be used to deduce the M.I. of a circular dise 
about a diameter from the M.I. about an axis through its centre perpen- 
dicular to its plane. For we have 


Ni 


Fig. 180. 


} Ma? = M.1I. about a perpendicular axis through the centre [Art. 176 (iii)] 
= sum of M. I. about two rectangular axes in its plane 
= 2x M.I. about a diameter, from symmetry. 
«. M.I. about a diameter = } Ma’. 


Again, the M.I. of a rectangle, sides 2a, 2b, about an axis through one 
corner perpendicular to its plane = sum of M. I. about the two sides through 
that corner = M.4a°+M. $b? = M. § (a? +0’), 


Hence also the M.I. cf a square lamina of side a about'an axis through 
one corner perpendicular to its plane = sum of M.I. about two sides 
= %Ma’; and since a cube may be regarded as made up of square laminae, 
for each one of which the preceding result is true, it follows that the M.I. 
of a cube of side a about an edge = $ Ma’. 


Il. The M.TI. of a body about any axis exceeds the M.I. about a 
parallel axis through the centre of gravity by the product of the mass into 
the square of the distance between the parallel axes (i.e. by the M.I. of 
the whole mass collected at the centre of gravity about the original 
axis). 


From this theorem it follows Y; 
that the M.I. about an axis ee 
through the C.G., is less than the 
M. I. about any parallel axis. 

Let G (Fig. 181) be the centre 
of gravity of the body. Let the 
given axis meet the plane through A a G 
G perpendicular to it in A, at 
distance a from G, and let a linear 
element 6m, parallel to the given 
axis, cut this plane at P; let AG 
be taken as the axis of x and G Fig. 181. 
as origin, and let (a, y) be the 
coordinates of P. 


>| 


842 PHYSICAL APPLICATIONS 


The M.I. about the line through A perpendicular to the 
plane XGY 
= fAP*dm = /[(a+2)?+y?] dm = / (a? +2ax +27 + y?) dm 
=a? fdm+2a/x2dm+ /GP? dm 
= a*M+0+4M.I. about the line through G perpendicular to 
the plane XGY, 
since /xdm = Mz, where Z is the abscissa of the C.G. [Art. 170] 
= 0, since the C.G. is the origin. 


Hence the M. I. about the axis through A exceeds the M. I. about 
the parallel axis through the centre of gravity by Dla’. 


Examples. The M.I. of a rod or rectangle of length 2a about an axis 
through its centre perpendicular to its length is 1 Ma?; hence the M. I. 
about a parallel axis through one extremity = } Ma’+ Ma? = § Ma’. 


The M.I. of a circular disc of radius r about a line through a point on its 
edge perpendicular to its plane 
= M.I. about axis through centre perpendicular to its plane + Mr? 
= 4 Mr? + Mr? = 3 Mr? 
The M.I. of the disc about a tangent line = } Mr? + Mr? = § Mr’. 


It must be carefully noticed that the theorem does not connect 
the M. I. about any two parallel axes; one of them must go through 
the centre of gravity. 


E.g. the M.I. of an isosceles triangle (Fig. 132), of height h and vertical 
angle 2d, about a line through its vertex parallel to its base 
h h 
=| m.2ydua.a=2m)\ a tana dx = Amtana.thi=}Mni, 
0 0 
since M = mh x} base= mh’ tan, 


Fig. 182. 


To deduce the M.I. about the base, we must first find the M.I. about 
@ parallel axis through the C.G. of the triangle. The distance between the 
C.G. and the vertex is 3h; 

3 Mh’ = M.I. about a parallel axis through 0. G.+4 Mh’. 

. MI. about axis through C.G. parallel to base = py Mh’. 
The distance from the C.G. to the base = th; 
-. M.I. about base = 73 Mh? +3 Mh? = i Mh’, 
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III. To find the M.T. of a lamina about a line through the origin 
inclined to the axes. 

Let the straight line OA (Fig. 183) be inclined to OX at an 
angle a. Let dm be an element of mass situated at the point P whose 
coordinates are (x, y). Draw PM, PN perpendicular to 0A, OX and 
NL, NH perpendicular to PM, OA respectively. 


Fig. 188, 


The M.I. of the lamina about OA 
= / MP? dm= /(LP—NH) dm = /(y cos X—2 sin a)? dm 
= cos?a /y*dm—2sina cosa /xydm+sin? a /x? dm, 
the integrals being taken all over the lamina. 

J xydm is called the ‘product of inertia’ about the axes OX, OY. 
If the body be symmetrical about either of the coordinate axes, it is 
evident that this integral /zydm is zero; for, if symmetrical about 
the axis of z, then, to any value of zyém for a positive value of y, 
there is a value for the corresponding negative value of y which will 
be equal in magnitude and opposite in sign; hence, as in Art. 146, 
the terms of the sum whose limit is the definite integral cancel in 
pairs, and the integral is zero. Similarly if the lamina is symmetrical 


about the axis of y. 
In this case, the M. I. of the lamina about OA 


= cos?a /y? dm+ sin? a / x? dm, 
1.0. tf the lamina is symmetrical about one (or both) of the axes OX, OY, 
the M. I. about a line inclined at angle x to OX is equal to 
(M1. I. about OX) cos?a+(M. I. about OY) sin? a. 


In this case the M. I. about OX, OY are called the ‘ principal moments of 
inertia relative to O’, and the axes are called the ‘principal axes at O’. For 
further information as to principal axes and moments of inertia, the student 
is referred to works on rigid dynamics; it is there shown that at every point 
of a lamina there is a pair of axes for which the product of inertia is zero, 


344 PHYSICAL APPLICATIONS 


It is easily seen that this theorem is also true for a solid body which is 
symmetrical about the plane XOY. For in this case, if 2 2 be the length of 
the element through P perpendicular to the plane XOY, of which P is the 
middle point, the M.I. of the element about OA = 6m (}27+MP’); and 
its M.I. about OX and OY are respectively 5m(}27+y") and 8m(}2?+2"). 

the M.I. of the body about OA, as before, 
= /42*dm+cos*aX/y? dm + sin? ax /x? dm 
= cos*a/(h22+ y")dm+sin? a / (i 2? + x?) dm, [since sin? + cos’& = 1] 
= cos? x M.I. about OX+sin?a x M.I. about OY. 


Examples: 

(i) Find the M.I. of a rectangle, sides 2a and 2b, about a diagonal. 

The M.I. about lines through the centre parallel to the edges are 3 Ma? 
and 4Mb’, and the rectangle is symmetrical about these lines. 


Fig. 134. 


If x (Fig. 184) be the angle between the diagonal and a side whose 


length is 2a 
cos? = a?/(a?+ 0"), and sin?& = b?/(a?+b?), 


M. I. about diagonal = 4.Mb* cos? +4 Ma? sin? x 
= 4Mb?.a*/(a7 +b?) +3 Ma’, b?/(a? +b?) 
= % Ma’ b?/(a? +b’). 


e 
ee 


(ii) Find the M. I. of a@ solid right circular cone about an axis through its 
vertex parallel to its base. 


4 


Fig. 135. 


Divide the cone (Fig. 135) into thin circular slices by planes perpendicular 
to its axis. 
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The mass of an element is my?dSa, and its M.I. about one of its 
diameters is may? da.hy?;  .*. its M.I. avout the given axis, which is at 
distance # from a parallel axis through the C.G., is mry?da(1y*+2"). 


h 
*. M.I. of cone -| mry (ty? +a") dx 
0 


h i yt r? \ 1 r 
=m Tete dh. since 2 oo —, 
o \4 i eo chk 


ht h? 
4 y2\ [th 

= ma (a =f anh a dz 
mort he 


a —_—— 2 — 
rex (P+4h*) . 5 


= oh marth (7° + 4h?) 


= gy M(074+4h*), since the whole mass M=3mmrh. 


From this result the M. I. about a parallel axis through the C. G., and then 
the M. I. about a diameter of the base can be deduced. 

The M.I. about a generating line can also be deduced by Theorem III of 
this article ; for the M. I. about the axis is easily found by direct integration 
to be 4% Mr, and the cone is symmetrical both about the axis, and about 
any plane through the axis. 


. Hence, if & be the semi-vertical angle of the cone, the M.I. about a 
generating line 


= 3 Mr’ cos? & + 2; M(r? +. 4h?) sin? w 
0 30 


Wy? ie 
= tM aye t POM ONT AM) ap 


ie 1” (97 + 6h?) 


= 25M ail t+ 4h) = aM a 


Examples LXXII. 


Find the M.I. of 


Ao DE 


7. 


&. 


. A flat circular ring, radii r and r’, about a diameter. 

. A square about an axis through one corner perpendicular to its plane. 

. An ellipse about an axis through its centre perpendicular to its plane. 

. A square lamina of side a about an axis through its centre perpendiculax 


to its plane. 


. An equilateral triangular lamina about an axis through the middle point 


of its base perpendicular to its plane. 


. Anellipseabout (i) the tangent at one end of the major axis, (ii) a latus 


rectum, (iil) a directrix. 


An equilateral triangle about an axis through its C. G. perpendicular to 
its plane. 


A cylinder about a generating line. 


9. A sphere about a tangent line. 
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1o. A straight rod of length 2a about an axis perpendicular to its length 
at distance b from one end. 


11. A square of side a about any line through its centre in its plane. 
(Deduce both from Example 4 above, and from Theorem III). 


12, A square about any line in its plane at distance b from its centre. 
13. An ellipse about the line joining the extremities of the axes. 


14. An isosceles triangle, of height 4 and base 2b, about a line joining the 
middle point of the base to the middle point of one of the equal sides. 


15. A solid cone about (i) an axis through the C.G. parallel to the base, 
(ii) a diameter of the base. 


16. A solid cylinder about a diameter of one end. 


17. A solid cylinder about (i) a line through the C. G. perpendicular to the 
axis, (ii) a tangent to one of the circular ends. 


18. The solid formed by the rotation of a rectangle, sides a and b, about a line 
in its plane distant ¢c (>4%b) from its centre and parallel to the sides a, 
about the axis of rotation. 


19. A solid anchor-ring about the axis of rotation. 


20. An are of a circle about an axis through its middle point perpendicular 
to its plane. 


21. A rod in which the line-density varies as the distance from one end, 
about an axis through that end perpendicular to the rod. 


22. A circular disc in which the surface-density varies as the distance 
from the centre, about an axis through the centre perpendicular to 
the disc. 


23. A right-angled triangle about a line through the right angle perpen- 
dicular to its plane. 


24. A paraboloid of revolution bounded by the section x = b, about a tangent 
line at the vertex. 


25. A spheroid about a tangent at an extremity of the axis of rotation. 


POTENTIAL 
178. Potential. 


If m,, Mg, ... be the masses of a system of particles situated at 
distances -7,, 2, ... respectively from a point P, then 


m__ Mm, . M, 
DBS tote. 
Ge jeMieuts 


is called the potential of the system at the point P. This function is 
of great importance in the theory of attractions and in electricity. 
In the case of a continuous distribution of mass, the summation 
becomes a definite integral. 

Examples oi the calculation of the function in several important 
cases are here given, 
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Examples: 


(i) Find the potential of a circular dise at a point on its axis. 
If the disc be divided into elements by concentric circles, the potential of 


Fig. 136. 


an element at a point P (Fig. 136) on the axis is m.2ar8r/PQ (to the first 
order of small quantities), m being the mass per unit area. 
Let p be the distance of P from the disc and a the radius of the disc. 


: , °2mnrr 
Then the potential of the disc at P= PO dr 
0 


a r 
Fn lel PO 24 2 
i 0 ma| Vo +P) | 
= 2mn[/(p? +a?) —p] = 2mn(R-p), 
if R be the distance of P from a point on the edge of the disc. 


a 
=2mr 
0 


(ii) Find the potential of a thin spherical shell at any point. 
Let ¢ be the distance of P (Fig. 137) from the centre of the spherical] shell. 
Divide the shell into elements by planes perpendicular to OP. 

m.2ry8s  m.2rrsind.1rdd_ 


The potential of an element at P= et vipa PO ; 


Fig. 137. 
’. the potential of the whole shell = i mferenee 
2 mar aid 


o (c2 + 17 —2 cr cos 6) a 
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This can be integrated by putting ¢?+7r?—2crcos 0 = 2"; 
“. Qersind=2z2dz/d0, i.e. ersiné/z=dz/dd, 


and the limits for z (which is PQ) are e—r and ctr, if P be outside the 
shell. 


ctr 
ae phe tpotentinlnaiee dz sym ima = 
dé “alan Bo 
Qurr ae a 
rata Gu etl a pee 


If the point P be inside the shell, the expression to be integrated is the 
same, but the limits for zg or PQ are r—c and r+e. 
2 

mnt [rte—(r—o)] =4mrr=M/r 

If the point P be on the shell, the limits for 2 are O and 27, and c=7r; 
hence in this case also the potential = M/r. 

Hence the potential of a thin spherical shell at an external point = M/ec, 
i.e. it is the same as if the whole mass were concentrated at the centre; at 
an internal point, the potential = M/r, i.e. it is constant, and therefore is 
the same as if the point were the centre. 


in this case, the potential = 


(iii) Find the potential of a solid sphere at any point. 


Let the sphere be divided by concentric spheres into thin spherical shells. 

If the point P be outside the sphere, the potential of each shell and hence, 
by addition, of the whole sphere is the same as if the whole mass were 
collected at the centre, and therefore is equal to M/c, where c is the distance 
of the point P from the centre. 

If P be inside the sphere, the potentials of the spherical shells which do 
not contain P are the same as if their whole mass were collected at the 
centre, and hence their sum = 47c°m/c = 42 mc?; the potentials of the 
shells which do contain P are the same as if Pwere at the centre, and there- 
fore their sum 


r 2 , r 

-| eeu = tom rdr= 4am ($r2—-4c?) = 20m (7? —Cc’). 
c c 

Hence the total potential of the sphere at P 


= $ame'+20m(7-c?) = 20m (7? —-3e*). 


Examples LXXIII. 


Find the potential of the following, 1-11: 

. A circular arc at its centre. 

. A thin cylindrical shell (with open ends) at the centre of one end. 
. A solid cylinder at the centre of one end. 

. A hollow cone at its vertex. 

. A solid cone at its vertex. 

. A thick shell bounded by two concentric spheres of radii r and 9’, 


Qa PrP wWND 


POTENTIAL 849 


7. A thin hemispherical shell at its centre. 


8. A shell bounded by two non-intersecting and non-concentric spheres. 
(Take it as the difference of potentials of two solid spheres.) 

9. A flat circular ring at a point on its axis. 

1o. A sector of a circle at the centre of the circle. 


11. Prove that the potential of a thin uniform rod AB of length 27 at a point 
P on its perpendicular bisector is mlog[(r+J)/(r—1)], where PA =~. 
Show that this may be put in the form 2m log cot } a, where & is the 
angle PAB. 


12. If V be the potential of a solid sphere of radius r at a point distant x 
from the centre, prove that Vand dV/dx are continuous functions of a, 
but that @?V/dzx" is discontinuous when x =r. 


ATTRACTIONS 
179. Attraction. 


The law of gravitation, as enunciated by Newton, states that two 
particles of masses m, m’, at distance r apart, attract each other with 
a force which varies directly as the product of the masses and 
inversely as the square of the distance between them, ie. the 
attraction is equal to kmm’/r?. It is usual to choose the units so that 
the constant 4 may be unity; they are then called astronomical units. 
In terms of these units, the attraction of a particle of mass m on 
unit mass at distance r from it is equal to m/r*. ‘The attraction at 
P’ is the phrase used to denote the attraction on a particle. of unit 
mass situated at P. 

The force between two electrified particles obeys the same law, 
being attractive if the product of the charges be negative, and 
repulsive if the product be positive. 


Fig. 138. 


Let V be the potential of mass m situated at A at a point P 
distant + from it, so that V=m/r. Let s be the distance of P 
(Fig. 188) measured along its path from some fixed point in the path ; 
then V is a function of s. Let ¢ be the angle between the radius 
vector AP and the tangent at P. 
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aqV_avV ar mdr - ™ 
We have Gs ot Se Agen aa eal ae (Art. 163) 


= cos APT = attraction of m at Pxcos APT 


= resolved part of attraction of m in direction PT 
(in which s increases). 

This result will be true for each particle of an attracting system, 
and therefore will be true for the whole system. Hence, if V be the 
potential of an attracting system at an external point P, the 
attraction of the system at P, in the direction in which s is measured, 
is equal to dV/ds. 


Examples : 

(i) Find the attraction of a uniform circular dise at a point on its axis, 

From Ex. (i) of the preceding article, if r be the radius of the disc, 
V=2nm(R—-p) =2rm[S("+p")—p], 


where p is the distance of the point P (Fig. 139) from the disc. The 
attraction of the dise at Pis obviously along the axis, from symmetry, and 


Fig. 139. 


* 

= = —-2rm (ach -1) = 2rm (1- *) = 27m(1l—cosQ), 
if & be the angle subtended at P by the radius of the disc. 

The same result may be obtained directly, by resolving the attraction of 
an element of the disc along OP and integrating the result. 

Taking &=47, we see that the attraction of an infinite disc at a point 
at finite distance from it, or of a finite disc at a point whose distance from it 
1s indefinitely small, has the constant value 2m. 


* +dV/dp is the attraction in the direction in which p increases, i, e 
upwards, 
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(ii) Find the attraction of a straight uniform rod ata point on its perpen- 
dicular bisector. 


If p be the distance of the point P(Fig. 140) from the rod, and 6 the 
inclination of PQ to the perpendicular PN from 
P to the rod, the attraction of an element mda 
situated at Q is mda/PQ*. From symmetry, the 
resultant attraction of the rod is along PN; 
hence, resolving along PN and integrating, the 
total attraction 


np sec?8 dé. cos 0 
-|F a ~2(" ny wee 


since x=ptané, PQ = psec, 20 being the 


angle subtended by the rod at P, Q N 
es Fig. 140. 
Jal Sao ape a, - 
P Jo Pp 


(iii) Find the attraction of a spherical shell at a given point. 


If the point be inside the shell, the potential M/r is constant, and there- 
fore its differential coefficient is zero; hence the attraction of a spherical 
shell at an internal point is zero. 

If the point P be outside the shell at distance ¢ from the centre, the 
attraction of the shell at Pis, from symmetry, along the line joining P to 
the centre. The potential at P is M/c (from Ex. (ii) of Art. 178); there- 
fore the attraction of the shell, which is towards the centre, i.e. in the 
direction in which ¢ decreases, = —dV/dce = M/c’; hence the attraction of 
a spherical shell at an external point is the same as if the whole mass were 
concentrated at the centre. 


(iv) Find the attraction of a solid sphere at a given point. 


If the point P be outside the sphere at distance c from the centre, the 
potential V=/c, and the attraction towards the centre = —dV/de=M/c’, 
i,e. the same as if the whole mass were concentrated at the centre. 

If P be inside the sphere, the potential V=2am(r?—4}c?) (from Ex. (iii) 
of the last article), and therefore the attraction towards the centre 


= —dV/de = —20m(—$c) = $rme. 


Hence the important results that, in the case of a solid sphere attracting 
according to the law of gravitation, the resultant attraction at an external 
point varies inversely as the square of the distance from the centre, and at 
an internal point, varies directly as the distance from the centre. It follows 
that the value of g, the acceleration of a particle due to the earth’s attraction, 
varies in the same manner, if the earth be regarded as a sphere of uniform 
density. 

It should be noticed that, although the expressions for the potential and 
the attraction of a solid sphere at a point distant ¢ from its centre take 
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different forms according as the point is inside or outside the sphere, yet both 
are continuous functions of ¢; in both cases the two expressions tend to the 
same value when cr. Both expressions for the potential become M/r, 
and both expressions for the attraction become M/r’, i.e. §mar?/r? or 
4mar. Hence V and dV/de are both continuous when c = 7. 

The second differential coefficient d’V/dc? is however discontinuous 
when c=7r; for at an internal point 

@V/de? =d.c. of —§ame = —47m, 
and at an external point, 
@V/de? =d.c. of —M/c? =2M/3 = §rmr'/c’, 


which, as c->7, approaches the value $7m. 
Hence there is an abrupt change from —4#7m to $m, i.e. an abrupt 
increase of 4m in the value of d’V/dc’, as ¢ increases through the value 7. 


Examples LXXIV. 


Find the attraction of the following, 1-11: 


1. A thin uniform rod at a point on its perpendicular bisector, by dif- 
ferentiating the expression for the potential obtained in Ex. LXXIII. 11. 


2. A circular disc at a point on its axis, by direct integration. 


3. A thin uniform rod at a point on the perpendicular to the rod from one 
end of it. 


4. A thin uniform rod at any point. [See Ex. 14, below.] 


5. A thin cylindrical shell (open at the ends) at an external point on its 
axis. 


6. A solid cylinder at an external point on its axis. 
7. A solid right circular cone at its vertex. 


s. A thick spherical shell, radii + and 7” (7 >>”), at a point distance x from 
its centre (i) when # <7”, (ii) when 7’ <a<y, (iil) when a >”. 

9. A shell bounded by two non-intersecting and non-concentric spheres 
(i) at an internal point, (ii) at an external point. 

10. A rod AB at a point in AB produced. 

11. A flat circular ring at a point on its axis, 


12, Taking the value of g as 32°18 at the earth’s surface, and the radius of 
the earth as 4000 miles, find the value of g (i) at a point 100 miles 
within the surface, (ii) at a point 100 miles outside the surface. 


13. Find the work done in raising 100 lb. from the surface of the earth to 
a height of 100 miles. (Take the radius of the earth as 3960 miles.) 


14. A circle is drawn with any point Pas centre to touch a straight line AB; 
if CD be the arc of this circle intercepted by PA, PB, prove that the 
attraction of the straight rod AB isthe same in magnitude and direction 
as that of the circular rod CD. 


15. If V be the potential of a solid sphere at a point distant # from its centre, 
draw the graphs of (i) V, (ii) dV/da, (iii) d*V/da?, 
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180. The compound interest law. 


In many cases in nature, the rate of change of a quantity which 
is a function of some variable is, for any value of the variable, pro- 
portional to its actual magnitude for that value; i.e. if ¢ denote the 
variable * of which y is a function, 

dy 1 dy 


a ky, which can be written al os 


The left-hand side is the d.c. of log y with respect to t. Therefore, 
integrating with respect to t, log y=kt+C, 


i.e. p= este =o x 6 = act 


writing a instead of the constant factor e°. 

This law of change, viz.: that the rate of increase of a variable is 
proportional to the value of the variable, is called the compound 
interest law for the following reason : 


Let a sum of money £P be invested at compound interest at the 
rate of r per cent. per annum, and let the interest be payable n 
times per annum at equal intervals of time. 


After the first payment of interest, the amount 


=P io R= PCL inn)! 


and, similarly, the amount at the end of each interval is equal to the 
amount at the beginning of the interval multiplied by the factor 
1+,r/100n. Therefore after ¢ years, i.e. after mt payments of interest, 


the amount will be 
P(1+7/100n)™. 


This is the manner in which money increases in actual practice, not con- 
tinuously as a mathematical function increases, but by a succession of 
disconnected finite increments (as in the graph of Fig. 31); m may be 1 
(C. I. paid yearly), 4 (C.I. paid quarterly), 12 (C.I. paid monthly), and 
s0 on. 


If r/100n be denoted by 1/m, and therefore n = rm/100, this 


amount may be written 
Pit ts /myrmt 100, 


Now let m (and therefore also m) increase and ultimately become 
indefinitely great, so that the interest is added more and more 


* The independent variable is frequently the time. 


1623 Aa 
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frequently, and ultimately continuously ; the amount at the end of 
t years will then be 


Px Lt (14 1/m)rm/00 — Px [Lt (1 +1/m)™] 17/200 = Pert/100 (Art. 87). 
m—> «0 maw P 
Hence, when compound interest is added continuously to the 
principal P, the amount A at the end of ¢ years = Pe/1, and 
therefore obeys the above law. 


dA ites r 

— = —— /100 — ___ A 

i gioesiOOs 100 4 

The preceding result can also be obtained directly by integration, 


for the amount A at any instant is increasing at the rate of r per cent. 
per annum, i.e. 


The rate of increase of 4 = 


dA /dt = Ar/100. 


1dA r r 

Ade eaOw. whence log A = {00 t+0. 
When ¢ = 0, A is equal to the sum Poriginally invested, .*. log P=C. 
i.e. log A = rt/100 + log P, 


A = Pett/100 ag before. 


Extension of compound interest lar. 


Cases in which the rate of increase of the function is partly constant and 
partly varies directly as the value of the function may be included in the 
above law, for if dy/dt = b+ky, 
we may write dy/dt =k (y+b/k), 
from which it follows that the rate of increase of the function is proportional 
to the excess of the value of the function over the constant —b/k. 

Lae k 
y+b/k dt ~ 

Therefore, integrating, and taking the constant of integration in the form 
log C, which is more convenient than C, we have 


log (y+ b/k) = kt+log C, 
whence yt+b/k = Cel, 
and y = —b/k+ Cem, 
(It should be noticed that the preceding equation takes exactly the same 


form as in the case of the compound interest law if we replace y+b/k by 2, 
and therefore dy/dt by dz/dt.) 


The equation may be written 


181. Particular cases of the compound interest law. 


Among the natural processes which follow the compound interest law are 
the following: 


1. The cooling of a body which is at a higher temperature than its surround- 
ings, according to Newton’s Law of Cooling. 


This states that the rate of cooling is proportional to the excess of the 
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temperature of the body over the temperature of its surroundings; i.e. if 6 
denote this excess of temperature, 


d6/dt = —k 6, 


the — sign being taken because the temperature decreases as time goes on. 
Hence, from the result at the beginning of the last article, @ = Ce“, 

If 6) be the original excess of temperature, i.e. the value of 6 when t= 0, 
we have 6,.=C; oO = Oh e7*. . 


Taking a numerical case, suppose that a body cools from 80° C. to 70°C. in 
5 minutes ; what will its temperature be after a quarter of an hour, and how 
long will it take toccolto 40°C., the surrounding temperature remaining at 
20° C. all the time ? 

Here 6, = 80—20=60; therefore 6 = 60¢e—*, 

It is given that @ (the excess of temperature) = 50 when ¢t = 5; therefore 

50 = 60e-5*, whence e°*=§& -5k=log$, and k=+log1‘2. 

After a quarter of an hour, 6 = 60 e-15* = 60 (e-5*)8 = 60 x (8)8 = 34'7°C, 
nearly. Therefore the temperature will be 54°7°C. 

The time to cool to 40°C. is given by 20 = 60e-**; whence 
—kt = log} = —log 3, and ¢ = (log 3)/k = 5log 3/log 1°2 = 30°1 minutes, 


The temperature of 40°C. is reached after a little more than half an 
hour. 


2. The change in the atmospheric pressure due to an alteration in height above 
sea-level. 


Let p be the pressure at height # above sea-level (or any other fixed level), 
and p+6p the pressure at height h+6dh. 


Taking a vertical cylindrical column of air of height dh and section A, 
the pressure on the lower end exceeds the pressure on the upper end by the 
weight of the column, i.e. by gp A6dh. 

Hence pA—(pt+ip)A=gpAbh, i.e. Adp = —gpAdh. 

Therefore, when d5h->0, dp/dh = —gp = —gp/k, 
since, as is proved in text-books on Hydrostatics, »=kp, provided the 
temperature be supposed to remain constant. 

Therefore p = Ce-9/k = p,e~%/k, if p, be the pressure at the given 
level. 


Hence, if p;, 7, be the atmospheric pressures at heights h,, h,, we have 


Dy/ Pq = Po OM! py e-ha/ = €9 (hy-M)/k, 


8. The motion of a particle against a force which is proportional to the 
velocity. 


(For small velocities, the resistance of the air is roughly proportional to 
the velocity). Such a force will produce a retardation which varies as the 
velocity; hence the equation of motion of the particle is dv/dt = —k», 
whence v= ue, where wu is the initial velocity. 

Aad 
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4. The tension of a rope or belt round a rough pulley or cylinder. 

Let Tbe the tension at a point P (Fig. 141) whose angular distance from 
the point A, where the rope leaves the pulley on the slack side, 1s 6; and let 
T+98T be the tension at Q, distant @+60 from A. 


O re) 
Fig. 141. 


Let 2 be the normal reaction at the middle point of PQ, and » the coefficient 


of friction; therefore » FR is the friction at that point when the rope is on the 
point of slipping. 


Resolving along the normal and tangent at the middle point of PQ for the 
equilibrium of the indefinitely small element PQ, we have 


R= Tsin366+(7+5 T) sin} 6d, 
and (T+5T) cos386 = pR+T cos § 86, 
whence 8 Tc0s3 56 =ypR=p(2T+5 T)sin} 56, 
from the preceding equation. 
87/56. cos} 50 = p(2 T+8 T) (sin § 0)/80. 


ol eat sin 380 

When 56->0, sar aa coshdd>1, 27+5T>2T, ee >i, 

.. ultimately, d7/dO=p.2Txt=—pT, 
whence, as before, 7’ = Tye", where 7, is the tension at A. 

From this it is easily seen how it is that a small force at one end of a rope 
which takes a turn or two round a rough post can support a very considerable 
tension at the other end, for if the coefficient of friction be } and the rope 
makes 14 complete turns, i.e. if 6=37, wehave 7'= T, ei™ Te liens 
so that a given tension at the slack end will support a tension 111 times as 
great at the other end. 


5. The discharge of a condenser through a large resistance. 


It is shown in works on Electricity that, if C be the capacity of the 
condenser, and FR the resistance through which it is discharging, then 
dq/dt = —q/CR, where q is the amount of the charge at time ¢. 
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Hence q = Ae~*/CR, where A is constant, 
= qe/OR, if gq be the original charge when ¢ = 0. 
t t t v 
Therefore log f Sa and R= o/s A = £ /og rs 
if v, » be the potentials originally and at time ¢. This gives R in terms 
of v and ¢. 


6. The true expansion of a length, urea, or volume when the coefficient of 
expansion is constant. 
l1dV 


Taking the case of a volume (Art. 88), Tae a, if V be the volume at 


temperature 6. Therefore, as in the preceding cases, V = V,e®, if V, be the 
volume at temperature 0°, or V= V’e0@—°), if V’ be the volume at tem- 
perature 6’. Taking the former case, we have, on expanding e®? and 
neglecting squares of A, V=V,(1+6) approximately. 


7. The current flowing in an electric circuit. 


It is shown in works on Electricity that if an electric current of strength ¢ 
be flowing in a circuit of self-induction Z and resistance R, and if EZ be the 
external EH. M. F. on the circuit, then L di/dt+Ri= EL. 

(i) If the circuit be left to itself, so that there is no external E.M.F., H=0, 

di/dt = — Ri/L. 

Hence, as before, i = i, e~*#/L, where i, is the original current. 

(ii) If a constant E. M. F. be supplied to the circuit, we have a case of the 
extension of the compound interest law mentioned above, for then 

di/dt = E/L—Ri/L, where £ is constant. 


Therefore, using the result at the end of Art. 80, 
E R £ 
ea -RUL = = -Rti/L, w ; 
= zit i) + Ae-Rt/ R + Ae-Rt/L, where A 1s a constant 


If the time be measured from the instant the circuit is completed, 7 = 0 
when ¢=0. 
0 = E/R+A, and A= —E/R, 
so that i = E(1—e7Rt/L)/R, 


Since the last term in the brackets tends to zero as ¢ increases, the current 
approaches the constant value H/R. 

(For another case of this problem, when the circuit is under the influence 
of a variable E.M.F., see the next article.) 


8. The velocity of certain chemical reactions. 


(a) Many chemical reactions follow the law (known as Wilhelmy’s Law) 
which states that the velocity of the reaction is proportional to the concen- 
tration of the reacting substance, i.e. if a be the initial concentration of the 
reagent and x the amount transformed at time t, dx/dt = k (a—a@), 
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This is the extension of the compound interest law, and integrating as in 


the preceding article, we get 
ide 
Se —log (a—x) = kt+C. 


To find C, we have «=0 when t=0; -loga=C. 


changing signs, 
log(a—z) = —kt+loga, ie a-xw=ae™, or «=a(l—e™), 
The equation may also be written in the form 
a 1 a 
kt = loga—log (a—x) = log ——; dane teed Bren 
This gives the value of the constant & when a and a pair of simultaneous 


values of ¢ and # are known. 
(b) There are other chemical reactions which follow the more complicated 


dz/dt =k (a—2) (b—2). 
. : i et) oe 
This may be written Goats ae 


law 


: : i dx 
.. integrating with respect tot, kt = Gam Gaay 
By the method of partial fractions (Art. 123) we find (if a >b) 


eae theca: 
(a—2x)(b—xz) a-—b Serer 
log 2-2 


; 1 
gap [—log (ba) + log (a—2)] = — log 5 — 


dx ms 
rere =a) a 
. (a—b) kt = log —. iC 


0 = log (a/b)+ C; 


a=0Q when t=0; “ 
7 M a-x a b(a—2) | 
COMM Sean to br eaainay 
or e(—b) kt — Zane 
a b-zx 


Solving this equation for x, we obtain 
__ ab[e(a-) #1] 
7 qe) 


which gives the value of w at time ¢. 
If a pair of simultaneous values of # and ¢ are known, the value of & 


is obtained from the equation above, 
fe 1 |b (a—2) 
~ (a—b)t °a(b—2) 
182, Another example from Electricity. 
We have, in the preceding article, solved the equation 
di ¢ 
L di +Ri = #, 


for the particular cases H = 0 and EH = constant. 
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Let us now take the case when the external E. M. F. is a periodic function 
of the time; let EH = E,sin pt, where K, is constant. 


Re en ig: t 
“at Zits 7 sine 


In integrating the equation gs “t cs i= 0 in the preceding article, we 


dt iL 
obtained 4 = Ae-Rt/L, ie, ieRt/L = A, a constant. 
If we verify this result by differentiation, we get 
R di : Cink 
Ra eRU DAY Os ORE Ta TIPS (ek ay ae NN 
Zell 4 F elt/i = 0, i.e, eRtlb (5 + 74) 0. 


This shows that the left-hand side of our equation above is made an exact 
differential coefficient (of ie¥t/L), and therefore the equation can be in- 
tegrated, by multiplying it by the factor e%t/Z ; it then becomes 


di R E 
Rt/L — j= eRt/L — —° pRt/L gj i 
e a tize L° sin pt 


The left-hand side being the d.c. with respect to ¢ of ieRt/L, we have by 
integration E g 
teht/L — ratte sin pt dt+C. 


An integral of the same type as that on the right-hand side has already 
been evaluated in Art. 139; substituting R/L, p, and ¢ for a, b, and x 
respectively in the result of that article, we get 


feRt/L Eo , 0" (R/L. sin pt—p cospt) | 
Le Re]? +p? 
; (R sin pt —pL cos pt) i 
ee t= Ey P+pL + Ce—Rt/L, 


Measuring the time from the instant when the circuit is completed, we 
have 1=0 when ¢=(0, 


Ey 
O= Rapp pL) + +C. a 
EF, Exp 
oh = Fy pth piLe (R sin pt —pL cos pt) + Pipe e—Rt/L, 


The first term can be put in a more convenient form by the following 
artifice, which is one of frequent use. 

Let R=kcosa, pL =ksind; therefore tani = pL/R, and, squaring 
and adding, R?+p°L? = k?. 


Then Rsin pt—pL cos pt = k (cos & sin pt — sin & cos pt) 
= ksin(pt—Q) = «/(R?+ pL’) sin (pt—). 
E, E,pL 
; eke ge RET, 
Hence ‘= Tip sin (pt—) + B+ pL e 


The last term becomes very small as ¢ increases, since, R/L being +, 
e—Rt/L decreases rapidly as ¢ increases, and therefore the current soon 
approaches the steady oscillation given by 


DL 
i= sin (pt—Q), where o = tant =. 


Fh By eS 
(B+ pL) 
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Examples LXXV. 


In doing these examples, the differential equation should be formed and 
actually solved ineach case. Do not substitute numerical values in the results 
of Art. 181. 


1. 


10, 


11. 


12. 


13. 


Find the compound interest on £200 invested for 3 years at 5 per cent. 
per annum, when interest is payable (i) monthly, (ii) daily, (iii) con- 
tinuously. 


. The temperature of a body is 30° above that of the surrounding atmo- 


sphere; and its rate of cooling per minute is ‘016, where @ is the excess 
of its temperature above that of the atmosphere (which is supposed to 
remain constant) ; find (i) its temperature after 3 minutes, (ii) when its 
excess of temperature will have fallen to 20°. 


. The temperature of a liquid in a room of constant temperature 20° is 


observed to be 70°; after 5 minutes, it is observed to be 60°; what will 
its temperature be after another half-hour, and when will it be 40°? 


. A rope which is in contact with a circular post is on the point of 


slipping; if the portion of rope in contact with the post subtends an 
angle of 120° at the centre, and the coefficient of friction is 4, compare 
the tensions at opposite ends. 


. A rope is wound just twice round a post and held by a force of 20 lb. wt. 


at one end; if the coefficient of friction be ‘4, what force must be applied 
at the other end to make it slip ? 


. The height of the barometer is 30 inches at sea-level ; what would it be 


at the top of a mountain 10,000 feet high, if the temperature were 
constant? [Take the specific gravity of air at sea-level as ‘0013, that of 
mercury as 13°6,and determine & from this.] 


. The height of the barometer is 30 inches at the bottom of a mountain 


and 24 inches at the top; find the height of the mountain. [Take k& 
= 842000] 


. A light string hangs over a fixed rough horizontal cylinder, and is on the 


point of slipping when masses of 8 lb. and 2 lb. are suspended from its 
extremities; find the coefficient of friction. 


. A fly-wheel of mass 1 ton and radius of gyration 2 feet is running against 


a frictional resistance which is proportional to the velocity ; its angular 
velocity was initially 80 radians per second, and after 20 seconds it is 
50 radians per second; what will it beafteraminute? [IfZbethe M.I. 
of the wheel, and o its angular velocity at time t, Idw/dt = —ko.] 


A point moves so that its acceleration is always numerically } of its 
velocity; if it starts with velocity of 5 ft.-secs., find its velocity after 
10 seconds, and when its velocity will be 100 ft.-secs. 


A particle falls vertically under the action of its weight, and against 
a resistance which produces a retardation proportional to the velocity ; 
find its velocity after 10 seconds, supposing that it starts from rest, and 
that its velocity tends to the value 80 ft.-secs. as t increases indefinitely. 

A chemical reaction takes place according to the law mentioned in 
Art. 181.8 (a). If a=9°5, and x= 3'2 after two minutes, find (i) the 
value of ic, (ii) the value of x after 5 minutes. 


A chemical reaction takes place according to the law mentioned in 
Art. 181. 8 (0). If a = 35°4, b= 12°5, and x =2°3 after one minute, 
find (i) the value of &, (ii) the value of 2 after 3 minutes. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 
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An electric condenser of capacity 18x 10-4 is discharging through 
a resistance 3x10"; if the initial charge be ‘001, find (i) the charge 


after “01 second, (ii) when the charge is reduced to 10 per cent. of its 
original value. 


A condenser of capacity 5x 107! is discharging through a resistance, 
and in 2 seconds the voltage falls to one-tenth of its original value; 
find the resistance. 


A current is flowing in a circuit of resistance 10 ohms and self-induction 
02 henry ; if its value was originally 40 amps., find (i) its value after 
*01 second, (ii) when it is 10 amps., the circuit being left to itself. 


Find the current after ‘01 second if the same circuit is under the 
influence of a constant EH. M. F. of 50 volts, and i= 0 when ¢ = 0. 


Find the current after ‘01 second if there is an E.M.F. of 50 sin 500¢, 
and 1=0 when ¢=0. 


Find the current after half a second in a circuit of resistance 10 and 
self-induction 5 under an Hi. M.F. of 40 sin 200¢. 


The rate at which liquid is flowing out of a vessel at any instant is 
proportional to the amount left in at that instant; if the vessel is half 
emptied in 1 minute, how much will flow out in 2 minutes, and when 
will it be four-fifths empty ? 


A pane of glass absorbs 4 per cent. of the light passing through it; how 
much of the light will get through 20 such panes ot the same kind of 
glass? How many panes will absorb 40 per cent. of the light ? 

[If I be the intensity after passing through a thickness 1, dI/dl=—kI.] 


An electric current, left to itself, drops to } of its original value in 
zy second ; how long will it take to drop to one-millionth of its original 
value ? 


An electric current left to itself drops 20 per cent. in 2 minutes; when 
will it be imperceptible to a galvanometer which can just detect one 
thousand-millionth part of its original value ? 


The population of a country is at any instant increasing at a rate which 
is proportional to its value at that instant; if it be doubled in 20 years, 
when will it have increased 5-fold ? 


CHAPTER XIX 
APPLICATIONS TO MECHANICS 


WORK 


183. Work and energy. 


It was shown in Art. 65, that, if W be the work done in moving 
a particle from some standard position to a point P, and EH the 
kinetic energy at P, then F=dW/dz and also = dH/dx, x being 
the distance of P from some fixed point in the line of motion. 

Therefore dW/dx = dE/dx, and hence (Art. 76) W and £E differ 
by a constant only, ie. W=E+C. 

If E, be the kinetic energy of the particle in the standard position, 
we have H= H, when W=0; hence 0= #)+C, and C=—Z£,, 


v6 Wa E—E,. 


Therefore the work done in moving the particle from one point to 
the other is equal to the change in the kinetic energy of the particle. 

Also, since dW/dx = F, it follows that W= /Fdx. Therefore, 
if F be known in terms of 2, the work done in moving the particle 
from one point to another can be calculated. 


As an example of this, we will calculate the work done in stretching an 
elastic string. Let a be the natural length of the string, and suppose we 
want to find the amount of work done in stretching it from length a+b to 
length a+c. The tension of such a string is given by Hooke’s Law, which 
states that the tension is proportional to the extension. When the stretched 
length is a+, the extension is x, and the most convenient way of expressing 
this law is: 7’=)a#/a, where \ isa constant. [If w=a, this gives T=), 
so that the constant \ is the weight which, suspended at the end, would 
cause the string to hang in equilibrium stretched to twice its natural length, 
supposing this law continues to hold good.] 


Hence we have aW/dx« = T=d2x/a. 
Therefore the work done in increasing x from b to ¢ 


oy d : 2_ pt 
-| Gy de =~ [ 3a" ma aa 
» @ a b a 
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If T,, JT, denote the tensions at lengths a+b, a+c respectively, 
Ty =b/a and T,=Xe/a; therefore the work required 
= 4) (e+) (e—2)/a = 3 (To+ Ty) (ob) 
= the extension x the mean of the initial and final.tensions, 


1&4. Graphical method. 


If x is the distance of a moving body from a fixed point O in 
its line of motion, and if the values of the force acting on the body 
for different values of x are known, either by calculation from 
a formula or as the result of observations, then, by plotting these 
values, we may obtain a curve whose ordinate at any point (a, y) 
represents the force F’ acting upon the body when at distance x from 0. 


Xo 
The work done in moving the body from 2, to a, =| Fdx, and 
nal 


since F'is represented by the ordinate of the curve, this is represented 
by the area between the curve, the axis of x and the ordinates x = 2, 
and #=a,. This area may be calculated by Simpson’s Rule or 
measured by a planimeter, and thus the amount of work done is 
approximately obtained. 

This is the principle of the ‘indicator diagram’ of an engine, 
which registers mechanically the pressure in the cylinder at different 
parts of the stroke; the area of the diagram which is drawn gives 
the amount of work done during the stroke. 


A similar method can be used to estimate the distance travelled in 
a given interval of time, if the velocities at different instants be 
known, and to estimate the change of velocity in a given interval, if 
the accelerations at different instants be known, for 


ty d ty 
oe an ee s=| odt; and =f, w. v=| Sat. 
hi dt th 


185. Work done by an expanding gas. 

Imagine the gas contained within a right circular cylinder of 
cross-section A sq. ft. and length h feet, in which a piston just fits 
and slides freely, and suppose that a slight expansion of the gas from 
volume w to volume v+6v moves the piston a distance 6h. The 
pressure on the end of the piston is pA, if p be the intensity of 
pressure of the gas. Hence, if 5W be the work done by the gas in 
the expansion, ‘W=pAth=pdv, and 6W/iv=yp. Therefore 
if ’v—>0, dW/dv=p, and the work done in a finite expansion is 
obtained by integration. It can be shown that this relation is 
true whatever be the shape of the vessel which contains the gas. 
If v, be the original volume and » the final volume, the total work 


done by the gas in the expansion =| ; pd. Ifthe gas is compressed, 
17) 
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this is the amount of work which must be done to reduce the volume 
from v, to v,. If the expansion be supposed to take place isothermally, 
i.e. without alteration of temperature, the relation between p and v 
is given by Boyle’s Law, pv = constant ; if the expansion is adiabatic, 
i.e. if no heat is taken from or supplied to the gas, the relation 
between p and v is given by the law puy = constant. [See Art. 236. ] 
The pressure p, volume v, and absolute temperature 7’ of a ‘ perfect 
gas’ are connected by the relation pu = kT. 
We will take an example of each case. 


Examples: 


(i) In an air-compressor, air is drawn in at atmospheric pressure 14°7 lb. wt. 
per sq.inch, and is compressed until the pressure is 50 1b. wt. per sqg.inch. Find 
the work done per minute and the horsepower, if the machine makes 100 strokes 
per minute and draws in 2 cubic feet at each stroke, supposing the compression 
isothermal. 


The total work done against the gas in reducing the volume from 2, to v, 


v. Vy 
-| ‘pdo= |” pa = [loge] ‘ 
v V2 


2 0 
=k (log v, — log v,) = p,%, log (v,/v,) = p,», log (p./p,). 


v, = the initial volume of the air compressed = 100 x 2 = 200 cu. ft.; 
, = the initial pressure = 14°7 x 144 1b. wt. per sq. ft. ; 
P2/P, = 50/147 = 3°401. 


the work done = 14°7 x 144 x 200 x log 3°401 
= 331,500 ft.-lb. per minute, 
and the necessary H. P. is a little more than 10. 


(ii) A quantity of dry air at temperature 40°F. is compressed adiabatically 
until its volume is one-third of its original volume ; find the amount of work done 
and the change of temperature. 


Taking the general case, the work which must be done 


-|"» v= |" Ae = dort On Sen fal a | 
0, » vo cae =(y=T) o,y—4 Sia 


2 


1 fpye,’ par,” 
= ya 1 ny rar i |-= ae %— 1%). 


This result may be expressed in the form 


2% (281), and Br (4) 
y-1\ py, P 


the work Ba al Pits (2 wis -1] : 


In the given example, a =8; .. the work = ae (3Y-1 1), 
oS: 
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If there were originally 60 cubic feet of air at atmospheric pressure, 
Pp, = 14°7x 144, », = 60, and y is, for air, 1°404. 
Therefore the amount of work required 
14°7 x 144 x 60 14°7 x 8640 
i‘ “404 naz a 
To find the change of temperature, we have p,?, =kT,, pov, =kTy. 
Ty _ Pat, _ (%1\Y. % ey} 
orange ola 
Taking the absolute zero of temperature as— 461° F., 7, =461° +40°=50V’; 
T, = 501° x 8-1 = 501° x 3° = 781°, 


Hence the temperature rises on compression to 320° F, 


559 = 175700 ft.-lb. 


(3°44 1) = 


VIRTUAL WORK 
186. Virtual work. 


It is proved in text-books on Statics that, if a body or system of 
bodies be in equilibrium, the work done by the external forces in 
any small displacement (consistent with the geometrical conditions) 
which the system may be imagined to take (ie. in any virtual 
displacement) is zero. More strictly speaking, if the displacement be 
an infinitesimal of the first order, the work done in any such 
displacement from a position of equilibrium will be an infinitesimal 
of the second order. In many cases we can, by the principles of the 
differential calculus, write down at once the work done by the forces 
in a small displacement, and then, by equating it to zero, find the 
position of equilibrium, or obtain relations between the forces in 
the position of equilibrium. The following examples illustrate the 
method. 


Examples: 

(i) A uniform rod of weight W (Fig. 142) rests between the ground AC and 
a vertical wall BC, both smooth, and is kept from slipping by a horizontal string 
attached to the lower end of the rod and sup- 
porting a weight P hanging freely; find the 
position of equilibrium. 

Let 27 be the length of the rod, @ its 
inclination to the ground when in equi- 
librium, and bd the length of the string. 
Imagine the weight P to descend a little, so 
that 6 is increased by a small amount 99. 
The reactions at A, B, and C do no work, 
since the displacements at A, B, and C are Fig. 142. 


A 
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perpendicular to them. If z be the height of the middle point of the rod 
above AG, and x the depth of P below C, the work done by W is — Wéz, and 
the work done by the weight P is PSax. 

Hence, by the principle of virtual work, 


—W5s2+Ps«=0. 
Now z=/sin6, e=b—2lcos6; .. (Art.24) dz=Jco0s 6 66, dr=2l sin 050 
Hence, substituting and dividing by 66, Wicosé= P2/sin 6, 
or tand = W/2P. 

This gives the position of equilibrium. 

(ii) A frame ABC (Fig. 143) consists of 3 light rods, of which AB, AC are of 
length aand BOC of length 3a, freely jointed together ; it rests with BC horizontal, 
A below BC, and the rods AB, AC over two smooth fixed pegs EK and F in the 


same horizontal line, distance 2b apart. A weight W is suspended from A; 
Jind the thrust on the rod BC. 


Denote the angle BAH by 6. Imagine A to descend a little, and that the 
rod BC is slightly shortened. The only forces which do work are the 


B H C 


Fig. 143. 


weight Wand the thrust T. The workdone by Wis 5(K4A), and the work 
done by Tis TS(BC). 


Hence W8(KA)+T78(BC) = 0. 


Since we are supposing BC to alter its length a little, we must find its 
length in terms of the variable 0. 


KA =bdcoté, and BC=2asiné@; . &(HA) = —bcosec?6 86, and 
3 (BC) = 2acosd 86.* ) 


Hence —Wbhcosec’d 56+ T.2acos6 50 = 0, 
. Ba b cosec?d 
a cone o 


* If A descends, 6 diminishes, ,*, 50 is negative; this makes 5(KA) positive, 
and 5(BC) negative, 
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Since BC = 3a, siné = BH/BA = 3, and cos0 =1,/7; 
ng RS aie 
one 9/7 9/7 a 
If the weights of the various bodies of the system be the only 
forces which do work in the displacement, and if y be the height of 
the centre of gravity of the system above a fixed horizontal line, the 
principle of virtual work tells us that Wéy, and therefore dy (since 
the weight W of the system is finite), is of the second order of small 
quantities. If y be expressed in terms of some variable 0, then, to 

the first order of small quantities, 


Ww. 


ba & 50 (Art. 24). 


Hence, since dy is of the second order, we have dy/d0 = 0, i.e. yisa 
maximum or minimum (provided d*y/d0? is not zero). Hence the 
system is in a position of equilibrium when the height of its centre 
of gravity is a maximum or a minimum. The equilibrium will be 
stable (i.e. if slightly displaced, the system will tend to return to its 
original position) if the height of the centre of gravity be a minimum, 
i.e. if d?y/d0? is positive ; and unstable (i.e. if slightly displaced, the 
system will tend to move still further away from the position of 
equilibrium) if the height of the centre of gravity be a maximum, 
i.e. if d?y/d6? is negative. 


Examples: 
(i) A rod rests with one end against a smooth vertical plane AB (Fig. 144), 
and the other on a smooth inclined plane AC of angle X; find the position 
of equilibrium. 
Let @ be the inclination of the rod to the horizontal, and / the length of 
the rod. The height y of the C.G. above A 
= AN+3NB= NCtanad+h/sin 6 
=/cosétan&+4/sin 8. 
To find the maximum and minimum values 
of this, we have 


dy/d6 = —Isin 6 tan & +41 cos 8, 


which is equal to 0 when sin 0 tan& =} cos 4, 
i.e. when cot6=2tana. This gives the 
position of equilibrium. 

Since d’y/d6? = —lcosé tan&—$/sin 4, 
which is negative, 6 being acute, y is a 
maximum, and the equilibrium is un- 
stable. 
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(ii) A uniform rod AB (Fig. 145) of length 2a is hinged at A; a string 
attached to the middle point G of the rod passes over a smooth pulley at © 
at height a vertically above A, and supports a weight P hanging freely ; find the 
positions of equilibrium. 

Let @ be the inclination of the rod to the vertical, therefore $6 is the 
inclination of the string CG to the vertical, since AC= AG. Let / be 
the length of the string. 

The depth of G below C=a+acos6, and the 
depth of P=1—CG =1-—2acost 0. 

Hence, if y be the depth of the C.G. of the system, 

(P+W)y =P (l—2acos4 0) + Wa (1+cos 6). 

This is to be a maximum or minimum. Differen- 
tiating with respect to 6, 

(P+ W) dy/d6 = P(asin3 6)+ Wa(-sin@). 

Hence dy/d@ =0 when Psin}6 = Wsin8 

= 2Wsint6cos3 0, 


i.e. when sin}d=0, or when cos}6= P/2W. 


Differentiating a second time, we have 


(P+ W) TY = Pa. 400s} 0— Wacosd 


zB 
= —— —cos 6 
Wa [ apes 4 6—cos | 


Fig. 145. 


P 
=Wa pip 084-2 cost 2 0+1|- 
If sin}d=0, 6=0 and coss0=1; « (P+ Ww) Sh = wal se 1] 
j _ mcs. ae 2Ww 3 


which is + or — according as P > or < 2W. 
Hence, 
if P>2W, the depth y is a minimum, and the position 6 = 0 is unstable; 
if P< 2W, the depth y is a maximum, and the position 6 = 0 is stable. 
The second solution, cos} 6 = P/2W, is only possible when P<2W, and 
then 


Pp? 2 2_. p2 
(P+W) A +1] =a psa 


d’y 

Pyke Leia ined Wie 
which is +, since P<2W. The depth y is then a minimum, and the 
position given by cos} @= P/2W is unstable. 


Examples LXXVI. 


1, Find the work done in stretching an elastic string of natural length 
6 tt. from length 7 ft. to length 8 ft., A being 4 lb. weight. 


g. Find the work done in stretching a string to three times its natural 
length, \ being 3 lb. weight. 


10. 


pa 


12. 


13. 


14. 


15. 
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. The resultant pressures on the piston of a steam-engine at distances 


0, 2, 4, 6, 8, 10, 12, 14, 16 inches from the beginning of the stroke are 
respectively 18,000, 18,500, 18,400, 18,000, 16,500, 14,200, 11,100, 7200, 
1800; find the work done during the stroke of 16 inches. 


. The pressures of a gas at volumes 1, 2, 3, 4,5, 6, 7 cubic feet are 400, 240, 


170, 120, 85, 70, 651b. weight per square inch. Find the work done 
during the expansion from 1 to 7 cubic feet. 


. A gas expands according to the law pv = constant. When its volume 


is 2 cubic feet, the pressure is 350 lb. weight per square inch. Find the 
work done as the gas expands to a volume of 5 cubic feet. 

Find the work done as the gas expands until its pressure is 55 lb. weight 
per square inch. 


. A quantity of air expands according to the law po!‘ = constant. The 


pressure 1s 250 lb. weight per square inch when the volume is 8 cubic 
feet. Find the work done when it expands to a volume of 7 cubic feet. 
Find how much work is required to compress it to a volume of 2 
cubic feet. 


. A body of mass 100 lb. is drawn along a rough horizontal plane (» =°3) 


by means of a rope which passes over a smooth pulley 6 feet above the 
plane. If it be originally 10 feet distant from the pulley, find the work 
done in pulling it very slowly a distance of 5 feet along the ground. 


. A chain 500 feet long hangs vertically, and its mass varies uniformly 


from 10 1b. per foot at its upper end to 71b. per foot at its lower end. 
Find the work done in winding it up. 


. A circular well, 6 feet in diameter and 200 feet deep, is full of water. 


Find the amount of work done in pumping all the water to the top. 
At what rate is the level of the water sinking when it is (i) 100 feet, 
(ii) 150 feet below the ground, supposing the engine works at uniform 
rate and empties the well in 80 minutes ? 


A quantity of dry air at temperature 50°F. and atmospheric pressure 
is compressed adiabatically from volume 20 cubic feet to volume 
5 cubic feet; find the amount of work done and the change of 
temperature. 


Three cubic feet of saturated steam, pressure 150 lb. weight per square 
inch, expand to volume 8 cubic feet. Find the work done, the law of 
expansion being pv! = constant. 


A uniform rod, weight W, rests with the lower end on a smooth hori- 
zontal plane AB, and the upper end against a vertical plane BC; it is 
kept from slipping by a horizontal string attached to a point on the rod 
distant one-third of its length from the lower end, which passes over 
a smooth pulley and supports a weight 4W hanging freely. Find the 
position of equilibrium. 


If the lower end of the rod in Question 12 be supported by a string 
attached to B (and the other string be removed), find the tension of the 
string when the rod is inclined at 80° to the vertical. 


Four equal uniform rods, each of weight W, are smoothly jointed 
together; Band Dare kept apart by a rod of negligible weight of such 
length that ABCD is a square, and the whole is suspended from 4. 
Find the thrust in the rod BD. 


If, in the preceding question, the rod BD is taken away, and the figure 
kept in shape by an inextensible string AC, find the tension in the string. 


1628 Bb 
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16. If in Question 14 the string be elastic, of natural length equal to the 
length of the rods, and such that the weight of all the rods would just 
stretch it to double its natural length, find the inclination of the rods 
to the vertical when in equilibrium. 

1”. A string passes over two smooth pegs A, B, 2 feet apart in a horizontal 
line, and has masses 5 lb. suspended at each end, and 6 lb. at its middle 
point. Find the position of equilibrium of the 6 lb. mass. 

1s. A uniform heavy rod, 6 feet long, rests over a smooth peg and against 
a smooth wall, from which the peg is 1 foot distant. Find the position 
of equilibrium, and whether it is stable or unstable. 

19. A uniform rod rests with its ends on two smooth inclined planes of 
angles 35° and 50° which have a common foot. Find the position of 
equilibrium, and whether it is stable or unstable. 

20. A parallelogram ABCD of four uniform rods freely jointed has the side 
AB fixed horizontally and hangs in a vertical plane. A is attached to 
C by a light string of length equal to AB, and & is the acute angle of 
the parallelogram. Find the tension of the string. 

21. Four rods of length @ and negligible weight are freely jointed; the 
system rests with AC vertical, and BC, CD against two smooth pegs in 
the same horizontal line, distant ¢ apart, B and D being kept apart by 
a light rod of length a, Find the thrust in BD when a weight W is 
placed on A. 

22. A ladder of mass 100 lb. rests with one end on the ground and the 
other against a smooth vertical wall. It is kept from slipping by 
a horizontal string attached to its lower end. Find the tension of the 
string when the ladder is inclined to the horizontal at an angle a. 

23. In the preceding question, find the work done in pulling the ladder 
from inclination 60° to inclination 70°, its length being 40 feet. 

24, A cube of wood of side 2 feet and specific gravity ‘6 floats in water with 
its base horizontal. Find the work done in pushing it down until its 
top is level with the surface of the water. 
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187. Motion of a particle in a straight line. 


We will next consider some applications of the integral calculus 
to the motion of a particle in a straight line. 

Expressions for the velocity and acceleration of a moving point 
have already been given (Art. 62), together with a few simple 
examples in which the acceleration is a given function of the time 
(Arts. 63 and 78). 

We will now discuss some cases in which the force acting on the 
particle is given as a function of the position of the particle. 

In the first place, since the force acting on a particle in any 
direction is equal to the product of its mass and its acceleration in that 
direction, it follows that the acceleration of the particle will follow 
the same law as the force which produces it. 
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(1) Simple Harmonic Motion. We commence with the well-known 
case of simple harmonic motion. 

A particle moves in a straight line under the influence of a force which 
is directed towards a fixed point in the line, and varies as the distance 
from that point. To find the motion. 


Let the particle start from rest at distance a from the fixed point 0 
(Fig. 146). When at P, at distance 2 from O, its acceleration in the 


: aS USS ee > 
O~<----x--->P A 
Fig. 146. 


direction OP (i.e. away from 0) is # or vdv/dx. [Since v dv/dz = } the 
d.c, of v? with respect to , it is + when v* increases as x increases, | 
Taking the latter form, since the force and therefore the acceleration 
varies as x, and is towards O, we have 
vdv/dx = —p2, 

where p. is a constant whose value can be found if the mass of the 
particle and the magnitude of the force acting upon it in any position 
are given. 

Integrating with respect to 2, }02 =—p.32°4+0. 

Since the particle starts from rest at A, we have v = 0 when x = a, 

0 = —tpa?+C, and C= 1ya?. 
z 
Substituting this value of C, v? = p(a?—2?), 
o=+V7 {u(a—a?)}. 

This gives the velocity in any position; the double sign indicates 
that, at distance x from O, the particle is moving sometimes towards 
O and sometimes away from 0; the magnitude of the velocity is the 
same in either case. This equation may be written 


da/dt =v=+V pv (a?—2x"), 
1 dx 

1, e. W (a — 2") Fp? = + / fe 
Integrating with respect to ¢, sin™! (v/a) = + £/n+C, 

If ¢ be measured from the instant when the particle starts, we 
have «=a when ¢=0, 

oe sin, t=—C, and C=; .. sin) (”/a)=iativp, 
or z/a=sin(in+tvp), and #=acostvp 

This gives the distance of the particle from O (not the distance 


travelled from A) after time ¢. bisig soma 
The velocity at any instant is obtained by differentiating this with 
respect to ¢. This gives 
! v = da/dt = —aV psint Vp. ‘ 
If tp is increased by 27, both # and v are unchanged in magni- 
tude and sign, i.e. all the circumstances of the motion are repeated 
Bb2 
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without any alteration when ¢ is increased by 27/ V3; hence the 
motion is oscillatory, and the time of a complete oscillation, or the 
period, =2n/V/p. This is independent of a, the amplitude. 

(2) Law of Gravitation. Next, let us take an example of the law of 
gravitation. 

A particle moves in a straight line under the action of a force towards 
a fixed point in the line varying inversely as the square of the distance 
from that point; find the motion, and, as particular cases, find (i) with 
what velocity a meteorite would reach the earth after moving from a very 
great distance under the influence of the earth’s attraction, and (ii) how 
long it would take the moon, if suddenly stopped in its orbit, to reach the 
earth. 

As in the preceding case, the acceleration at distance x from O is 
v dv/dx in the direction OP, .*. vdv/da = —p/a’. 
Integrating with respect to 2, dv%= p/x+C. 

If the particle starts from rest at distance a, v = 0 when 7=4. 

-. O=p/at+C, and C=—p/a; 

hence v® = 2yu(1/xe—1/a). 

This gives the velocity of the particle in any position. 


In the case of the meteorite starting at a very great distance, we may 
take »=0 when r=00; .«. C=O, and v0? =2,/x. At the earth’s surface, 
the distance a of the particle from the centre of the earth * is equal to 7, 
the radius of the earth; hence, neglecting the retarding effect of the earth’s 
atmosphere, the velocity on reaching the earth’s surface is given by v? = 2p/7. 
We can find p in this case, because we know the acceleration of a particle 
at the earth’s surface due to the attraction of the earth ; it is approximately 
82 ft.-secs. per sec., therefore p/1? = 32. 

Hence v? = 2u/r = 64r = 64 x 4000 x 5280, taking ras 4000 miles. This 
gives the value of » as approximately 7 miles per second. 

Conversely, if we suppose the direction of motion reversed, a stone pro- 
jected vertically upwards from the earth’s surface with this (or any greater) 
velocity would (neglecting the effect of the atmosphere) never return, but 
would recede to an infinite distance. 

The retardation due to the resistance of the earth's atmosphere has here 
been neglected. Asa matter of fact, this is so enormous that few meteorites 
ever reach the earth’s surface. They are usually dissipated by the heat 
generated by their passage through the air. Ifin the preceding formula we 
take r= 4050 miles, the result will not be very different, and this would 
give the velocity at a point 50 miles distant from the earth’s surface; at this 
distance the atmosphere of the earth will be extremely rare, and its retarding 
force very slight. 


* It was shown in Art, 179, Ex. (iv) that the attraction of the earth, regarded 
as a sphere, at an external point is the same as if its whole mass were toncen- 
trated at its centre, 
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Returning to the general case, we have 
dx/di= v= — {2p (1/e—1/a)} = —V{2u(a—a)/az}, 


taking the — sign since x decreases as ¢ increases. 
“ ax \ dx 
oe M4) 8 =-vem: 
-’. Integrating with respect to ¢, Gs a.) des = — /(2y)t+C. 


The expression on the left-hand side is rationalized by putting 
x= acos?6; 


2 2 
then  O0—V/(2u Loniesss Ee ©) x 2a cos 0 sind dd 


asin? 0 
= —a! /2 cos? 6 d0 
= —a? /(1+ 0s 20) dd 
= —ai (0424 sin 26). 
When ¢ = 0, «=a, and therefore cos 0 = 1 and 0 =0; hence C=0. 
wv. 7(2u) t= ai (643 sin 26), 
and t = a3 (0+ sin 0 cos 6)// (2 }4) 


3 
ai ¥ iE 2 x 1 
aS iy Pe a (Fe ae 
V7 (2p) cos Nat \ tal a | 
This gives the time to reach a point distant w from O, after starting 
from rest at distance a from 0. The time to reach the origin is 
ato 
VQ@u) 2 
Taking the particular case mentioned above, if the moon be supposed to 
describe a circle of radius a about the earth with angular velocity , its 


acceleration towards the earth’s centre is wa (Art. 68); but at distance a, 
the acceleration due to the earth’s attraction is y/a’ towards the earth’s 


found by putting z= 0, which gives ¢= 


centre; .. oa=p/a’, and o= Vp /a'. 
Hence the time of a complete revolution of the moon = 27/ = 2 ra // pt 
Therefore 


time to reach the earth ee yes f2 765k earl 
time of a revolution about the earth 44/ “8 a 


The time of a revolution of the moon about the earth is 27 days 73 hours 
nearly ; hence the time it would take the moon to reach the earth is °1768 
of 27 days 7? hours, i.e. a little less than 4 days 20 hours. 

This supposes the moon to reach the centre of the earth, i.e. it neglecta 
their radii in comparison with their initial distance apart. 
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188. Motion of a particle suspended by an elastic string. 


Let OA (=a) (Fig. 147) be the natural length of the 
string (whose mass is neglected), and suppose a mass m to 
be gently attached to A, and then let go; it will begin to 
descend. Let # be the length of the string after time ¢. 
The forces on the particle are its weight mg vertically 
downwards, and the tension of the string vertically 
upwards. The tension of the string is given by Hooke’s 
Law (Art. 183); in this case the tension is A(x—a)/a, 
x being the total length. 

Let v be the velocity when the length of the string is 2; 
therefore the acceleration is vdv/d« downwards. 

The equation of motion is 


\ as 
mw a = the force downwards = mg—T'= mg — ee 
dx a 

: dv X mag 
1.e. Mera abet Sie se = (0) 


If <—a—mag/d be denoted by z,* then 
dy _dv de _ do. 
dx” dz dx dz’ 


and the equation may be written 


This is the same equation as was obtained and solved in 
Art. 187, (1), with A/ma instead of ». The initial conditions in this 
case are that when ¢= 0, v=0 and w=<a, therefore ¢ = —mag/Ad. 
Hence, substituting these values in the result there obtained, we 


have £ = —(mag/d) cos {tv/(A/ma)}, 
i.e. aw = a+(mag/d) [1—cos {t/(A/ma)} ]. 


The maximum value of « (when tv(A/ma) = 7) is a+2mag/d, 
and the minimum value (when ¢ = 0) isa; hence the particle descends 
a distance 2mag/A, then rises to its original position again, and 
continues to oscillate between these two positions with simple 
harmonic motion. The centre of the oscillation is the position of 
equilibrium of the particle, which is at a depth a+mag/A below 0. 
The time of a complete oscillation is 2%+/(ma/A). 


* It will be seen from the result below that 2 is the depth of the particle 
below its position of equilibrium, 


10. 


ll. 


12. 
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Examples LXXVII. 


. A particle starts from rest and moves towards a fixed point O under the 


influence of a force directed towards O, and varying as the distance 
from O; if the particle was initially 4 feet from O, and the force on it 
was then equal to twice its weight, find (i) the velocity when 2 feet 
from Q, (ii) the velocity at O, (iii) the distance from O after half a second, 
(iv) the time of a complete oscillation, 


. If in the preceding question all the circumstances are the same except 


that, instead of starting from rest, the particle is projected towards O 
with a velocity of 8 foot-seconds, find the corresponding velocities, 
distance, and time. 


. Supposing the earth suddenly stopped in its orbit round the sun, how 


long would it then take to fall into the sun ? 


. A particle moves in a straight line under the influence of a force towards 


a fixed point O in the line, which varies inversely as the square of the 
distance from that point; it starts from rest at distance 4 feet from O, 
and the force at starting is four times its weight; find (i) the velocity 
when 1 foot from QO, (ii) the time to reach O, (iii) the time to reach 
a point 1 foot from 0. 


. If a particle could move in a straight line from the surface of the earth 


to its centre, how long would it take, starting from rest, to reach the 
centre, and what velocity would it have on arriving there? [See 
Art. 179, Ex. (iv).] After what time would it return to the starting- 
point ? 


. Find the velocity of a particle which has moved from rest at a distance 


of 1000 miles under the influence of the earth’s attraction, when it 
arrives at a distance of 100 miles from the earth’s surface. 


. If a particle were projected vertically upwards with a velocity of 1 mile 


per second from a point on the earth’s surface, find how far it would go 
under the influence of the earth’s attraction (neglecting the effect of the 
atmosphere). 


. With what velocity would a stone have to be projected from the surface 


of the moon in order not to return? The radius of the moon is about 
1100 miles, and the value of g at its surface about 53 ft.-secs. per sec. 


. A particle starts from rest and moves towards a fixed point O with an 


acceleration which varies as the square of the distance from O, and 
which is 16 ft.-secs. per sec. when the particle is 4 ft. from 0; find the 
velocity with which it arrives at O, if it was originally 10 feet from 0. 


Suppose that in the preceding question all the circumstances are the 
same except that the acceleration varies inversely as the distance; find 
the velocity of the particle when it is 1 foot from 0, 


Find the velocity in any position when a particle moves from an in- 
finitely great distance under the action of a force which varies inversely 
as the cube of the distance. 


A particle of mass 4 oz. is attached to the end of an elastic string 2 feet 
long which hangs vertically from a fixed point, and is then let go; find 
(i) the greatest depth it reaches, (ii) the time of oscillation, (iii) the 
velocity at depth of 2°5 feet, (iv) the time to reach depth 2°8 feet, 
(v) the depth after half a second, supposing that a mass 1 oz. hangs 
in equilibrium with the string 4 feet long. 
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13. 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


A particle is repelled from a point O with a force which varies as the 
distance from O; if it starts with velocity w from 0, find its velocity 
at any distance from OQ, and the time it takes to reach a given distance 
from 0. 


Answer the same questions if the particle starts from rest at distance a. 


Answer the same questions if the repulsive force varies inversely as the 
square of the distance. 


A particle moves towards a fixed point O with an acceleration which 
varies as its distance from QO; its velocity when 4 feet from O is 20 foot- 
seconds, and its acceleration is then 6% foot-seconds per second ; at what 
distance from O did it start from rest ? 


A particle moves towards a point O with an acceleration which varies 
inversely as the cube of the distance from O; find the time to reach 0, 
supposing it starts from rest at distance a. 


A particle attached to the end of an elastic string of natural length 
3 feet hangs in equilibrium with the string stretched to a length of 
4 feet; if the particle is held with the string at its natural length and 
then let go, find (i) the time to reach the greatest depth, (ii) the maxi- 
mum velocity, (iil) the velocity after 1 second, (iv) the depth after 
3 seconds. 


If in the preceding question the particle is held with the string stretched 
to a length of 43 feet, and let go, find the values of (ii)—(iv). 


A particle on a smooth horizontal plane is attached to two horizontal 
elastic strings, each of natural length 2 feet, which are in the same 
straight line, and have their other ends attached to fixed points 6 feet 
apart; the particle is in equilibrium with each string stretched to 
a length of 3 feet, and the modulus of elasticity \ is twice the weight of 
the particle for each string. If the particle is displaced a distance of 
1 foot, so that the strings are 2 and 4 feet long, and then let go, find 
the time of a complete oscillation, and the position of the particle 
at any time. 


Answer the same question when the strings are stretched vertically 
between two points 8 feet apart, and the particle is displaced 1 foot 
upwards from the position of equilibrium. 
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189. Resistance proportional to velocity. 


We now proceed to discuss several cases of the motion of a particle 


in a medium whose resistance is a function of the velocity of the 
particle. 


A particle falls from rest in a medium whose resistance varies as the 


velocity; find the velocity at any subsequent instant and the distance 
fallen. 


Let m be the mass of the particle. It is convenient to take the 


resistance as kmv; this varies as v, since m is supposed constant 
during the motion of the particle. 


Taking the acceleration in the form dv/dé (since we want to find 


v in terms of ¢), the equation of motion is 
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mdv/dt = force vertically downwards = mg— mkv, 


° dv ae , io : 1 dv i 
i.e. les g—kv, which may be written Gets a iy 
Integrating, c {log (g—kv)} /(—k) = t+ 


Since the particle starts from rest, v = 0 when ¢ = 0, 
—(log g)/k = C; 
hence, substituting this value of C, and multiplying by —4, 


log (g—kv) = —kt+log g, 
—kv 


9 k aa 
= OE =—kt, or ws ilen kt, 


whence = : (1—e-**), 


As t increases, v —> the limiting value g/k, since e~* > 0, 

This is called the terminal velocity; its value can be obtained 
at once from the equation of motion, for it is clear that so long as 
the weight of the particle is greater than the resistance, the velocity 
continues to increase, and therefore the resistance continues to 
increase, and the resultant force on the particle tends to become zero ; 
the acceleration then tends to zero, and the velocity tends to a 
constant value. The acceleration # is zero when g—kv = 0, i.e. when 
v=g/k. This then is the terminal velocity, the limit to which the 
velocity of the particle tends. 


The velocity rapidly approaches the terminal velocity (unless & be very 
small) since the term e— diminishes rapidly. For suppose the terminal 
velocity is 96 foot-seconds, i.e. g/k = 96, and therefore k =3. The velocity 
after 9 seconds = (9/k) (l—e-*) = 96 (1—e-*) = 96x ‘95 nearly; i.e. after 
9 seconds, the velocity is only about 5 per cent. short of the terminal 
velocity. 


The distance fallen in time ¢ is now obtained by writing 


eakt 
.. integrating, s= J (t— — )+ CG, 


s = 0 when t=0, a Sec 


TENE 
i.e. C=—-g/k* 
Hence s=2 (t+! et) a = 2 (teh), 
k k ern Fel he 
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190. Resistance proportional to square of velocity, 


In this case, if we take a particle falling from rest, the equation of 
motion becomes 
dv/dt = g—kv®, which may be written k (g/k—v*), 
or, putting c? instead of g/k for convenience, dv/dt = k (c?—v”), 
Lay de ney 
c2—y dt 


c+v 


Integrating with respect to t¢, loge =k+C. 


% 
When t=0, v= 0, since the particle starts from rest ; 


0=C, and log * = Qckt ; 


‘ or* = e®°kt, whence v=. aioe = c tanh ckt. 

As ¢ increases indefinitely, tanh ckt—>1 (Art. 98) and v->c, 
ie. “(g/k). This is the ‘terminal velocity’, as is likewise evident 
from the equation of motion. 

The distance fallen through in any time ¢ is at once obtained 
from the preceding result, for 


dx/dt = v = ¢ tanh cht, 


sinh ckt c 
.. wee ftanhokt. dt = eau = Glos cosh cht + C. 
When ¢=0, «=0, and coshckt=1; .*. log coshckt = 0. 


Hence C= 0, and 4 = : log cosh cht = : log cosh / (gk) t. 


To find the height attained by a particle projected vertically 
upwards with velocity u, we take the acceleration as vdv/dx, The 
equation of motion is then 

v dv/dx = —g—kv?, 
. v adv 
i.e. Fe =-1, 
Integrating, (1/2k) log (g+kv?) =—a+C. 
Initially, v =u and «= > v) UI1/28) pete = C 


1 + ku? 
we = 57] k 2) = — log! : 
x og (g + ku?) — lie pa aie 


At the highest point, v= 0, and z = a log (1 + EW?) . 
This gives the greatest height attained. 
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191. Numerical examples. 


(i) A particle is projected vertically upwards with a velocity of 80 foot-seconds 
in a medium whose resistance varies as the square of the velocity; with what 
velocity will the particle return to the starting-point, given that the terminal 
velocity of the particle falling in the same medium is 80 foot-seconds? Find also 
the time which elapses before it returns to the starting-point. 


The acceleration of the particle when falling is g—kv’, and this is zero 
when ¢ is the terminal velocity, i.e. 82-—k. 6400 =0; hence k = shy. 
When the particle is ascending, the equation of motion is 


dv = 


vo = —g—kv? = —32- 500 = —ghp (6400 +0”). 
: 20 dv 
7 6400+ 0% dz 100" 
Integrating, log (6400+ 0”) = —;3,240. 
v= 80 when x=0; ... log12800=C, 
and roo & = log 12800 — log (6400 + v?) = log {12800/(6400 + o”) 5. 


At the highest point, o=0; »« xw2=100log2. 
We now have to find the velocity of the particle after falling this distance 
from rest. 
When descending, vdv/dx = y—kv® = 5h, (6400 -v”), 
whence, as above, log (6400 —v?) = —y45 24+. 
o=Q whenz=0; .. log6400=C. 
log (6400—»v?) = — 735 2+ log 6400. 
Hence, when x = 100 log 2, we have 
log (6400 —v?) = —log 2+ log 6400 = log 3200; 
6400 —v? = 3200, 


and v = 1/3200 = 40./2 = 56°56 foot-seconds. 
To find the time, we take the acceleration in the gas an Ge 
~aiee dv p v 
When ascending, ae = —zb5 (6400 +0’), 6400402 ae —gbn- 
Integrating, gd tan doo = —ghptt C. 
When t=0, v=80; .»&. C= py tan71l = shor, 
and ay tan ov = ato 7 — 300 t. 
At the highest point, o=0; .. ¢=&2 =1'96 seconds. 
ye See Se 
When descending, Frey x0 ( » Bao xe! ag = 200" 
: 80+0 ¢ 
Integrating, 160 log an, = 500 C. 


80+0 
When ¢=0, »=0; -. C=O, and ¢ = {log 5o_;° 
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If we now use the result obtained above; that v= 40/72 on reaching 
the starting-point again, we have 

80+ 40/2 _ J/24+1 

t= flog sy —g9,70 ~ 818 7e—1 


Hence the total time which elapses is 4°16 seconds approximately. 


= Slog (3+2 4/2) = $log 5°83 = 2°2. 


(ii) A toboggan descends a uniform slope of 1 in 5 which is a hundred 
yards in length. The coefficient of friction is 3g, and the resistance of the air 
varies as the square of the velocity, and is 2 1b. weight per square foot of surface 
exposed to it when the velocity is 20 foot-seconds. If the toboggan when loaded 
weighs 200 lb., and presents a surface of 4 square feet to the atr-resistance, find 
its velocity when it reaches the foot of the incline and the time it takes to descend. 
Show that, however long the incline may be, the velocity can never exceed about 
26% miles per hour. 

The resolved part of the weight down the incline 

= 200sin& = 200 x} = 40 lb. weight (Fig. 148). 

The ficken = Gon a x00 10x ae = 9'8 Ib. weight. 

The air-resistance per square foot = kv’, and is equal to 2 lb. weight 
when v= 20; 

2=k.400, and k= 5h5. 

Hence, since the surface exposed to it 
is 4 square feet, the total air-resistance 
= 75 0 lb. weight. 

Therefore the equation of motion of the 
toboggan is 


200 v dv/ds = (40-9'8— a, v*) g. 
v dv/ds = gifs (80°2— Jyo*) = qero (1510 -0%), 


Fig. 148. 


: v dv —2v dv : 
eds [S10 ae how” TeIgee ae ae 
Integrating, log (1510-0?) = —"0064s+ C. 


Now v=0 at starting, i.e. when s=0; «.«. logl5l0=C; 
log (1510 —»*) = log 1510 — "0064s. 
Hence 1510 —o? = 1510 e~ 45, 
and v? = 1510 [1 —e-"**)], 
At the foot of the incline, s = 800, and e704 = e192 — '1466, 
v’ = 1510 x ‘85384 and v= 35'9 foot-seconds. 


Hence the toboggan reaches the bottom with a velocity of 35°9 foot-seconds, 
or 243 miles an hour very nearly. 

As s increases indefinitely, v?+1510 and v—>88'9. Therefore, however 
long the incline may be, the velocity will never exceed 389 feet per second, 
or roughly 26} miles per hour. 
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To find the time of descent, we may, in the equation of motion, take the 
acceleration as dv/dt instead of vdv/ds, and proceed as in the last example ; 
it will be found that, when v= 35'9, t=13 nearly, so that the time of 
descent is approximately 13 seconds, 


(iii) Find the horizontal distance travelled in 1 second by a body projected 
horizontally with velocity 1000 foot-seconds, assuming the resistance of the air 
varies as the cube of the velocity (which is found by experiment to be approximately 
the case for large velocities). 


The equation of motion is v ae == is. Fives o— ¥ a) =k; 
dx v dx : 
-. integrating, Ijo=ke+C. 
Initially, v= 1000, and «=0; C= wo 
and l/o =ke+ yop, Le. dt/dx = kx+yg9- 
Integrating again, t=thkert+yog tt C. 
Initially bothtandzare0; .«. C=O, 
and $kx*+sh5p eo -t=0. 
Taking ¢ =1, 500 ka? +a2—1000 = 0; 


a =[-1+ /(14+4. 500%. 1000)]/1000 &. 


The positive root of this equation gives the distance required ; it is found 
by experiment that k = 4°45x 10-° nearly. Substituting this value. we find 
aw = 976 feet approximately. 


MOTION IN A CURVE 
192. Motion in an ellipse. 


We have discussed (Art. 187) the motion of a particle in a straight 
line when attracted to a fixed point in the line by a force which 
varies as the distance from the point. Tet us now determine the 
motion of a particle under a similar force, when projected in 
a different direction. Suppose it is projected from a point A, at 
a distance a from the fixed point O towards which the force acts, 
with velocity « in the direction 


perpendicular to OA (Fig. 149). Jae 
Let (a, y) be the coordinates of 8 ‘des 
the position P of the particle at dx 


the end of time ¢, referred to 
rectangular axes OA, OB, and let 
(r, 6) be the polar coordinates of P. 
The force on the particle at P 
may be written in the form pmr, 
and the accelerations of P parallel to the axes are vdv/dx and v’ dv’/dy, 
where v and v are the components of the velocity of P parallel to 
the axes respectively. 


° = 
Fig. 149. 
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Resolving parallel to the axes, we have the equations 
mv dv/da = —mreosd = —pma, 
mv dv’ /dy = —pmr sin 0 = —pmy, 
ie. vdv/da=—p2, and wv d’/dy=—py; 
together with the initial conditions =a, y=0, v=0, Vv =u, 

These are the equations of simple harmonic motion obtained in 
Art. 187, and the equations can be solved as in that article. Hence 
the motion of the particle is compounded of two simple harmonic 
motions in directions at right angles and having the same period, 
since p is the same in both. 

The equation of simple harmonic motion can also be solved in 
another way as follows: Taking the above equations, they may be 
written in the forms %#=—pa, and j =—py. 

If we ask ourselves what kind of function satisfies an equation of 
this type, we remember that the second differential coefficients of 
sin mt and cos mt with respect to f are —m? sin mt and —m? cosmt; 
hence, if «=sintYp or cost py, it follows that #=—pa, and 
therefore the same result is true if = A sint/ +B cos t/ My 
where A and B are constants. This therefore is a solution of the 
equation, and it will be seen later that it is the most general 
solution. 

Hence x= Asint/p+Beost/p; y= Csint/u+D cos tv p, 
and it remains to determine the constants A, B, O, D. 

Differentiating, 

du/dt, ie. v4, = AV pcost/u—BVpusintVp; 
dy/dt, i.e. v', = CV pcost/u—DVpsintV py. 

Substituting in these four equations for a, y, da/dt, dy/dt the 
initial values =a, v=0, y= 0, vo’ =u when t=0, we get 

a=B;0=AvVp, and 0=D, u= CVn. 

. a@=acost”p [as in Art, 187], and y= (u/v7p») sintVp, 

Eliminating ¢, we have as the equation of the path of P 

baa = cos*iW/utsin? tp = 1, 


which is the equation of an ellipse whose centre is the origin, and 
whose axes lie along the axes of coordinates (p. 19), and are of 
lengths 2a and 2u//7 

Hence the path of the attracted particle is an ellipse described 
about the ‘centre of force’ as centre. 
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If uw*= pa’, the axes are equal and the path of the particle is a circle. 
In this case ¢= —a/ysint/p and g=a/pcost/p «. #4+97=a2p, 
and the resultant velocity of the moving point is constant and equal to aW/p, 
i.e. the moving point describes a circle of radius a with uniform angular 
velocity ./». Uniform circular motion may therefore be regarded as the 
resultant of two simple harmonic motions at right angles of equal periods and 
amplitudes, one of which is a quarter oscillation ahead of the other. This 
follows at once geometrically, if we draw perpendiculars PN, PM from 
a point Pon the circle to two diameters at right angles, and consider the 
motion of N and M. 


193. Motion of a particle along a smooth curve in a vertical 
plane. 


Let u and v be the velocities of the particle at A and P respectively, 
and gs the length of the are AP (Fig. 150). 


a4 


Fig. 150. 


The acceleration of the particle along the tangent at P is vdvu/ds ; 
therefore, resolving along the tangent, 
mv dv/ds = —mg sinyy = —mgdy/ds (Art. 82).- 
Integrating with respect tos, 40? = —gy+C. 
If y) be the ordinate of A, then v= u when y=y,. 
o FW = —gy, tC. 


Hence, by subtraction, }(v’—w?) = —g(y—y) (i) 
i.e. uv = u*— 29h, 


if h be the vertical distance between A and P. 

Therefore, if a particle moves along a smooth curve under the 
action of gravity, the change in its velocity depends only upon the 
vertical distance it travels. 
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Multiplying equation (i) by m, it may be written 


} mu? — 3, mo? = mgy—mgyoy 


i.e. the decrease in the kinetic energy of the particle is equal to the 
increase in its potential energy; hence the sum of the kinetic and 
potential energies is constant. 


ale 


2 


10. 


11. 


Examples LXXVIII. 


A particle is projected with velocity u, and moves horizontally in 
a medium whose resistance varies as the velocity. Find (i) the velocity 
after travelling a given distance, (ii) the velocity after a given time, 
(iii) the distance travelled in a given time, (iv) when it comes to rest, 
(v) where it comes to rest. 


A particle is projected with velocity 1000 foot-seconds, and moves 
horizontally in a medium whose resistance to mass m moving with 
velocity v is ~ymov*. Find (i) the velocity after travelling a distance a, 
(ii) the velocity after ¢ seconds. 


. A particle is projected vertically upwards with velocity 80 foot-seconds 


in a medium whose resistance varies as the square of the velocity, and 
is equal to 45 mv” poundals in the case of mass m lb. moving with 
velocity v foot-seconds. Find (i) the time to the highest point, (ii) the 
greatest height, (iii) the velocity after 2 seconds, (iv) the velocity at 
height 20 feet. 


. Answer the first three questions of Ex. 3, if all the conditions are the same 


except that the resistance is equal to #5 mv poundals. 


. A particle falls from rest in a medium whose resistance varies as the 


velocity. The resistance is 4, of the weight when the velocity is 10 foot- 
seconds. Find (i) the terminal velocity, (ii) the velocity after 5 seconds, 
(iii) the distance fallen in 4 seconds. 


. Answer the same questions if all the conditions are the same except that 


the resistance varies as the square of the velocity. Find also the velocity 
after falling 40 feet. 


. A particle falls from rest in a medium whose resistance varies as the cube 


of the velocity. If the terminal velocity be 16 foot-seconds, find the 
resistance to a mass of 2 lb. moving with velocity 10 foot-seconds. 


. A particle is projected vertically upwards with velocity 40 foot seconds 


ina medium whose resistance varies as the square of the velocity, and 
is equal to + of the weight of the particle at starting. Find (i) the time 
to the highest point, (ii) the greatest height, (iii) the velocity on reaching 
the ground again, (iv) the time taken to fall to the ground again. 


. A particle is projected vertically upwards with velocity 80 foot-seconds ; 


find its velocity after rising 10 feet, if the resistance produces a retarda- 
tion ‘00005 2* ft.-secs. per sec., where v is the velocity of the particle. 


Find the terminal velocity if a particle falls in a medium whose resis- 
tance varies as the nh power of the velocity. 


A particle is projected vertically upwards with velocity u in a medium 
whose resistance varies as the velocity. Find the time to the highest 
point and the greatest height. 


12. 


14. 


15. 


16. 


iT. 


18. 


19. 


20. 


21, 


22. 


23. 


24. 
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In the preceding question, find the time to the highest point if the 
resistance varies as the square of the velocity. 


. A particle of mass 4 lb. starts with velocity 100 foot-seconds, and moves 


horizontally against a resistance v*/28 lb. weight. Find (i) itsvelocity after 
travelling 20 feet, (ii) the distance travelled in 1 second, (iii) how far 
it travels before its velocity is reduced to one-half of its original value. 


A particle of mass m 1b, moves horizontally in a medium whose resistance 
= m4/v/k lb. weight. Find the time before the particle comes to rest 
and the distance travelled, if it starts with velocity w. 


A man descends from a balloon by means of a parachute. How large 
should the parachute be in order that, whatever be the height from 
which he starts, his velocity on reaching the ground may not exceed 
20 foot-seconds? The total mass of the man and parachute is 160 lb. 
and the resistance of the air varies as the square of the velocity, and is 
equal to 1 lb. weight per square foot of surface exposed to it when the 
velocity is 20 foot-seconds. 


Steam is shut oif, and the brakes are applied to a train running at 
60 miles perhour. Ifthe brakes exert a constant retarding force equal 
to +s of the weight of the train, and if the other resistances are 
proportional to the velocity and equal to zp of the weight of the train 
when the velocity is 60 miles per hour, find the time and the distance 
travelled before the train comes to rest. 


Two particles move in the same vertical straight line in a medium whose 
resistance varies as the velocity. One is projected-vertically upwards 
with velocity uw, and starting at the same time the other falls from rest at 
a height h. After what time will they meet? 


An inclined plane is half a mile long and has a vertical fall of 300 feet. 
A toboggan of mass 200 lb. slides down it. If the coefficient of friction 
is 05, and the air-resistance varies as the square of the velocity and 
is equal to 5 1b. weight when the velocity is 40 foot-seconds, find the 
velocity at the bottom of the incline and the time of descent. Show 
that the velocity will never exceed 64 foot-seconds, however long the 
incline be. 


In Ex. 15, find how long and how far the man falls before his velocity 
is 19°5 foot-seconds. 


OA, OB are two equal straight lines at right angles; a particle is pro- 
jected from A in the direction AB with velocity 20 foot-seconds, and is 
attracted to O by a force which varies as the distance from 0. If OA be 
5 feet, and if the initial acceleration of the particle be 20 foot-seconds 
per second, find its path. 


Determine the path, if, in the preceding question, the direction of pro- 
jection is inclined to OA at anangle sin’ 4, the other circumstances of 
the motion being unaltered. 


Find the coordinates of the particle at the end of time ¢, and deduce 
the equation of the path, if in the theorem of Art. 192, the force is 
repulsive instead of attractive. 


A particle moves in a parabola under the action of a force parallel to its 
axis; prove that the force must be constant. 


A particle moves under the action of an attractive force which is perpen- 
dicular to a given straight line and varies as the distance from it ; show 
that it describes a sine-curve. 

1528 ce 
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MOTION OF A PENDULUM 


194. The simple pendulum, 


A particle of mass m is attached by a string of length | to a fixed point 
and makes oscillations in a vertical plane. To find the time of a small 
oscillation. 

If 6 be the angle which the string 
OP makes with the vertical at time ¢, 
the acceleration of m along the tangent 
at P in the direction in which 6 in- 
creases is 1 d*0/dé? or | dw/d¢ (Art. 68), 
if w be the angular velocity. Hence, 
resolving along the tangent, 


2 


mio = —mg sin 6 


O 


2 
ie. cea ~ i aine 
This equation cannot be integrated 
mg in finite terms so as to give @ in 
Fig. 151. terms of ¢. A first integral which 
gives the relation between the 
angular velocity w and the angle @ can however be found. For 


di? dt = d6 dt~=~=— a” 
Hence the equation may be written wdw/dé = —(g/l) sin 0. 


Integrating with respect to 4, 4? = (g/l) cos 0+C. 
If the particle be held with the string inclined at an angle a to 
the vertical and then let go, we have » = 0 when @=a, 
C=—(g/l) cosa; and w* = 2(9/l) (cos 0— cosa), 
which gives the angular velocity in any position. 


This result may also be written down at once from Art.198. (In 
this case the tension of the string replaces the normal reaction of the 
curve.) For the kinetic energy of the particle is }m(l#)?, and the 
vertical distance it descends while the inclination of the string 
changes from & to @ is 1 cos 0—1 cos a. 


x ml" w* = mg (1 cos d—1 cos a), 


L 6; w* = 2(g/l) (cos 9@—cosa), as before. 
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Returning now to the original equation, it may be written 


One sin 0 
© 79 Spe = meee ty 
If @ be small, (sin 6)/0 is nearly 1, and therefore the motion is 
represented approximately by the equation 


wdw/d0 = —(g/l) 6. 


This is the same equation as was obtained and solved in Art. 187, 
with , 0, and g/l instead of v, x, and yw respectively. Using the 
result obtained there, we have 6=acostV(g/l). The particle 
moves along the are with simple harmonic motion, and the time 
of a complete oscillation is 27 v/(I/g). 

If we try to find the time taken to swing through any angle @, 
not very small, we get 

d0/dt = w = + V7 {(29/1) (cos 0—cosa)}. 
Since (in the first swing) 0 decreases as ¢ increases, the — sign must 
be taken. Using the formula cos2A = 1—2 sin? A, we get 
d6/dt = —V/ {(2g/l) (2sin? La—2sin?} 6)}. 
To simplify this, since 6 >> a, we may put sin}@=sin}a sing; 


é d 
bcos 30% = sin 4a cosh 5; 
2sinlacospdd _ nee teed ee | 
me eos kona al = he sin rae! (1 sin $) 
iiahe Cael oats 2 ‘ 
=—2 1 Sin 2 O Cos > ; 


EAT. i sar eit a 
cosd0 dt Ni’ ~~ W(1—sin?La sin? d) dt l 
When 6 =a, sin? =1 and ¢=}7; therefore the time from the 
initial position to any position ¢ is given by the equation 


t=,/ er dp 
a =k 7 (1—sin? 4a sin? $)” 


This cannot be integrated in finite terms of functions hitherto 
considered, but it can be expanded by the Binomial Theorem, and 
an approximate value of the integral can be found, as in Art. 160, in 
obtaining the length of an are of an ellipse. Since ¢=0 when 
0=0, and ¢=i7 when §=4, the time of a complete oscillation 
will be four times the value of the integral from @¢=0 to P= $7. 
If we neglect sin? 4a, we get the approximation above, viz. : 


t far Low l 
9 Jo ? g 2 J 
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If we expand by the Binomial Theorem, we get a closer approxi- 
mation to the time of oscillation. This gives 


tr 
t= ft) (1—sin? 4a sin? ¢)-? dp 
0 


nes a a2 1.3 4 end 
=4/2{ (1+4sin Aa sin? d+ 34 sn 4 sin p+...)dp 


= U 1 ein? 1.3. 3.1 
= Aglare t sin BX. 5697+ x geint bo. gb at.) 


2 


ia 1 12, 12 
= 2x, (1 + 53 Sin” LO+ 92-2 
If x = 80°, the first two terms give the period as 27 v (I/g) x 1-016. 


195. The cycloidal pendulum. 


sint 24+ ath 


The foregoing result 2a(l/g) for the time of a complete 
oscillation is not exact, because it has been obtained only by taking 
(sin )/@ equal to unity; since this is only approximately true for 
small values of 6, the time of oscillation is only approximately 
constant. If, however, the particle be made to move along an are 
of an inverted cycloid, instead of an are of a circle as it does when 
suspended by an inextensible string, it can be shown that the time 
of oscillation is quite constant, whether @ be small or large. 

For it has been shown (Art. 82) that, if s be the length of an are 
of a cycloid measured from the vertex O, 

ds/d0 = —2asin 30, 
s = —2a/sin}40d0 = 4acos}0+0; 
s = 0 at the vertex where =z, .. 0=O, and s=4acos}9. (i) 


Fig. 152. 


If the particle moves along the are towards 0, then resolving along 
the tangent at P (Fig. 152), 


m d?s/dt? = —mg sin PIN = —mg cos PTG: = —mg cos 10; 
o. d’s/di? = —g cos $9 = —(g/4a)s, from (i). 
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This is the equation of simple harmonic motion again. Hence the 
particle moves along the are with simple harmonic motion, and the 
time of a complete oscillation is 27/(4a/g). 

Here no approximation has been made, and the result is true 
whatever be the length of the are in which the particle oscillates. 


196. The compound pendulum, 


The following investigation shows how the moment of inertia of 
a rigid body enters in dynamical problems: 


A rigid body swings freely about a fixed horizontal axis ; to find the 
equation of motion, and the time of a small oscillation. 


Let Fig. 153 represent a section of the body by a plane through 
the centre of gravity G perpendicular to the axis of rotation which 
meets this plane in 0. Consider the position in which the plane 
through G@ and the axis is inclined at an angle 6 to the vertical. 
Let 6m be an element of mass of the body situated at P, and let the 
perpendicular from P to the axis be of length r and make an angle $ 
with the vertical. Let OG =h. 

The accelerations of dm at P are rd 
perpendicular to OP in the direction in 
which ¢ increases, and r¢? along PO. 
(Art. 68.) 

Hence the resultant forces on 6m are 

(i) 5m.rd perpendicular to PO, 
(ii) dm. rg? along PO; 
therefore the sum of the moments 
about the axis of the forces on Om 
= dm.rodxr (since the moment of (ii) 
is zero) = dm. 17. 

Therefore, for the whole body, the 
sum of the moments about the axis of 
the forces on all the elements of mass 

= > (mr q). 

Now, if « be the angle between the 
planes through OP and OG perpen- 
dicular to the plane of the paper, 
¢ = +4, and if the body be rigid, the 
angle & will be constant ; therefore, differentiating twice with respect 
to the time, ¢ = 6, and is the same for every element 6m. 

Hence the sum of the moments about the axis of the forces on all 
the different elements of mass ; 

= 6>(r?6m) = 9x MI. of the body about the axis = 0. Mh, 
where & is the radius of gyration about the axis. 

The aggregate of the forces on all the elements 6m of the body 
consists of the external forces acting on the body and the mutual 


Fig. 153. 
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actions and reactions of the elements among themselves. It may be 
taken as a consequence of the laws of motion that the latter are in 
equilibrium among themselves.* Assuming this, it follows that the 
quantity obtained above as the sum of the moments of all the forces 
about the axis is equal to the sum of the moments about the axis of 
the external forces on the body. 


This gives Mk?6=—Mghsiné, .. 6=—(gh/k*) sin 8. 
This is the same equation as was obtained in the case of the 


simple pendulum in Art. 194, with J replaced by k?/h. Therefore, 
using the results of that article, a first integral gives 

62 = 2gh (cos 6 —cos f)/K?, 
if the body starts from rest with OG inclined at an angle 8 to the 
vertical ; and if the oscillation be through a small angle only, the 
time of oscillation is approximately constant and equal to 27 (k2/gh). 

A nearer approximation can be obtained exactly as in the case of 
the simple pendulum. 

These results are the same as if the whole mass were concentrated 
at a point distant k?/h from the axis, i.e. they are the same as in the 
case of a simple pendulum of length k?/h. Hence k*/h is called 
the length of the simple equivalent pendulum, k being the radius of 
gyration of the body about the axis round which the body rotates, 
and h the distance of the C. G. of the body from that axis. 


We have, above, deduced the equation for 6 from the equation for 6 
by integration. This process can be reversed, if we assume the 
principle of energy for a rigid body. For the element 6m is moving 
with velocity r¢, i.e. r@, perpendicular to OP; therefore its kinetic 
energy is }6m.7° 6", and the kinetic energy of the whole body 

= 3 (45m. 1° 62) = 16? 3 (r2 5m) = LU 6. 
The only force which does work during the motion is the weight of 


the body, and the work done in turning from inclination B to 
inclination 6 to the vertical 


= Mg x vertical displacement of C.G. = Ig (hcos 0—h cos f). 


Hence, since the increase in the kinetic energy is equal to the work 
done by the weight, 


3 Ik? 6? = Mgh (cos 6—cos 8), 
and 6? = 2gh (cos 0—cos f)/k?, as above. 


The equation of motion can now be obtained by differentiating 
this result, which gives 
dd _ 2gh ; . 
2 di = 3 (—sin 6 x 6), 


ie. 6 = — (gh/k) sin 0, as before. 


* From D’Alembert’s Principle, which is fully explained in works on Rigid 
Dynamics, 
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Examples: 


(i) A circular disc swings through a small angle about a tangent; find 
the time of oscillation. 


In this case, h=r, and = A4i=4$- (Art. 177. 11); 
the period = 2r4/(£19/gr) = w/(ahr). 


(ii) If the disc swings about a line through a point on its edge perpen- 
dicular to its plane, h=r, and k¥ = r44}72 = $77, 
.. in this case, the period = 274/(3r°/gr) = 4124/(3 1). 


(ili) A cube makes small oscillations about one edge which is fixed 
horizontally. 
If a be the length of anedge, h=a/,/2, and k?=%a? (Art. 177). 
the period = 274/(} /2.a2/ga) = br s/ (24/200). 


(iv) An elliptic lamina of eccentricity } makes small oscillations about 
a latus rectum which is fixed horizontally. 

If C be the centre and S the focus through which the fixed latus rectum 
passes, h = CS = ae =a (p. 19), and the M.I. about the latus rectum 


= M.I. about the minor axis+ M. CS? 
= M.fa?+Ma'e = } Ma’, 
. the period = 2m 4/($a7/3ga) =214/(a/g). 


Examples LXXIX. 


. A heavy particle is attached to a fixed point by a string a yard long; it 
is held with the string tight and horizontal, and then let go. Find its 
angular velocity in any subsequent position, and express as a definite 
integral the time it takes to fall into its lowest position. 

2. A particle attached to a fixed point by a string 8 feet long is held with 
the string at 5° to the vertical and let go. Find the inclination of the 
string to the vertical (i) after 37 seconds, (ii) after 2 seconds. 

g. A bead slides on a smooth wire in the form of an inverted cycloid with 
its base horizontal; the radius of the generating circle is 2 feet, and the 
bead starts from rest at the top. Find 

(i) the time of oscillation, 
(ii) the velocity at the lowest point, 
(iii) the velocity when half-way down (measured along the arc), 
(iv) the distance from the vertex after 1 second, 
(v) the time to reach a point distant 2 feet from the vertex, 
(vi) where it is when its velocity is 8 foot-seconds, 
(vii) the velocity after 1 second, 
(viii) when its velocity is first 12 foot-seconds downwards. 

4. A rod of mass 2 lb. and length 4 feet swings freely about one end which 

is fixed; it is held in a horizontal position and let go. Determine its 

angular velocity in any position, and express as a definite integral the 
time it takes to reach the vertical position, 


5. Answer the same questions in the case of an isosceles triangle of height 
2 feet swinging about its base fixed horizontally. 

6 Also in the case of the same triangle swinging about a line through the 
vertex parallel to the base, and starting with its plane horizontal. 


e 
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7. Also in the case of a semicircular lamina swinging about its bounding 
diameter which is horizontal. 


8. Also in the case of a cube swinging about one edge which is horizontal, 
and starting with the lower face through that edge vertical. 


9. Find the time of a small oscillation of a rectangular lamina about 
(i) a side, 
(1i) an axis in its plane through an angular point, 
(iii) an axis through an angular point perpendicular to its plane, 
(iv) a horizontal line through the middle points of two adjacent sides, 


10. A uniform solid sphere of radius 6 inches swings about a point 3 feet 
above its centre. Find the time of a small oscillation. 


11. A circular disc of radius 1 inch swings about a horizontal axis perpen- 
dicular to its plane 9 inches from its centre. Find the time of a small 
oscillation. 


12. Retaining the second term in the expansion at the end of Art. 194, find 
the time of oscillation of a uniform rod 4 feet long swinging about one end 
in a vertical plane through an angle 10° on either side of the vertical. 


13. Using the same approximation, find the time of oscillation of an equi- 
lateral triangle swinging through 20° on either side of the vertical about 
one side which is horizontal. 


14. For what value of h will the time of oscillation of a compound pendulum 
be a minimum ? 


15. A uniform rod of length 10 feet is bent into the form of the are of one 
arch of a cycloid, and oscillates about a horizontal line joining its 
extremities. Find the length of the simple equivalent pendulum. 


16. The motion of a magnetic needle is given by the equation Jp = —Gsin ¢. 
Find the motion, and the time of oscillation when the magnet makes 
small oscillations. 


THE CATENARY 
197. The catenary. 


A heavy uniform string or chain hangs in equilibrium in a vertical 
plane with its ends attached to two fixed points A and B; to find the 
equation of the curve in which it hangs. 


Let the axis of 2 be parallel to the tangent at the lowest point C 
(Fig. 154), and let the vertical through C be the axis of y; let s be 
the length of the are measured from C to any point P, and let w be 
the weight of the string per unit length. 

Consider the equilibrium of the portion CP. The forces on it are 
the tension 7’ at P along the tangent at P, the horizontal tension 7, 
at C, and the weight ws. Therefore, resolving horizontally and 


vertically, 
T cos = T,," and:  “P sina = ws, 


whence, by division, ws/7) = tan = dy/dx. 


THE CATENARY 898 


If T, be written in the form wa, i.e. if the tension at the lowest 
point be equal to the weight of a length a of the string, we have 


at s/d. 


Now Sov i+e all = ey 


JI 
ae +s?) = ae 


Fig. 154, 


Integrating, sinh“! (s/a) = 2/a+ A. 
Since s = 0 when x= 0, we have A=0; 
.. sinh !(s/a)=2/a, ie. s/a=sinh (z/a); 
.. dy/dxz = s/a = sinh (x/a). 
Integrating, y = a cosh (x/a)+ A. 
The depth of the axis of 2 below C has not yet been chosen; it is 
convenient to take it so that A may be zero, 
When x= 0, cosh(z/a)=1, and y=a+A. Therefore A will 
be 0 if y =a, i.e. if the axis of x be taken at a depth a below C. 
The equation of the curve is then y =a cosh (a/a). 


If a string of length 2/ feet is suspended between 2 points A and B distant 
2b apart in the same horizontal line, then, putting 2 = b and s=/ in the 
preceding expressions for y and s, we have, if y, denote the ordinate of A, 


y,4 = cosh (b/a), and J = asinh (b/a). 
These are two equations for y, and a, whose difference is the depth 
below AB of the middle point of the string; they cannot be solved in finite 


terms however. 
If the string is stretched tightly between A and B, the depth of C below 


AB is small, so that y, and @ are nearly equal; hence cosh (b/a) is nearly 
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equal to 1, and therefore b/a issmall. In this case,an approximate solution 
of the equation 7 = asinh(b/a) may be obtained, either graphically or by 
the use of Tables. [See also Art. 198.] 


Example: 


A chain 52 feet long is suspended between two points 50 feet apart; find the 
depth of its middle point. 


In this case the equation for a is 26 = asinh (25/a). 

Let 25/a = z, and the equation becomes sinh z = 26/a = 282 = 1°04z. 

The abscissa of the point of intersection of the graphs of sinhz and 1°04z 
can be found by plotting these graphs carefully, and this will give an 
approximate solution. 

If a table of hyperbolic functions be used, it is found, on tabulating values 
of 1:04z2 and sinhz, that when z=‘'5, 1042 =°520, and sinhz = ‘521; 
hence z = ‘5 is an approximate solution. 

Hence, since 25/a = z= 5, a= 50; 

¥4 = acosh (b/a) = 50 cosh } = 50 x 1°128 = 56°4. 

Hence the depth of the middle point of the chain below AB = y,—a = 6°4 

feet nearly, 


Fig. 155, 


198. Suspension bridge. 


Suppose that a uniform horizontal load is suspended from a chain 
by numerous vertical chains or rods, and that the weights of the 
chains and rods are small compared with the load. 

Then, considering the equilibrium of a portion CP of the chain 
(Fig. 155), the only difference between this case and that of the 
preceding article is that the weight supported is wa instead of ws, 
where w is the weight of the horizontal load per unit length. 

Hence, in this case, we get dy/dx = w/a, where wa is the tension 
at the lowest point. 

integrating, y= 42?/at+A. 
If C be taken as origin, y= 0 when +=0; 
A=0, and y=} 2°/a. 
The form of the chain is in this case a parabola. 
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If a uniform heavy chain is suspended tightly between two fixed points 
(as in the case of a telegraph wire), then, in the preceding article, s and « are 
very nearly equal, and the equation dy/dx=s/a there obtained may be 
replaced by dy/dx = x/a, so that in this case the form of the curve will 
differ but very little from the parabola y = }2?/a. In this case the dip of 
the chain at any point is easily found, and thence the tension at the lowest 
or any other point. 


The same result may be deduced from the equation of the catenary ; for, 
using the expansion of Art. 92, we have 


x ae fire 
y= a cosh = =a[143%) rer + ase} 


Therefore, neglecting 42 and higher powers of a/a, y = a+} .2?/a, which, 
when the origin is moved to the point C (0, a), becomes y = 32?/a. 


Example : 


If 200 feet 6 inches of wire are stretched between two points 200 feet apart, 
Jind the maximum dip and the tension at any point. 


The equation of the curve assumed by the wire may be taken as y =} w/a. 


2 2 
Now a er = [1+ (2) ]- [+S]: 
dx a dx dx a 


Since the wire is nearly horizontal, dy/dx is very small; .. «w/a is 
small, and hence we may expand 4/(1+.7/a”) by the Binomial Theorem, 
and neglect all terms after the first two (i.e. neglect the 4tb and higher 
powers of w/a). 

This gives ds/dz =1+327/a*, whence s = 7+32°/a?+ A, 

Measuring from the vertex C, s=0, when w=0; .. A=0, and 
s=2+i2/a’. 

At an end of the wire, s= 100}, x=100; .. 100} = 100+2.1009/a?, 
which gives a? = 2 x 100° and therefore a = 816'3. 

The maximum dip of the wire is evidently the value of y at one end, i.e. 
when x= 100, and is therefore equal to 

1007/2 a = 100? + 1632°6 = 6'1 feet. 

The tension at the lowest point = wa = 816°3w = the weight of 816°3 feet 
of the wire. 

The tension at any other point, say at P, 40 feet from one of the posts 
[.*. a = 60], is found from the equation T'cos 6 = 7). 

60? 


ds es 163 w | 1 
ve T= Tyseed = Ty. =T, (1445 ) =8 ~ + Fx 1008 


|= 81830. 


Examples LXXX. 


1. A chain 102 feet long is suspended from two points A and B, 100 feet 
apart; find the depth of the middle point of the chain below AB. 

2. Three hundred and one feet of wire, weighing 1 lb. per yard, are 
suspended between two posts 300 feet apart. Find the tension (i) at 
the middle point, (ii) at one end, (iii) at a point 50 feet from a post. 
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APPLICATIONS TO MECHANICS 


. Prove that the resultant tension at any point of a chain is equal to wy. 
. Prove that the C.G. of an arc of a catenary is vertically above the point 


of intersection of the tangents at the extremities of the arc. 


. Find the distance between the points where the ordinate 2 = 4 cuts the 


catenary y = 8cosh32 and the parabola y= 8+ 7,27. 


. A wire hangs in the catenary y=200cosh‘005a” (a# and y being 


measured in feet) ; find the length of the wire and the sag at the middle 
point, if the points of suspension be 100 feet apart. 


. Calculate the length and the sag if the form of the wire in the preceding 


question be taken as the parabola y = 2004+ 4452”. 


. If 2 be the length of an arc of a catenary, show that the difference of the 


slopes at the extremities of the arc is equal to //a, a being the para- 
meter of the catenary. 


. A uniform string of length / is suspended from two points A and B in the 


same horizontal line at distance h apart; if h and / be nearly equal, 
prove that a? = 3-h?/(l—h). 

A uniform chain of length 100 yards is stretched across a river so that 
the middle point just touches the surface of the water, and each end is 
2 feet above the edge of the water. Find the difference between the 
length of the chain and the width of the river. 


CHAPTER XX 


CURVATURE 


199. Radius and circle of curvature. 

Let PT, QT be the tangents at two points P and Q on a continuous 
curve, and let them make angles w and w+ respectively with 
a given line, so that dy is the angle between the tangents (Fig. 156). 


Fig. 156. 


If 5s be the length of the are PQ, then dy/ds is called the ‘average 
curvature’ of the arc PQ. The curvature at P is defined as the limit 
to which this quantity tends when 6s is indefinitely diminished, 
i.e. the curvature at P is equal to dy/ds. 

If PQ be an are of a circle of radius r, the angle dy between the 
tangents at P and @ is equal to the angle subtended at the centre of 
the circle by the are PQ, and therefore 6s = roy; hence dy/ds, and 
ultimately dW/ds, =1/r. The curvature is constant at all points of 
a circle, and the radius r= ds/dw, the reciprocal of the curvature. 
In any curve, the value of ds/dw at any point is called the length of 
the radius of curvature at that point; it is the reciprocal of the 
curvature, and is usually denoted by the letter p. It follows from 
the result immediately preceding that it is the radius of the circle 
which has the same curvature as the given curve at the point. 
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The circle with this radius, which has the same tangent at P and 
| lies on the same side of that tangent as the given curve, is called the 
| circle of curvature at P, its centre is called the centre of curvature, and 
| its radius the radius of curvature. 
The length of the radius of curvature at any point in terms of the 
_ rectangular coordinates of the point is obtained as follows: 


If the angle y be measured from the axis of 2, we have 


ds _ds dw _ v dx 
ap dcdp ~ "ap 
Also tan = dy/dz ; 
: aig ‘ dw d’y 
differentiating with respect tox, sec? Fam 
dy 2538/2 
p= seo & = see y eo (1 tan? yy" _ ele 
. saa er Fee ano es 
& dx? ax 


Fig. 157. 


If the positive value of the root in the numerator be taken, the 
sign of p will be the same as the sign of d?y/dz?, i.e. positive if 
the curve is above the tangent and negative if below it (Art. 59). 
At a point of inflexion, d?y/dx? is zero, and therefore p becomes 
_ infinite ; i.e. the curvature at a point of inflexion is zero. 
The acbadinales of the centre of curvature can be obtained at once 
| by drawing a figure. In Fig. 157, dy/da and p are both positive. 
| Let w be measured from the axis of x, and let ( 7) be the 
coordinates of C, the centre of curvature, then 


Pas 9 es 1 ds dy __ dy 

f=2—psiny = 2— apa aor eye 
d 

n=ytpoosy =yt sm yy @ 


dvds 7" ay’ 
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899 
In terms of 2, y, and dy/dx, we have, 
dy 
2 : da 1 
since siny= z Hay” and cosy = (csr 
ad | z e 4 
(4) 
_ pe are 
dx* 
Examples: 


dec 


(i) Find the radius of curvature and the coordinates of the centre of curvature 
at the point (3, 4) of the rectangular hyperbola xy = 12 


: 12 dy 12 dy 24 
Here a We Ties a at 
ed 4  d¥y 8 
at the given point (3, B), a = iro aa =5° 
p= (Lt3p)" + §= 
€=3+4(1+} 


125 
we Se 
P/F =P; 7 = 44+(1439)/5 = F. 
The centre of curvature is the point (42, 52) and the radius of curvature 
is 42°. Hence the equation of the circle of curvature is 


(7 — 48)? + (y—45)? = ORE)’. 


(ii) Find the radius of curvature at any point of the ellipse x?/a?+y?/b?=1 
Heresy 2 Vay ibs 


ae a 
i AV (a? — a2) + @ x 2//(a? — 2?) ber ibe eh 
a a a— a a (a? —23)8/2? 
ea wa ee i aoe 2)8/2 
(Die (145. a3) [es a)s/2 gh a a5 Lt (a? —b?) x? ]8/ 


Ais - a5 (a? —e? a;*)8/2 [since a?—b? = ae (p. 19)]= -=(¢ 2 — eh a3)8/2, 
The result is negative, since we have taken the positive value of y, and for 
such values the curve at any point is below the tangent at the point 

(iii) Find the radius of curvature at the point (2, 1) of the curve 

x(x+y) = x°-2y° 
The evaluation of dy/dx and d?y/dz* should be specially noticed in this 

example. 

The given equation is a?+a2y = a°—2y’. 
Differentiating with respect tox, 2a +o t+y = 32° 


dy — 12-67% dy. 
44277 +1=12 6 zp? Whence wee” 


dy = 
Pepe tee © 

by 55) (i) 
.. at the point (2, 1), 
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Differentiating equation (i) again with respect to z, 
Vy zt dy _ (Vy , dy. os 
2 (ee etre Ose ae ae 2Qy 
saeeeg the values of 2, é and dy/dx, we have 


2 
24294 t+ = 12— oot —12. $4, whence 9 = — My 
= (1 ee = —20 nearly. 


(iv) Find the radius of curvature at any point of a cycloid. 


It has been shown (Art. 50) that, in the cycloid, s=4acos}6, and 
406=ZPTG=90-y, if be the inclination of the tangent to ON; there- 
fore* s=4asiny. 

From this equation the radius of curvature is obtained at once, for 

p=ds/dy =4a cosy = 4asin PTG = 2 PG (see Fig. 152), 
i.e. the radius of curvature at any point of a cycloid is double the length of 
the normal at that point. 


If the equation of a curve is given by expressing 2 and y in 
terms of a third variable 0, we may proceed as in the following 
example: 


(v) The equation of an ellipse is given in the form x=acos0, y=bsin6; 
Jind the radius of curvature at any point in terms of 6. 
We have p= aver aA in 
2 
(5 =) = =) +(3 y [Art. 82] = a? sin?d 45% cos?@ = a®—(a?—B") cos? 9 


dé 
= a?(1—e*cos?6). 


dy d dx bcos 6 b 
Also tan y = SY = a a ae 


differentiating with respect to p, sec? = ° cosec? aie — 


ra 


: : pb? 
whence a ; sin? 6 sec? yp = ; sin? 6 ( 1+ acot"8 ) 


ued 
dw 
= (a? sin? + b* cos?6)/ab 
= (a/b) (1—e? cos?4), as before ; 
p= + ar/(1—e? cos?6) x (a/b) (1—e? cos?6) = + (a?/b) (1—e? cos*4)*/?, 
which agrees with the result of Example (ii). 


The sign depends upon the sign of ds/d@, i.e. upon the direction in 
which s is measured. 


* The equation which connects s and y in any curve is called the intrinsic 
equation of the curve, 
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Examples LXXXI, 


Find the radius of curvature in the following cases, 1-21: 


Me 


2. 


Noa pp & 


At (1, 1) on the curve y=. Find also the equation of the circle of 
curvature. 

At (2, 4) on the curve y?=22°. Find also the equation of the circle 
of nas 


. At (47,3) on the curve y =sina. 

. At (8,4) on the curve x?+y? = 25. 

. At any point (z, y) on the rectangular hyperbola ay = c?. 

. At an end of a latus rectum of the ellipse 2?+4y? = 447. 

. At an end of the latus rectum of the parabola y? =4ax. Find also the 


equation of the circle of curvature. Find witece this circle cuts the 
curve again. 


8. At the vertex of the catenary y = ccosh (2x/c). 


. At any point (a, y) on the rectangular hyperbola 2?—y? = a’, 

. At the point on the curve a?y = a* whose abscissa is da. 

. At any point (a, y) of the astroid 2?/§+y?/3 = q?/8, 

. At the point (—4, 0) on the curve wy? = 16(x+4). 

. At the origin on the curve y? = #(#—3)*, Find also the equation of 


the circle of curvature. 


. At the point (2,2) on the curve a+y* = 4 zy. 

. At any point of the cycloid, in terms of 8. 

. At the point (0, a) onthe curve y(a#?+y’) = a(y’—<2?), 
. At the origin on the curve v°+y8+227—-4y+32=0. 

. At any point of the curve y = a logsin (x/a). 

. At any point of the curve x= acos*é, y= asin°. 

. At any point of the catenary s=ctany, in terms of y. 


Prove that the radius of curvature is equal to the length of the normal 
between the curve and the axis of a. 


. At any point of the catenary y= acosh(a/a). Where is it a mini- 


mum ? 


. Show that in the curve in which s=alogsiny (this curve is called 


the tractrix) the radius of curvature varies inversely as the normal. 


. If z and y are given as functions of a variable ¢, prove that 


p= (a? +y")8/2/(a'y’—x’y’), 
where the accents denote differential coefficients with respect to ¢. 


. Prove that the radius of curvature at an end of the major axis of an 


ellipse is equal to the semi-latus rectum. 


. Find the condition that the centre of curvature at one end of the minor 


axis of an ellipse may coincide with the other end. 


. Prove that the radius of curvature of a conic varies as the cube of the 


normal. 


. Find the radius of curvature of the curve given by the equations 


a =asin2 6(1+cos2 8), y = acos26(1—cos2 6). 


. Prove that the curvature 


- (4) -- 5B) ~ (Ge) + (SB) 


1523 pd 
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29. Where is the curvature a maximum or minimum in the following 
curves? (i) y=2, (ii) y=a*, (ii) y= a-. 

80. Prove that the radius of curvature at any point (acos 6, bsin@) of an 


ellipse is equal to CD*/ab, where CD is the semi-diameter conjugate 
to CP. 


[N.B. D is the point (asin 0, —bcos 6).] 


31. Prove that in the equiangular spiral r= ae?oota (Art. 163), the radius 


of curvature is equal to r cosec &, and hence show that it subtends a right 
angle at the origin. 


82. Find the radius of curvature at any point of the curve 
x =a(logcot}é—cosé), y =asiné. 


BENDING OF BEAMS 


200. Approximate value for the radius of curvature. Appli- 
cation to beams. 


If at a point P on a curve the tangent is nearly parallel to the axis 
of w, dy/dz is small, and if dy/dx be regarded as a small quantity of 
the first order, (dy/dzx)? will be of the second order (Art. 24); hence, 
neglecting it in the expression for p, we have approximately 


~1/%y 
p=1/ oe 


The same result may also be obtained directly from the definition 
of the radius of curvature as follows: 
1 dy _ dy dz _ ay 
p ds dxds dg 
When y is very small, tany is approximately equal to y, and 
cos y to unity. 


d d 
== re (tan y) = Pe £ (ays es Y, as before. 

This me fiat is important in questions dealing with the 
deflection of beams. It is shown in the theory of bending of beams 
that, if p be the radius of curvature at any point of a deflected beam, 
the bending moment at that point is equal to EZ/p, where E is 
Young’s modulus, and I the moment of inertia of the section through 
the point about a line through its C. G. perpendicular to the plane of 
bending. Generally the deflection is so small that the approxima- 
tion just mentioned for p is sufficient, and in this case we have 

ETI d’y/da? = the bending moment at the point (x, y), 

where y is the vertical deflection of the point, and the axis of z is 
the horizontal straight line through a fixed point of the beam. 


fae approximately, - = 
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Examples : 

(i) A uniform beam of length 1 rests with its ends on two supports in the 
same horizontal line and has a weight W suspended from its middle point, 
Find the maximum deflection. 

Suppose the weight of the beam negligible compared with W. Then 
the upward pressure at each end will be 4W (Fig. 158), and therefore the 
bending moment at a point distant 2 (<3/) from one-end is 3 We. 

EI d?y/dx’? = —4 We. 

The negative sign is taken, since at the point P the curve is above the 

tangent, and the positive direction of y is downwards; therefore d’y/dx? is — 


[ef. Art. 59]. 
Integrating, EI dy/dx = —-1Wa'+C. 


(aw sw, 


Fig. 158. 


The tangent to the beam is, from symmetry, horizontal at the middle 
point, i.e. dy/dxe =0 when «x= }l. 
O= —-1W.47+C, and C=, WP; 
i.e. EI dy/dx = —4 Wa? +, WP. 
Integrating again, Hl y = —~, We'tgg Wat D. 
Since y=0 when 2=0, it follows that D=0, and 


aes W 2 1 »3 We ies 2 


The maximum deflection is at the centre where x = 4/, and is therefore 
equal to 2 W7'/ EI. 


(ii) Let the beam be fixed at one end and uniformly loaded. 

Let the load be w per unit length. (This includes the case of a heavy 
beam bending under its own weight.) 

If P (Fig. 159) be a point distant x from the fixed end, the weight of the 
portion between P and the free end is w(/—wx), and therefore the bending 
moment is w(l—x) x $ (l—2). 

Hence in this case, HI d’y/dx? = +3w(l—x)? =} 0 (?—-2Qlx+z2”). 

Integrating, EI dy/dx =4w(Pa—Iaz?+428)+C. 

At the fixed end, where 2 =0, the beam has no slope, i.e. dy/dx = 0; 
C=0, and EI dy/dx =i} w(Pa—lx’? +42’). 

pd2 
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Integrating again, Ely = }w(}?a?—}la*+ 3, x) +D, 
and y=0 when x=0; .. D=0, and 


eo w 2 y joe ‘6 
Y = on” (67?—4lx +2"). 
The greatest deflection is at the free end where x =/, and is equal to 


Wwe 
37’) = 8 EI’ 


ety 
24 LT 


TA if W be the total weight wl, 


“s(t=x) 
Fig. 159. 


If a beam be either supported at both ends or clamped at one end 
or both ends, and subject only to a load and the reactions at the ends, 
the result of differentiating the fundamental equation (HI d’y/dx* 
= the bending moment) twice with respect to x is always 

EI dty/dut = w, 
where w is the load per unit length. 

For the only term in the bending moment which contains 2? ig 
(as in the preceding example) 4wx?; this, when differentiated twice, 
gives w, and the other terms of the bending moment disappear after 
two differentiations. 

From this equation, the form assumed by the beam and the 
deflection at any point of the beam under given conditions can be 
found. This is a very good illustration of the part played by the 
constants of integration. In all the various cases the equation we 
start with is the same, but the different initial conditions in the 


several cases give us different constants and, of course, quite different 
final results, 


We here work out two cases. 
(ili) A uniformly loaded beam rests upon supports at its extremities; to find 
the equation of the curve assumed by the beam and the maximum deflection. 


Let the line joining the ends of the beam and its perpendicular bisector 
be taken as axes of # and y respectively, and let 7 be the length of the beam. 
The initial conditions are 
(i) y=0 at each end, i.e. when x= +31; 


(ii) since the ends are free, there is no curvature there, i.e. d’y/dx? =0 
when x= +321. 
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Integrating the equation HI d'y/dzt = w, 
we have EI @y/dz = wx+ A; 
and integrating again, EI a? y/da? = 3 wx? + Axt+B. 


Substituting initial values (ii), 0 =}0.42+4+11A+B, 
0O= }w.1?-L1A4+B; 
whence, subtracting, 4 = 0, and adding, B = —1 wi?; 
EI @y/dx* =} wx? -h wl? = } w (2? -31°), 
Integrating twice again, ZI dy/dw=}w(ka*-1Px)+C, 
Ely = }w (zy, 0'-} Pa") + Cat D. 


Substituting initial values (i), 0 = 30(7;.4-AU')+C.414D, 
0O=tw(y. ps —gglt)—C.414D; 
whence, subtracting, C= 0, and adding, D= —} (zig lt-—g 1) = gh wl; 


o. Ely =} w (py at —$ Pa?) +587 wl* = gh wo (16 2t— 240° +57). 


This gives the deflection at any point, and is the equation of the curve 
taken by the beam. The maximum deflection is at the centre where « = 0; 
therefore EI y = 55; ul‘, i.e. the maximum deflection is 5$; wi'/EI. 


(iv) Let the beam be clamped horizontally at both ends; to find the form it 
takes and the maximum deflection. 


The initial conditions are in this case 
(i) y=O0 at both ends, ie. when «= +31; 
(ii) since the beam is now horizontal at both ends, dy/dx =0 when 
e= +h. 


Integrating the general equation three times, we have 
EI d*y/dx* = wx+ A, 
EI d*y/da? = 4we?+ Axt+B, 
EI dy/dx =2tw2'+}4Ax?+Be+C. 
Substituting dy/de=0 when x=+$/, we have 
= J, wh +4 AP +4 Bl+C, 
0O= —AwP+}JAP-4BI+C; 
whence, on subtracting, 0 = ¢, w+ Bl, and B= —7Z, wl’, 
and adding, O=44742C; .«. C=— ZAP. 
Integrating again (after substituting the values of Band C), 
Ely = pet t+ tAs—g wl? .42°-fAP xt D. 
Substituting y=0 when x= +31, 
= pp. pyltti A. db -Qul {P-PePAtD, 
= pw. pet —-4A.2P—Aeul’ UP + PP AtD. 
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Subtracting, 0= 3, AP-}AB, whence A=0; 
and therefore 0= 3h, wl'—ztgul'+D; ie. = ghz wl’. 
Substituting in the integrated equation, we have 
Ely = 3, wat — pg wl? a? + ghz wl = ghz (16 ot -8 Pa? +1) = 5h, w (40° —-P)?. 


This gives the deflection at any point, and is the equation of the curve 
assumed by the beam. The maximum deflection is at the centre, where x=0; 
therefore EI y = 33, wl‘, i.e. the maximum deflection = 33; wl*/EI. 


Comparing this result with that of the preceding example, it follows that 
the maximum deflection when the beam is free at the ends is five times as 
great as when it is fixed at the ends. 


10. 


aa 


12. 


Examples LXXXII. 


. A uniform beam of length 7 and negligible weight is fixed at one end 


and has a weight W suspended from the other end. Find the equation 
of the curve assumed by the beam and its maximum deflection. 


. Obtain the result for a beam uniformly loaded and supported at both 


ends from the equation EI d*y/dx* = the bending moment. 


. Obtain the result for a beam uniformly loaded, fixed at one end and free 


at the other, from the equation HI d*y/dx* = w. 


. A uniform heavy beam is fixed at one end and free at the other; a weight 


equal to the total weight of the beam is suspended from the free end. 
Find the deflection at any point, and the maximum deflection. 


. Compare the deflections of two beams of the same material and length 


and similarly loaded, one with a square section of side a, the other with 
a circular section of diameter a. 


. In the case of a light beam with a weight at the end or at the middle 


point, prove that if the length of the beam be doubled, the maximum 
deflection is increased eightfold. 


. In the case of a heavy beam under the action of its own weight, prove 


that if the length be doubled, the maximum deflection is increased 
sixteenfold. 


. Find the deflection at a point distant one quarter of the length from one 


end in the case of a heavy beam supported at the ends. 


. Find the deflection at the same point if the beam is clamped horizontally 


at the ends. 


Find the deflection at any point in the case of a heavy beam clamped 
horizontally at one end and supported at the other. Where is the 
deflection greatest ? 


Find the deflection at the centre of a light beam with a weight W 
suspended at the middle point, the beam being supported at one end and 
at a point distant one quarter of the length from the other end. 


[Find expressions for y on both sides of the centre, and notice that both 
must give the same values of y and dy/dx at the centre.] 


A bar 1 yard long and cross-section 1 inch square is fixed at one end and 
loaded at the other with 2 cwt.; find the deflection of the free end, 
neglecting the weight of the bar, and taking Young's modulus as 
83x 107 1b, weight per square inch, 


CURVATURE 407 
201. Intersection of consecutive normals. 


The centre of curvature is the limiting position of the point of 
intersection of the normals at two points when one point approaches 
indefinitely near to the other. 

Let the normals at P and Q meet at C. The angle PCQ is equal to 
the angle 5y between the tangents at Pand Q (Fig. 160). Join PQ. 


Then CP = sin COP . 
PQ sin’ PCO” 
CP = PQ x = Hae ES Gh ganas x sin CQP 


sindy 38s éy = sin dy 
= 1x ds/dy x 1x1, when ds and dy —> 0 [since CQP 37], 
= p, the radius of curvature. 


C is the centre of curvature at P. 


Cc 


Q’ 
Fig. 160. Fig. 161. 


Also the circle of curvature at P is the limiting position of the 
circle which passes through three points Q, P, Q’ on the curve when 
Q and Q’ approach indefinitely near to P, or, as it is often expressed, 
the circle of curvature is the circle which passes through three 
consecutive points on the curve. 


Let Q and Q’ be two points on the curve near P (Fig. 161), one on 
either side of it, and let the perpendicular bisectors of PQ, PQ’ meet 
in C, so that C is the centre of the circle through QPQ’. Let Q 
and Q’ move indefinitely near to P; then PQ and PQ’ become 
ultimately two consecutive tangents to the curve, and their perpen- 
dicular bisectors become two consecutive normals ; hence their point 
of intersection C is ultimately the centre of curvature, and the circle 
becomes the circle of curvature. 
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The circle which passes through three consecutive points on 
a curve is called the osculating circle; since it cuts the curve in three 
points, it follows that in general it will cross the curve at the point 
of contact. 


202. Radius of curvature in tangential-polar coordinates. 


If the equation of a curve be given in tangential-polar coordinates 
(Art. 165), a very simple expression can be found for the radius of 
curvature, viz. : 


Fig. 162. ° 


Ultimately, as P’ approaches P, C is the centre of curvature at P, 
and PC, P’C are each of length p. 
From the triangle OCP we have 
OC? = ,»?+7r°—2prceos OPC 
= p?+72°—2prsind 
= p?+r?—2Qpp. 
Similarly, if r+6r be the radius vector of P’, and p+6p the 


| perpendicular from O to the tangent at P’, we have 


OC? = p?+(r+5r)?—2p (pt op). 
Subtracting, we get 0 = 2rdr+(dr?—2pdp; 
or 
‘er amet Ae LES 
Hence, in the limit when P’ is indefinitely near P, 


p=radr/dp. 
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Examples: 
In the cardioid, 7° =2ap? (Art. 165); 
differentiating with respect to p, 87% d1/dp= 4 ap. 


x 0 oe sO a Sie 
Para oq BV 2a), 
In the lemniscate, 2° = a’p; , 
differentiating, oF Or/ a — as. 


p—Tdridp = a7/37. 


A formula can be found also for the radius of curvature in polar 
coordinates (see Ex. LX XXIII. 10), but it is not very often used. 
If the equation of a curve is given in polar coordinates, it is often 
advisable to obtain the tangential-polar equation as in Art. 165, and 
then use the simple expression obtained above. 


Fig. 163. 


203. Application to mechanics. 


If a point is moving in a plane curve, it is often convenient to 
resolve its velocity and acceleration along the tangent and normal to 
the curve. 

Let v be the velocity when the moving point is at P, where the 
tangent makes an angle y with a given line, and let s be the 
length of the are measured from a fixed point of the curve to P; 
let v+6v be the velocity at Q, where the inclination of the tangent 
and the length of the are are ~+ow and s+6s (Fig. 168). 
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The velocity v is the rate at which the point is describing the arc s, 
and therefore is equal to ds/dt or §. The components of the velocity 
at Q in the direction of the tangent and normal at P are (v+ 5v) cos 6p 
and (v+6v) sin dy. 

Hence the acceleration in the direction of the tangent at P 

= rate of change of velocity along the tangent at P 
c= _[ since cos dy differs from 1 by a small quantity of 
the second order, as dy —>0 
= dv/dt, i.e. & or § or vdu/ds. 


The acceleration in the direction of the normal at P 
a) 
=[4 SI hd sin dy le ay 
_T giousn 0% x5, % iy 
=vX1x(1/p)xv 
= v*/p, where p is the radius of curvature at P. 


Of course, in the case of the circle, p is equal to the radius r, and 
we have the well-known result that the acceleration towards the 
centre in circular motion is v?/r (Art. 68). 


Fig. 164, 


204. Motion in an orbit. 


An important application of this result is to the motion of 
a particle which describes an orbit about a fixed point under the 
action of a force to that point which is a function of the distance. 

Let m be the mass of the particle, and mf the force towards O 
under the influence of which the particle is moving (Fig. 164). 
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Then, resolving along the tangent and normal, 
nw dv/ds = —mf cos > = —mf dr/ds, 


mv/p = mfsin d = mf. p/r. 
dv fdr _ dv 


The first equation gives “= —v as a Sols Hae (i) 
regen See 
The second gives 2? =f. ie i Ca: re ; fom Art. 202, 
ir - 
= fp Pi ° (ii) 
ie oan i dv adr dv 
eliminating 7, v? = —v 7 f= = — up ee 
: dv 
1.0. v+p a 0. 
The left-hand side is the d.c. of pv with respect top. Therefore, 
integrating, pv =h, a constant. 


Substituting this value for v in equation (ii), we have 
_wdp _h? dp 
pdr pdr 

From this equation, we can, if the tangential-polar equation of 
a curve be given, find the value of f, i.e. the equation gives the 
‘law of force’ under the influence of which the particle would 
describe the given curve. 

If the law of force be given, i.e. the expression for fin terms of 7, 
then by integration we obtain the tangential-polar equation of the 
path in which the particle travels under the influence of the force. 

It should be noticed that, by integrating equation (i), we get an 
expression for the velocity of the particle in any position when under 
the action of a given force, viz. : 

Sfar=—4044G, «. v= C-2/far 

When / is given in terms of 7, this can be integrated, and the 
constant C will be determined from the initial conditions. 

If A be the area swept out in time ¢ by the radius vector starting 
from some fixed position, and if Q be a point on the path very 
near P, 

8A = AOPQ=iPQxp, ultimately =i pds, 
2 = pes; and when 6¢-—>0, os DP a = 
Hence A = tht, since h is constant, and A = 0 when ¢ = 0. 


3 pv = gh. 
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Hence the constant h is twice the area described by the radius 
vector in unit time, and we have the important law: the radius vector 
describes equal areas in equal times. 


Examples: 
(i) Let the force vary inversely as the square of the distance. 
2 
In this case, f= u/r?, and the above equation gives = = > 22 


Integrating, —pl/r =—th?/p?+C. 

This is the tangential-polar equation of a conic referred to its focus as 
pole, and represents an ellipse, parabola, or hyperbola according as C is 
negative, zero, or positive. [Cf. this equation, 4h?/p? = p/r+C, with the 
tangential-polar equations of the conics obtained in Art. 165.] 

Since this is the law of gravitation obeyed by the heavenly bodies, it follows 
that the orbit of the earth relative to the sun is a conic (it is an ellipse) with 
the sun at a focus. 

The velocity at any point of the orbit is obtained from the equation 


18 088) ape Oe oe. 
v C 2 (Bar hee 


If the particle have velocity ») when at distance 1, 0)? = C+2y/r. 
vv," = 2 (1/r—1/1). 
(ii) Find the law of force to the pole under which a particle will describe an 
equiangular spiral. 
In the equiangular spiral (Art. 163, Ex. ii), p = sina, 
h? d hV? : h? 
I= 3 dpm Pama SO ag 
Hence the force varies inversely as the cube of the distance from the pole. 


205. Differential equation of the orbit in polar coordinates. 


This equation can be deduced from the tangential-polar equation 
by aid of the Theorem of Art. 165, viz.: 


1/p? = u*+(du/d6)*, where w= 1/r. 
For, differentiating this equation with respect to 7, we get 


2dp_d du\?)_d du? \ du 
~ sata tGs j=ule +) |Z 


du d?u— dad if 
= | 20+ 2 aan X Ga | at 


i ay ee hich is th ti ired, 
1.0, aT +u= 72 ya’ Which is the equation require 
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Substituting the value of fin terms of u and integrating, the polar 
equation of the orbit is obtained. 


Examples LXXXIII. 
[See Art. 165 for Tangential-Polar Equations]. 


1. Find the radius of curvature at any point of the parabola pi =ar. 
2. Find the radius of curvature in the lemniscate (i) at the vertex, (ii) at 
a point where 6 = 30°. 


8. Find the radius of curvature in the cardioid (i) at the vertex, (ii) at the 
point furthest from the axis, (iii) at a point of contact of the double 
tangent perpendicular to the axis. 


4. Find the radius of curvature at any point of an ellipse in terms of the 
distance of the point from a focus. 


5. Prove that the radius of curvature at any point of the rectangulai 
hyperbola 7* cos 24 = a? varies as the cube of the radius vector. What 
is its value at the end of the latus rectum ? 


Find the radius of curvature at any point of the four curves: 
6. r= ad. The POs). 
S07" —"a" conned. 9. r=asin'36, 
10. Deduce the formula for radius of curvature in polar coordinates from 


cs a a we 
Sgr ata a bars 
: Ge ee ar eof ere 
together with (a =7 + (Sf), ana tang =7 aa 


11. Prove that p=p+t+d'p/dy’. 
12. In Art. 204, prove that 12d =h. 


13. Taking the tangential-polar equation of an ellipse, prove that the force 
to a focus under the influence of which a particle describes the curve 
varies inversely as the square of the distance. 


14, Find the law of force to a point on the circumference of a circle unde 
which the particle describes that circle. 


15. Find the velocity at any point of a particle which is describing an 
equiangular spiral under the action of a force to the pole. 


16. Find the law of force to the pole under which a particle describes 
a cardioid. 


17. Find the law of force to the pole under which a particle describes 
a lemniscate. 


1s. A particle is moving in a curve under the action of a force to a fixed 
point which produces an acceleration p/(distance)"; initially,p=r=a 
and » = 8a‘h?, Find the curve which the particle is describing. 


19 In the case of an ellipse described under the action of a force to the 
focus, prove that h? = » (semi-latus rectum), and that the velocity at any 
point is given by the equation 0? = pu (2/r—1/a). 

20. Find the corresponding results in the case of a hyperbola described 
under the action of a repulsive force varying inversely as the square 
of the distance from a focus. 
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206. Envelopes. 


Let f(a, y, «) = 0 be the equation of a curve, where x and y are 
rectangular coordinates of a point and « a constant, depending it 
may be on the size or position of the curve. If we take different 
values for &, we shall get different curves of the same kind; the 
equation f(z, y, X)=0, when different values are assigned to the 
constant a, is said to represent a system or family of curves. 

For instance, the equation y?=4aa, for different values of a, represents 
a family of parabolas with a common vertex and axis: a variation in the 
value of a alters the length of the latus rectum. 

The equation (x—h)?+y? =r’, for different values of h, r remaining 
constant, represents a family of equal circles (radius r) with their centres at 
points on the axis of x; if h is fixed and r varied, the equation represents 
a family of concentric circles, centre (h, 0), with different radii. If only 
one of the two constants 4 and r be varied, we get a singly-infinite system 
of curves; if both h and r be varied, we get a doubly-infinite system, 
consisting of all circles which have their centres on the axis of a. 


If, in f(z, y, X) = 0, we take the curves corresponding to two 
values of « which only differ by a small amount, these curves will 
in general intersect.* If one of these two values of « be made to 
approach indefinitely near the other, the points of intersection will 
generally tend to limiting positions ; and the locus of these limiting 
positions of the points of intersection is called the envelope of the 
family of curves. 


Fig. 165. 


For instance, in the case of the circles mentioned above, when 7 is constant 
and h varies, the points of intersection of consecutive circles tend to coincide 
with the ends of diameters perpendicular to the axis of w, and the envelope 
consists of two straight lines parallel to the axis of x and distant r from it 
(Fig. 165). 

Again, if the equation of a straight line be written in the form 

x cos 6+ysiné =a, 
it is easily seen geometrically that, whatever the value of 0, the perpen- 
dicular distance of the straight line from the origin is a, therefore all the 

* It does not always happen that such curves intersect, e.g. in the system of 


concentric circles obtained above, by keeping % constant and varying r, two 
consecutive curves do not intersect. 
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straight lines of the family are tangents to a circle whose centre is the 
origin and radius a; hence, any two consecutive lines being consecutive 
tangents to this circle, their point of intersection tends to coincide with 
a point on the circle, and the circle is therefore the envelope of the lines 


Fig. 166. 


(Fig. 166). Ifthe lines are drawn for values of @ which differ by only small 
amounts, it will be seen that the points of intersection and the parts of 
the tangents between them are almost indistinguishable to the eye from 
a circle of radius a. 


The property which is seen to be true in these cases is true 
generally, viz. the envelope of a system of curves touches at each of its 
points the corresponding curve of the system. 

For, of three consecutive curves of the family, let the first and 
second meet in P, and the second and third in P, (Fig. 167). Then 
ultimately P, and P, are consecutive points on the envelope, and 


(3) 


(3) 


Fig. 167. 


they are also on the second curve; therefore, when they move up 
indefinitely near together, P, P, becomes a tangent both to the 
envelope and to the second curve, Hence, since they have a common 
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tangent at a common point, the envelope- touches the second curve, 
and similarly it touches each other curve of the system. 


207, Analytical method of finding envelopes. 


Let f(a, y, %) and f(z, y, a+h) be two curves of the system for 
which the values of a differ by a small amount h. 

The second equation may, from the mean-value theorem of 
Art. 117, be written in the form 

F(a, y, N+hS (x, y, X+ Oh) = 0, 
_ where |6|< 1, and /” denotes the differential coefficient with respect 

to a, x and y being regarded as constants. 

At a point of intersection both equations are satisfied, therefore 


by subtraction 
hf’ (a, y, &+0h) = 0. 


Therefore, since h is not 0 (it is very small, but not zero, otherwise 
_ the two curves would coincide altogether), it follows that 


J (a, y, &+ Oh) = 0. 
| Therefore in the limit, at the points of ultimate intersection, 
| when h—> 0, 
Sf’ (a, y, &) = 0. 


| Hence, to find the locus of these points for different values of a, 
| we have to eliminate « from the two equations 


J (a, y «) = 0, f(a, y, X) = 0. 


Fig, 168. 


Examples: 
(i) Find the envelope of the straight lines y = mx+a/m, for different values 
of m. 
Differentiate with respect to m (regarding x and y as constants). 
0 = a—a/m’, whence m= + /(a/z). 
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Substituting this value of m in the given equation, 
y= +0/(a/x)+a/(a/a) = +2/(az), 
-. y’? =4aa, a parabola. 
Hence the given family of straight lines consists of the tangents to the 
parabola y’? = 4 ax (Fig. 168). 


(ii) Find the envelope of the concentric ellipses which have their axes coin- 
cident in direction, and the sum of the axes constant. 


Taking the axes of the ellipses as axes of coordinates, and the sum of the 
gemi-axes as c, the lengths of the semi-axes may be written @ and c—a, a 
being the variable parameter. 


: - x y? : 
The equation of the ellipses is a al =1 [p. 19]. 
é ae : 223 2y? 
Differentiating with respect toa, — eek any 0; 
a a a a?/8 
oe (c—aj~ y?? an c—a yr ; 
a e/% c—a yrs 
whence 3 eg’ d = ee 


“Substituting these values of a and c—a in the equation of the ellipse, it 


becomes " (2/8 4 2/8)? Ee (20/8 + 42/3)? * 
Cae eyls z 
ote 2/3 (03/3 + 42/8)? + 9/3 (2/3 4 2/8)? = C3, 
i.e. (@e-Fy7/> Fr) 


a/3 + y2/8 = 2/3, 


Hence the envelope is the curve called the astroid (Fig. 169). 
1528 Ee 
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208. Evolute of a curve. 
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The locus of the centres of curvature of a curve is called the evolute 


of the curve. 
been obtained in Art. 199. 


The coordinates (§ 7 
If and 7 can be expressed in terms of 


) of the centre of curvature have 


a single variable, then, by eliminating this variable, the equation 
of the evolute will be obtained, as in the example below. 

The normals to a curve are tangents to its evolute, for, if R, P, Q 
(Fig. 170) be three points very near together on a curve, and if the 


Q 
P 
R 
Fig. 170. 


normals at R, P meet in C’ and 
the normals at P, Qin C, then 
in the limit when R and Q move 
indefinitely near P, C and C’ 
become two consecutive centres 
of curvature, i.e. two consecutive 


points on the evolute, and both 
are on the normal at P; hence the normal at P goes through two 
consecutive points on the evolute, and therefore touches the evolute. 
Therefore the evolute of a curve is the envelope of the normals to the 
curve. It is generally easier to deduce the equation of the evolute 
as the envelope of the normals rather than as the locus of the 
centres of curvature. The following example illustrates both 
methods in the case of the parabola. 


Example: 


Find the equations of the circle of curvature and the evolute of a parabola. 


The coordinates of any point on the parabola y? = 4az may be written 
in the form (am?, 2 am) (Art. 50). 


dy dy sdz_ 2a 1? 
arene dz dm/ dm 2am ms 
pas 3) eae Sie ee 1 
at aa bak m? dx m 2am 2am 
2) 3/2 2 
The radius of curvature pp {1+ (3 ‘ on 
eye —1 
_ (1+ =) Cams = —2 a(1 + m?)8/3, 
ds \3 dy\? 1 ds\? da \* 
—— = - = —; — = — = a 
=) Us ia) m?? a ag Gy 1+ m!. 


Since, if s be measured from the vertex, ds/dx and ds/dy are both +, we 
have ds/da = /(1+m?)/m;  ds/dy = 4/(14 m?), 
* Since dy/da = tany, where y is the inclination of the tangent to the axis 


of a, it follows from this result that m= cot y, i.e. m is the tangent of the angle 
which the tangent to the curve makes with the axis of y. 
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The coordinates of the centre of curvature are (Art. 199) 
(w—p dy/ds, y+p dx/ds), 


‘ 1 m 

<6. 2 2)3/2 - =i G\5 (9 eee oe 
le {am +2a(1+m?) Wi + mi! 2am—2a(1+m?) mean 
i.e. {am?+2a(l+m’); 2am—2am(1+m’)}, 

i.e. {a(3 m?+2); —2am'}. | 


Hence the equation of the circle of curvature at any point is 
(a—3 am?—2 a)? + (y+2am’*)? = 407 (1+m’). 
To find the evolute as the locus of the centres of curvature, we have to 
eliminate m from az=s8am'+2a; y= —2am', 
which gives (#—2a)° = 27 a%m® = 2705. y°/4a? = 2 ay’. 


Fig. 171. 


To find the evolute as the envelope of the normals, the equation of the 
normal at (am?,2am) is (Art. 47), since dy/dx = 1/m, 


x—am'+(y—2am)/m = 0, 
i.e. y+mx—2an—am = 0. 


Differentiating this with respect tom, x—2a—3am’=0, 


: —2q V2 
Eliminating m, we have from the last equation, m= ( Po) , 
Pigs tt 
. y=am'—m(e—2a) = amt—m.38an? = —2am' = —2a (7 J) : 


whence, squaring, y? = s(a—2a)3/a, 
which is the same equation as before. 
The parabola and its evolute are shown in Fig. 171; PA is the parabola, 
DBC the evolute, PQ the circle of curvature at P, PC the normal at P 
ze2 
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touching the evolute at C, which is the centre of curvature for the point P; 
the length of PC is the radius of curvature. 


Examples LXXXIV. 


Find and draw the envelope of the following, 1-26: 


1. Chords of a circle of constant length. 


23. 


24. 


. A system of equal circles with their centres on the circumference of 


a given circle. 


. Astraight line which moves so that the sum of its perpendicular distances 


from two fixed points is constant. 


. A straight line which moves so that the product of its intercepts on the 


coordinate axes is constant. 


. A straight line which moves so that the sum of the intercepts on the 


axes is constant. * 


. A straight line which moves so that the part intercepted between the 


axes is of constant length. 


. A system of concentric ellipses, with their axes along the coordinate 


axes, and of constant area. 


. The circles on double ordinates of a fixed parabola as diameters. 

. The parabolas y? =4m(a—™m). 

. The parabolas y’ = m?(%—m). 

. The straight lines m*x—my=a, for different values of m. 

. The straight lines y = mx+as/(14+m’). 

. The straight lines 2+ysin9=acosé, for different values of 6. 

. The straight lines y= m?x+am, for different values of m. 

. The straight lines wsin6+ycos@=4csin29, for different values of 6. 
. The parabolas m?z2?+2my+1=0. : 

. The conics 2?sin&+y?cosX =a’, for different values of a. 

. The circles whose diameters are chords of a fixed circle through a fixed 


point on its circumference. 


. The circles on central radii of a rectangular hyperbola as diameters. 
. The circles described with double ordinates of an ellipse as diameters. 
. A straight line which rotates with uniform angular velocity about one 


of its points which moves uniformly along a fixed straight line. 


. The paths, for different angles of elevation, of particles projected from 


a fixed point with given velocity. 

[If 6 (= tan m) be the elevation and 4/(2gh) the velocity, the equation 
of the path, referred to horizontal and vertical axes through the fixed 
point, is y = mx—1a? (1+ m?)/h] 


Ellipses with their axes along two fixed straight lines and the sum of 
squares of the axes constant. 


Circles which have their centres on a fixed circle and which pass through 
a fixed point. 


25. 


26. 
27. 


28. 


20. 
30. 
31. 
32. 
33. 
34. 
35. 


36. 
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Circles which touch the axis of x and have their centres on the parabola 
y= 2%. 
Circles through the origin which have their centres on vy = 1. 


Parallel rays of light fall on the inner surface of a cylindvical mirror 
in a plane perpendicular to its axis; find the envelope of the reflected 
rays (which make the same angle with the normal as the incident rays). 
This envelope is called the caustic by reflexion at a circle. 


Rays of light proceed from a point on the inner surface of a bright 


circular ring, and are reflected from the surface; find the envelope of 
the reflected rays. 


Vind the evolute of the following curves, 29-34: 

The cycloid. 

The ellipse. 

The astroid #=acos*é, y=asin°d, 

The rectangular hyperbola zy = c’. 

The hyperbola x=acoshu, y=bsinhu, 

The curve 2=a(cosé+é6sin 6), y=a(sind—6cos6). 


S is a fixed point and P any point on a fixed straight line; find the 
envelope of lines drawn from P perpendicular to SP. 


Find the envelope of a straight line which moves so that the product of 
its perpendicular distances from two fixed points is constant. 


CHAPTER XXI 
ELEMENTARY DIFFERENTIAL EQUATIONS 


209. Definitions. 


A relation between two variables a, y, and differential coefficients 
of y with respect to 2 is called an ordinary differential equation. 

The order of the differential equation is that of the highest differential 
coefficient which occurs in the equation. 

The degree of the differential equation is the degree of the highest 
power of the highest differential coefficient in the equation when 
rationalized and cleared of fractions. 


Ig. aot +y =a is of the first order and of the first degree, 
dty dy \5 
ea ty= ( ae ) is of the second order and of the first degree, 


2 
x ( 2) +y=a is of the first order and of the second degree, 


2, \ 2 
( =) +y oe =( is of the second order and of the second degree, 


Nay \t 
and, generally, ( a) +any function of x, y, and lower d.c.’s than the nt is 


of the mth order and of the 7*» degree. 


210. Formation of differential equations. 


Let us consider one of the ways in which differential equations can 
be formed. 


Haamples: 


(i) If y= max+c, we have, by differentiating, dy/da = m, 
and, by differentiating again, ad y/dx" = 0. 

The first differentiation eliminates c, and therefore gives a result which is 
true for all values of c, The second differentiation eliminates m, and gives 
a result true for all values of m and c. 

The geometrical interpretation of this should be carefully noticed: 
y=mxz+e is the equation of any straight line. The first equation 
dy/dz =m expresses a property common to all the straight lines obtained 
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by taking different values of c, viz. that their inclination to the axis of « 
is tan~1m. The second equation d?y/dx = 0 expresses a property true for 
all values of m and ¢, i.e. a property common to all straight lines, viz. (Art. 
199) that the curvature is zero. 

The equation d’y/dz* = 0 is said to be the differential equation of all 
straight lines. 


(ii) If y? = 4axr+c, we have, by differentiating, 
2ydy/dx = 4a, 
and, by differentiating again, 
Py dy dy dy 
Y at * de da 


The given equation represents a system of parabolas with their axes along 
the axis of x The first equation y dy/dx = 2a states that all these para- 
bolas have their subnormal equal to 2a, whatever be the value of c. The 
second equation states that the differential coefficient of this subnormal is 
zero, i.e. that, for any individual parabola of the family y? =4ax+¢, the 
portion of the axis of « intercepted between the normal and the ordinate 
at any point is constant. 

The second equation is called the differential equation of all parabolas 
which have their axes along the axis of x. 


(iii) If (e@—a)?+(y—b)? = 7’, then, differentiating and dividing by 2, we 


have 
aw—at+(y—b) dy/dx=0. ) (i) 


This eliminates ». Differentiating again, 


dy | dy dy _ 
da? ' dx’ dx 


This eliminates a, and gives 


y-p=— [1+ (4 Ly V/s 4 (i) 


If this be now differentiated again, we get a differential equation of the 
third order, from which all the three constants a, 6, r which occurred in 
the original equation have disappeared. 

If the result of (ii) be substituted in (1), we have 


dy £4 Loti + (2) 
2-a = —(y— aap |/ =f 


If these results be now substituted in the original equation, it becomes 


{+ (Ze) (ey -* ci 


If this be differentiated again, we shall again get the differential equation 
of the third order which contains none of the three constants a, b, r. 
Geometrically the original equation represents any circle. 
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Equation (i), which does not contain 7, expresses a property common to all 
circles with centre (a, b), whatever the radius, viz. that 
dy/dx = —(x—a)/(y—>) ; 
i.e. if P be any point (a, y) on a circle, centre A (a, 6), the inclination of 
the tangent at P to the axis of # exceeds by 90° the inclination of AP to the 
axis of w, This is obvious geometrically, since (Fig. 172) 


dy/dx = tan y = —cot MPT = —cot MAP = — AM/MP = — (x—a)/(y—6). 


Fig. 172. 


Equation (ii), which does not contain a or 7, expresses a property common 
to all circles, whatever the radius and the abscissa of the centre. Comparing 
it with the expression for 7 in Art. 199, it gives » = b, which is obviously 
true for all such circles since the centre of curvature is the centre of the 
circle. 

Equation (iii), which does not contain a or b, expresses a property common 
to all circles of radius 7, viz. that the radius of curvature [the left-hand side 
of (iii) is the square of the value obtained for p in Art. 199] is at all points 
on such circles equal to r, which again is obvious geometrically. 

The result of differentiating (iii), which reduces to 

{1 (2) i LT 
\ da dzx§ dx dx?) 
and which contains neither a, b, nor 7, expresses a property common to all 
circles, viz. that the d.c. of the radius of curvature is zero, and hence is 
equivalent to the statement that for any individual circle the radius of 
curvature, and therefore also the curvature, is constant. 


These examples show that differential equations may be formed 
by eliminating the constants from a given equation. The given 
equation, by taking different values for the constants, represents 
a family of curves. The successive differential equations express 
geometrical properties common to certain sets of these curves, and 
the final differential equation from which all the constants are 
eliminated expresses some property common to all curves of the 
family. 

It will be noticed that, in these examples, the order of the 
lifferential equation when all the constants are eliminated is equal 
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to the original number of constants. This is always the case, for if 
the original equation contains m constants, then by differentiating it 
m times a differential equation of the n‘» order is finally obtained ; 
the results of these m successive differentiations together with the 
given equation form a system of +1 equations, and it is proved in 
works on Algebra that, in general, from n+1 equations, n of the 
quantities they contain can be eliminated. Hence the m constants 
can be eliminated, and the result is a differential equation of the nth 
order. 


211. Solution of a differential equation. 


Conversely, in finding the integral of a differential equation of the 
nth order, we should expect the most general solution to be a relation 
between the variables containing » arbitrary constants, and it can be 
proved that, in general, this is the case. Reversing the above process, 
and finding the most general relation between the variables x and y, 
which leads to a given differential equation, is called ‘integrating’ 
or ‘solving the equation’. The result, which must contain a number 
of arbitrary constants equal to the order of the differential equation, 
is called the complete or the general integral or the complete primitive. 
Any simpler solution which satisfies the equation is called a particular 
solution, e.g. the general integral of the equation d*y/dz?=0 is 
y = Azv+B, containing the arbitrary constants A and B; y= 2z, 
y= —8, y= 4x—5, &c., are particular solutions (obtained by giving 
definite numerical values to A and B). 

Geometrically, the process of solving a differential equation 
consists in finding a system of curves which possess a specified 
property. Since the general solution contains n arbitrary constants, 
a curve of the system can be made to satisfy m conditions. 

If the differential equation be of the first order, the solution will 
contain one arbitrary constant c, and will be of the form /(, y, c) = 0, 
which for different values of c represents a family of curves. If in 
this equation we substitute for «and y the coordinates of some definite 
point, we have an equation to find c, which determines the curves of 
the family that pass through the given point. If the differential 
equation be F(x, y, dy/dx) = 0, then, on substituting in this equation 
the coordinates of the same point as before, we have an equation for 
dy/dz, which gives the directions at the point of those curves of the 
family that pass through the given point. Hence the differential 
equation specifies the curves of the system which pass through 
a given point by means of their slope ; the integral equation specifies 
the same curves by means of the parameter c. 
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Examples: 


(i) Find the equation of the straight line which goes through (3, 2) and makes 
an angle tan 3 with the axis of x. 


The differential equation of all straight lines is d’y/dx? =0 (since this 
expresses that the curvature is zero). 
The first integration gives dy/da = A. Since dy/dx is given to be #, we 
have A =8; 
5 dy/dx = 3. 


Integrating again, Sy=3xt+C. 
Since the line is to go through (3, 2), it follows that 10 =9+4C, and C=1. 
the equation is Sy =3e+1. 


This is a ‘ particular solution’ of the equation d’y/dx? = 0. 


(ii) Find the equation of the parabola which has its axis along the axis of x, 
passes through the point (4, 2), and has the slope at that point. 

The subnormal of such a parabola is constant, .. y dy/dx = a. 

Integrating, y? = 2ax+b. 

Substituting the given values of y and dy/dx in the first equation, we 
have 2x}= a; substituting the coordinates of the given point in the second 
equation, we have 4=8a+b=45+46, whence b= —%. 

the required equation is y’= 42-4, ie. 3y?=4a-4, 


Before proceeding to the various methods of solving differential 


equations, the student should work some examples in the formation 
of differential equations by eliminating constants. 


Examples LXXXV. 


1. Eliminate ¢ from the equation zy = c}. 
Give the geometrical meaning of the result (see p. 103, Ex. v). 


2. Eliminate m from the equation y = ma+a/m. 

Explain the result geometrically. [y—x dy/dx is the intercept on the 
axis of y.] 

8. Eliminate (i) p alone, (ii) & alone, (iii) both p and & from the equation 
xcosX+ysin& =p. [This equation represents a straight line such that 
the perpendicular to it from the origin is of length p and inclined to the 
axis of x at an angle &.] 

Explain each result geometrically. 


4, Eliminate (i) A, (ii) both 4 and b from the equation y = Ae, 
What is the geometrical meaning of the first result ? 


5. If y= ecosh(x/c)+ A, prove that dy/dx = /(y’?—c*)/e. 
What is the geometrical meaning of this result? [See Art. 197.] 


6. Eliminate m from the equation y = ma+a/(1+m’). 
Explain the result geometrically. 


7. Kliminate the constants from y = Av? + Bx+ C. 


8. Prove that if y= Acosmax+Bsin ma, or if y= Asin(mr+Q), then 
dy /dx*+my=0. [See Art. 192.] 


®. Eliminate 4 and B from y=Ae™ + Be”, and from y= A cosh(ma + Q). 
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10. Eliminate the constants from the equation Ax?+ By? = 1. 

11. Prove that, if y =e t™(Acosnt+Bsinnt), then 
Gtkyt+(n®?+4k?)y = 0. 

12. Eliminate A and B from the equation y = e 2™( Ae" +4 Bem), 

13. Eliminate A and B from the equation Axr+B = ay. 


14. Verify that y= Aloga+B is the solution of the differential equation 
x. d*y/da? + dy/dx = 0. 


15. Verify that y = (4+ Bt)e™ is the solution of i J—-2nytn’y = 0. 


16. Show that the differential equation of all parabolas which have their 
axes parallel to the axis of yis d’y/dx = 0. 


17. If y=Asin'x2+B, prove that (1- aod g—@ 7 = 0. 
1s. If y = (sin'a)*+ Asin 2+B, prove that (1— — a) TY ~a = 
x 
lo. If y=(A+Ber)sinmx+(C+Dzx) cos mz, prove that 
a'y avy 
ae! +2m? ae — +m‘y = 0. 


20. Find the differential equation of all conics which have their axes along 
the axes of coordinates. 


21. Find the differential equation of all circles which touch both coordinate 
axes. 


22. Find the differential equation of all circles which have their centres on 
the axis of y. 


23. If y =(Ae™* + Be-™*)/x, prove that oy cue —m?y = 0. 
24. Eliminate A and B from the bubs aad y= a cos 5 dog x) + Bsin (log z). 


212. Differential equations of the first order. 


We have several times in the preceding chapters, especially in 
Chapter XIX, met with differential equations, and have solved them. 
We now proceed to collect together and consider the more common 
methods of solving such equations, and commence with equations of 
the first order and of the first degree. Such equations involve dy/dx 
and one or both of the quantities x and y, and the solution will 
involve one arbitrary constant. There is no method which will solve 
the equation in its most general form, but various particular cases 
will be considered. 


I. Let y be absent. 

We have then dy/dv=f(x), «. y=/Sf(x)da+A. 

This is merely the evaluation of an ordinary indefinite integral, 
which, as already pointed out (Art. 72), involves an arbitrary 
constant. 


Example. 2x*.dy/dx=1+2, 
Here dy/dv=1/x?+1/e; -. y=—l/atlogxrt+A, 
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II. Let z be absent. In this case dy/dx = f(y), 
a fags 
S(y) dx" 

Integrating with respect to v, and remembering that 

r 
SEW es dz = / F'(y)dy [Art. 181], we have [= dy = a+A, 

Example. Find a function of x which has the values 10 and 20 when 
x = 0 and 1 respectively, and such that its rate of change is proportional 
to the square of its value. 


which may be written 


Here oY — hy’ agen : 
Integrating, —l/y=kx+C. 
Substituting the given values, 
—-p=C, and -—pyo=htC, «. C= —-h, k= +203 
and the equation is —1/y = dy e-Po = do (4-2), 


whence y= 20/(2—«x), which is the required function. 


III. Let the variables be separable. This is the case if dy/dx 
is equal to an expression which can be resolved into factors containing 
x only or y only. It includes the two preceding forms as particular 
cases. 

The factors which involve y only can be put on one side of the 
equation with the dy/dz, and those that contain x only on the other 
side, so that the equation takes the form 


dy _ 
fo Z =F. 
Integrating with respect toa, /S(y)dy = /F(x)dx+A. 


Examples : 
(i) w.dy/dx+y’?=1. 
d P é Raddy | 
1, e. x a = 1-y’, which may be written Tay Gees 
Integrating, : log i= = logw+log A. (i) 


It should be noticed that, if all or most of the terms of the integral are 
logarithms, it is best to take the constant in the form log A instead of 4 
(since the logarithm admits of all values from —oo to +0, this is just 
as general as A), A simpler result is then obtained if we pass to the 
equation which yields the preceding equation on taking logarithms, viz. in 


this case, 
l+y 


{If logarithms of both sides be taken, equation (i) is obtained.] 
Therefore (l+y)/(l—y) =A’a?, which is the required solution. 
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(ii) In what curves does the subtangent bear a constant ratio to the abscissa ? 


The subtangent = y cot y 


dy oe eR EI 
y / as = nt, 1. e. y oe ra 
Integrating, nlogy = logx+log C. 
whence OP cee (Ole 


These are the curves which possess the property mentioned. 
If n = 2, we have the parabolas y? = Cx, showing that such parabolas are 
the only curves which possess the property proved in Art. 46, Ex. iv. 


Many equations which are not of this type can be reduced to it by 
making a simple substitution. 


For example, in the equation dy/de = a+y, the variables are not separ- 
able, but, if we put x+y =z, the variables in the resulting equation for z 
are separable; for since y=z—2, we have dy/dx =dz/dx—1, and the 


equation becomes ge hiss seed ha 
- Gea ited 
Therefore log (1+2) = #+logA, 
whence 1l+iz2= Ae’, or, returning to y, l+x+y = Ae”. 


Most of the equations we have hitherto met with have belonged to one or 
other of these three types. 


Examples LXXXVI. 
| 


. Find the curves in which the subnormal is constant, and equal to a. 
. Find the curves in which the subtangent is constant, and equal to a. 


8. Find the function of 2 whose rate of change with respect to x is always 
proportional to its own value. 


4. In what curves is the subtangent double the abscissa ? 
5. In what curves is the subnormal three times the abscissa ? 


6. In what curves is the portion of the tangent between the axes bisected 
at the point of contact ? 


7. In what curves is the portion of the tangent between the axes divided 
in a given ratio m:n at the point of contact ? 


8. In what curves are the lengths of the normal and of the radius vector 
always numerically equal ? 


9. Find the curves in which (i) the polar subtangent, (ii) the polar 
subnormal, is constant. 


10. Find the general equation of all curves in which the tangent makes 
a constant angle & with the radius vector. 


Solve the equations: 


So ee 


d 
11. (+a) YH = y+. 12. ah = 2a +3, 


dy tay dy a 
18. wy = 1+y’. 14, Pai ad 0. 
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5. +ax+d =0, 16. %Y 20 (y+). 

17, SY a av + by. 18. x nly +2) +y(e+2)% = 0. 
19. xy (1+ on) -y'=1. 20. nil —y = xy. 

21. x ryt = x+y’, 22. oo = tany cota. 

23. oY cos (a@+y). 24. is +1=2y+ax-y. 


25. Find a function which is equal to 1 when x = 0, and to 2 when 2 = 1, 
and whose rate of change is proportional to the cube of its value. 


26. Find a function which is equal to 0 when #=1, and to 1 when x= 4, 
and whose rate of change is inversely proportional to its value. 


213. IV. Homogeneous equations. 


The equation P = = Q is said to be homogeneous if P and Q are 


homogeneous functions of x and y of the same degree. 
The equation may be reduced to the preceding form by substituting 
dy dg 


dz ae da 


It will be found that, after dividing out by x", where n is the 
degree of P and Q, the variables are separable. 


y = zx, and therefore 


Example. (a? —ay) dy/dx = xy+y’. 

Making the substitution just mentioned, the equation becomes 
(a? — za) (e+ a. dz/dax) = zx +27 x, 

Therefore, after removing the factor a” from both sides, 


pel ete 
Oe de Le 
1.6 2@ aS e+2" =o 22! 
oe de a Logit al sag 
; : l-zdz 2 
which may be written = = = 
Integrating, —1/e—logz = 2logx+log A. 
evi 2 = Ax, 
i.e. e/Y = Axx y/a = Amy. 


: i 
The equation (ax+ by +c) 2 =a x+b’y+ec’ is not homogeneous, 


but it can be reduced to one or other of the preceding forms in the 
following manner: 
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(i) Let a’/a = b’/b = k, 80 that a’ = ka, b’ = kb. 
Then the equation can be written 

(ax + by +c) dy/dx = k(ax+ by)+e. 
Let axv+by =; therefore a+b iat dz = dz/dx, 


and the equation becomes (¢+c) = a(S —a)= ke+ce’, 


i.e. oH = 6b. cane , which is of the ssh II. 


ete 
(ii) Let a’/a 4 b’/bd. 3 
: ; dy ax+vy+e 
The equation may be written ao Gets" 
Let a’x+y+e°=X and axt+lbyte=/Y, so that the equation 
becomes dy/dx = X/Y. 


ae adds =: zs dX _a+bdy/de _at+bX/Y _ a¥+bX 


aX de @ +0 dy/de a+ X/Y a Y+v xX’ 
and this cmH is homogeneous in X and Y and therefore can be 
solved as above. 


Example. Solve (2%+y-—1)dy/dxe =2x2-2y+1, 


Let 2a+y—-1=—=X and 22-2y+1-=Y. Then the given equation takes 
the form dy/dx = ee 


dy _4a¥ er —2dy/da _ 2-2Y/X es 
Ce fis laa TELE’ which is homogeneous. 
Let Y = Xz, ca ae metxe. | 
The preceding equation now becomes 
dz 2-22, 
2+x aX = Dig” 
xy & 2-22 _ 2-42-27 
y aX 2+z 2+2 ’ 
2+2 dz 1 


ue 2—4e—-f aX X 
Since 2+2=—i (d.c. of 2—4z—2z*), this equation gives on integration 
log (2—4z~—27) = —2log X+log C; 
2-42-27 = C/X? 


or 2X?-—42 X?-2? X*=C, 

i.e. 2X14 XY—-Y?=C, 

i.e. 2(2a+y—1)?-4(2x%+y—-1) (2Qx—-2y4+1)—-(2e—-2y4+1)? = 
This reduces to 22°—4ay—y? +2xe+2y = A, 


[after multiplying out, dividing by —6, and writing A instead of }(5—C)]. 
It should be noticed that in this particular case the solution can be 
obtained more readily as follows: 
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If all the terms are collected on the left-hand side, the given equation 
becomes 
dy dy 
28 a de — 
The first two terms together are the d.c. of 2ay, and all the other terms 
can be integrated at once. Hence, on integration, we get 


ayt yt —Y 22-10. 


2ey+szy?—y—xv'—-x=C, 
l.e., changing the signs, 
20?—4ay—y?+2x+2y = —2C, 
as before. 
The integral can be obtained in this simple manner whenever b’ = —a in 
the general equation. [See also Art. 216.] 


214. V. Linear equation of the first order. 


A differential equation is said to be linear when it is of the first 
degree in y and the differential coefficients of y with respect to 2. 

Hence the general linear equation of the first order can be written 
in the form 


dy 
dz are 4 — Q, 
where P and Q are functions of x only, since the coefficient of dy/dz 
can always be made unity by division. 
First take the particular case when Q=0. The variables are 
then separable, and the equation may be put in the form 
aw +P=0. 
y dx 
Integrating, logy+/Pdx = log CO, ie. yeSPr= C. 
If we test this by differentiation, we get the original differential 
equation with the addition of the factor eS?#, for we have, on 
differentiating with respect to a,* 


y x eS Pda x P+ ¢f[Pdx x =" (, 
i.e, eSPdx (dy/dx+ Py) = 0. 

This gives the clue to the solution in the general case when Q 4 0. 
The left-hand side, when multiplied by the ‘integrating factor’ eS?@, 
becomes the differential coefficient of yes?4", and the right-hand side 
becomes Qe Pax, 

Hence, on integration, we have 


yes Piz = /QesPindx + O, 


* The d.c. with respect to x of eS Pde _ the dic. of e“, where u = / Pax. 
= 64 x du/ae = eS Pda. p, 
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which is the required solution. The equation is now to be regarded 
as solved, whether we are able to perform the actual integrations 
or not. 

In particular cases, the results should not be written down by 
substituting in this general solution, but by finding in each case the 
integrating factor e5?# ; this often turns out to be a simple algebraical 
or trigonometrical function, which in many cases can be seen by 
inspection. The following examples illustrate the process. 


Examples: 
(i) sina.dy/dx+y cosa = x’. 


In this case it is evident that the left-hand side is, as it stands, the d.c. 
of ysing; 


-. we have ysing = f/x? dx = 32°+C. 

(i) 2?.dy/dx+3ay = 1. 
Since 32” is the d.c. of «, it is evident that the left-hand side, if multiplied 
by x, will become the d.c. of ay. 


Then a. dy/dx+3a%y =a, 
- wy =f/aedz=i27+C. 
ese : dy x z : 
22 eS ae 4 
(ii1) (+a @ pe Fi Ot Goad i Q) 


Here P=2/( rc +2”); therefore 
=1/,5 ~— dx = flog (1+2") = log /(1+2"); 


1+2? 
wef Pat == ./(1 +27). 


Hence, multiplying (i) es /(1+2"), the equation becomes 


fPas= 


Zz 
V+ at) 3 Sayre = Vite) 
Integrating, y/(1 + 2?) ee dx = /(14+27)+C 
i.e, (y—1) /(1+a")=C, or (y—1)?(14+27) = C?.* 


(iv) A particle moves horizontally in a medium whose resistance varies as the 
velocity, and is also subject to another retarding force which is proportional 
to the time ; find the velocity at the end of time t. 

If v be the velocity at time ¢, the equation of motion is dv/dt = —kv—bt, 
where & and b are constants [i.e. dv/dt+kv = —Dt]. 

To integrate, multiply by eJ*%, i.e. eM. Then 

el, dv/dt+v. kei = — biel; 
we vet = —b /tedt+ C. 


* The variables are separable in the given differential equation, and this 
result can be obtained more readily by the method of Art. 212, 
1528 Er 
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Tet * ght t 1 
Integrating by parts, /te#di=t. 7 -fi ‘ _ dt =; ekt — 2 Cade 
ow velt = — belt (t/ke—1/k*) + C. 
Initially, when t=0, v=, the velocity of projection ; 
w= —b(—1/k*)+C, and C=u-b/k’. 


. dividing by e and inserting the value of C, 
O— (1—kt) + (u- new. 


The example from Electricity given in Art. 182 is also an example of this 
type of equation. 


The more general equation 
dy ‘i 
aa t PY = Oy", 
where P and Q are functions of x, can be reduced to the preceding 
form by dividing by y” and putting 1/y"-! =<; the resulting equation 


is linear in 2. 


Example. Solve the equation x. dy/dat+y = xy’, 
1 dy 1 


Bene “ og 
Dividing by y5z, yf dx + = 1 
1 , 2dy dz 
Let yp oe y de da’ 
: lidz; poll SEE ey 
—-7>4+-2= ——-- z= -2, 
and the equation becomes aide) = Deine: ee 


This is linear in z. In this case P= — 2/2, 


2 1 1 
fP ae =| ~ Zde=—2loge = log 4; o.  eSPda 3 


see . ; u Iden 2 2 
Multiplying by the integrating factor —3 ) oe gt? eae 
Integrating, eS Zs - +C, ie. 2 = 2x4 Cr’, 


which, since 2 = 1/y?, gives 1 = 2ay?+ Ca?y?. 


215. Another method of solution. 


In both of the cases considered in the preceding article, the solution 
can also be obtained by substituting y= w, and choosing w so that 
the coefficient of v in the resulting equation may be zero; we shall 
then have for » an equation in which the variables are separable. 
As an illustration, let us solve the last equation of the preceding 
article by this method: 
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Example. Solve x. dy/dx+y = ay’. 
dy dv du 


Let y= w; g i a 
y = uv; therefore, since Be he ees 
3 dv du 
the equation becomes ru—+(a—+ ) v= xo, (i) 
dx dx 


The function w may be any function, and is quite at our disposal; hence 
we are at liberty to choose u so that the coefficient of » may be zero, 


ee, oe gece 
dx 


Integrating, logu+logz=0, .«. we=1, and w=1/r 


i.e. so that x 


[We are not finding the general solution of the equation at this stage, but 
we want the simplest form of « which will satisfy our object of making the 
coefficient of » zero, hence we take the constant of integration as 0 instead 
of in the arbitrary form C.] 


i 4s lies dv 1 
Now substituting wu = 7m (i), we get pee 


arco : 1 x 
“dx at’ 
Since » = y/u = yx, we have 
—s == tO, ite. b= Qay?=2C ay. 
This is the same solution as before, except that the arbitrary constant 


occurs as —2 C instead of + C, which is immaterial. 


Examples LXXXVII. 


Solve the following equations: 


Z ny Y 4 ary = 0. 2. wd + ay my 

set tyt2=0. ress 

5. os Marry) =. 6. (x?-y’) Ou = Bary, 
yt. 8. (y°— Bay") = ta 

9. (ety tl) Ha e-ytl, 10. (Baty—d) Y= 2242y-2 

11. (ety) f= 2+y-2 12. (B2—5y) Y= 2-8 y42, 

13. aay aah 14, a +4y =o, 

15. “t + y cobs = cose, 16. oy tana = COS & 


rf2 
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dy = by dy 2 
le et i bg aie y = xy’. 
dy 2 dy n 

19. qn Y tane y’ sec &. 20. dz +y=y". 
dy Sa dy Bapery 
21. Oy es ae 22. ape oe cos bx. 


23. In what curves is the subnormal at any point equal to half the sum of 
the coordinates of the point ? 


24. The current i in an electric circuit of resistance R, self-induction L, and 
E.M.F. E satisfies the equation Ldi/dt+ Ri=#. Find i in terms of 
t when L= ‘05, R=10, LH = 100sin 5008. 


25. A particle of mass 1 1b. moving horizontally in a medium whose resis- 
tance is ‘1 vlb. weight is subject to an accelerating force which at time ¢ 


is equal to 4¢ lb. weight. Find its velocity after 1 second, if it starts 
from rest. 


216. VI. Exact equations. 
The equation 


dy 
Pate =O 


is said to be an exact equation if the left-hand side is the differential 
coefficient of some function f(z, y) with respect to x When this is 
the case, the integral is obviously f(x, y) = C. 

The condition which must be satisfied by P and Q in order that 
the equation may be exact will be investigated in Chapter XXIII, 
where we deal with partial differentiation. In the meantime, it can 
often be seen by inspection whether the equation is exact or not. 
In some cases, too, an integrating factor which will render the 
equation exact can be seen by inspection. Such a factor always 
exists, and there are various rules for finding it, but it is frequently 
very difficult to find. 


Examples: 
: d 
(i) axthy+g+(he+by+f) >" = 0. 
F : ‘ dy dy dy 
Th t be wr h ( 3) dy dy 
is equation may be written ax + ytuo + bg tte 0. 
Integrating, Lax? +hay+% by? +9x+fy = C, 
i.e. ax’ +2 hay + by? +2 ga+2 fy =2C. 
(ii) 2y+ady/dx = x’. 
This becomes exact if multiplied by x, for then 2 xy+a°%dy/dx = 2°. 
The left-hand side is now the d.c. of yx?; .. integrating, yx? =12a'+C, 
(iii) 1+4+a?y+a° dy/dx = 0. 


This becomes exact if multiplied by 1/a?, for then 1/2? +y+ady/dx =0, 
whence, on integration, —l/x+ay=C. 
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dy 


: dy 5 
(iv) Tet Dae 22 es 


This becomes exact if multiplied by os for then [es -y|/2 phy ays! 


The left-hand side is the d.c. of y/a with respect to x; 
integrating, y/r=y?+C, i.e. y =ay?+Cz. 


217. VII. Equations of the first order, but not of the first 
degree. 

If the equation is of the second degree in dy/dz, it can be solved 
as a quadratic for dy/dz, and the resulting simpler equations may 
be integrable by one of the preceding methods. 


Examples: 


(i) Solve the equation x (dy/dx)’ =y+a, 
Taking the square root, 4/x.dy/dx = +/(y+a), 
1 dy 1 
Viyta) de * Ja" 
Integrating, 2/(yta) = +2./x420, 


yta= (C+ 2) 
Since C is arbitrary, and may be + or -, there is no need to retain the 
double sign in this case. This also follows from the fact that (C+ /x)? 


is the same as (4/7+C)’, from which it is obvious that the double sign is 
unnecessary. 


Hence the solution is yta= (C+ x), 
(ii) Solve a a +a) =y(y+z), 

i.e. (34) -" = -2(L-y): 
On factorizing, either ed —y=0 or eo +y = —2. 


The first of these equations when solved gives y = Ce”; the second gives 
l+a2+y= Ae* [see the last example of Art. 212]. 

These two equations constitute the complete solution; whatever value be 
assigned to C or A in either of these two equations, the resulting function 
satisfies the differential equation. 

Geometrically, if we assign values to # and y, the differential 
equation, being a quadratic in dy/dz, gives two values of dy/da, i.e. at 
any point (a, y) there are two directions for the tangent; in other 
words, two curves or two branches of one curve out of the system of 
curves given by the complete solution pass through any specified 
point in the plane (provided the values of dy/dx are real at that 


point). 
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In the example just worked out, one curve of the system y = Ce” and one 
curve of the system 1+a+y = Ae” will pass through any given point (z, y) ; 
the values of dy/dx are always real in this case. For example, if we take 
the point (0, 1), we find, on substituting these values in the solutions, 1 = C 
and 2= 4A; hence the curves y=e” and l+x+y=2e” pass through the 
point (0, 1). The values of dy/dx at this point are (i) dy/dx=1, 
(ii) dy/dz+1=0; hence the tangents to the two curves are inclined to the 
axis of a at angles 45° and 135° respectively. The two curves therefore cut 
at right angles at the point (0, 1). 


(ili) Find the equation of the curve which goes through the point (a, 0) and 
has a normal of constant length c. 


The normal = ysec = yx/[1+(dy/dax)*] [Art. 48], 
y? [1+ (dy/da}"] = ¢*. 


dy > a Ce 
Hence ie) oe 1, and og) ae +1, 
Integrating, —/(c?—y?) = +(a+A); 


ey = (x+ A)’, Le. (@+A)?+y? = c3, 

which represents a family of circles with their centres on the axis of 2, and 
of radius c. 

The fact that the curve is to go through (a, 0) enables the value of 4 to 
be found, for substituting « =a, y= 0, we havea+A=+cand A= +c-a. 

Hence there are two circles satisfying the given conditions, viz.: 
(v+c—a)*+y? =c’, agreeing with what was stated in the preceding 
example, since the differential equation is of the second degree in dy/dz. 
In this case, the result is obvious geometrically. 


218. VIII. Clairaut’s form. 


This is the name given to the equation which takes the form 


where f(dy/dxz) denotes any function of dy/dx only, i.e. a function 
not containing a or y explicitly. 

It is usual, in differential equations, to denote dy/dz by p, so that 
the equation may be written y= axp+/(p). 

If the equation be differentiated with respect to 2, we have 


Se (phot 
Piritee cheshe, lose 
; dl y 
ie. < [2+J’ (p)] = 0. 
Therefore either dp/dzx=0 or #+/"(p) = 0. (ii) 


In the first case, p =a constant c, and therefore, substituting in 
the given equation, we get y= cav+/(c). 
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In the second case, another solution is obtained by eliminating p 
between equations (i) and (ii). Since the p is to be eliminated, it ig 
immaterial what value it has, and therefore the result of the 
elimination is the same as the result of eliminating c between the 
equations y=cxr+/f(c) and 2+/’(c)=0. But this result gives 
the envelope of the system y = ca+/(c) [Art. 207] (since the second 
of the two equations is obtained by differentiating the first with 
respect to ¢). 

Hence, the first solution represents a family of straight lines 
y=cx+f(c), obtained by varying the arbitrary parameter c; the 
second solution represents their envelope. The latter is called a 
singular solution ; it contains no arbitrary constant, neither can it be 
obtained from the general solution by assigning a particular value 
to the arbitrary constant c. 

Geometrically, it is easily seen from Fig. 173 that y—a dy/dx is 
the intercept made by the tangent on the axis of y. For 


OT’ = NP—KP=y-—T'KtanPI’'K 
= y—xtany = y—cxdy/dz. 


Ye 


Hlence the given differential 
equation may be interpreted geo- 
metrically as expressing the length 
of this intercept in terms of the 
slope. It is obvious that the given 
property is, at any point P, equally 
true for the curve itself and for 
the tangent to it at P (since the 
tangent and the curve have the 
same slope at P), i.e. it is true for Fig. 173, 
the family of straight lines formed 
by the tangents and for the curve, their envelope. 


“ dy dy \* 
Example. Solve the equation y = =2£ ( ) +a, 


dx 
i. @ yor +a MY = ap +a/p. 
Differentiating with respect to p, we have p= oe = ab ab mine o 4 ; 
ae a a) =0, whence o = 0 or t= 


i. 2 p=e or p= +vV/(u/z). 
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Eliminating p, in the first case we have y= cx+a/c, and in the second 
casey = +a/(a/x)+-a/(a/a)= +2/ (ax), i.e. y? = 4a2. 

This is the singular solution; it is a parabola which is touched by all the 
straight lines of the family y=cx+a/c, which constitutes the general 
solution (Art. 211). The equation being of the second degree, two curves of 
the family pass through a given point, viz. the two tangents to the parabola 
from that point. 


Examples LXXXVIII. 


Solve the equations : 


dy 7 dy ey 
ule Aho ee 2. a ok emt be 
dy dy 
2 2 _— = . Las = 
Be (ee ty") 7 + 2ay 0. 4 aa tM 
5. y? +2 Ye 6.8! 4 aty=1 
Viale 2-dee dy Cir daw 
Biuis a 5 dy _ 2 
7 ae y 7 ce =. Ya 
dy 2 WY cya Se O52 dy _ 
Ona ta tH 10. 8a°-—2ayt+y+(a-a 2y") 7 = 0. 
dy dy dy 
2 ees = 4. + _ =z? appears 
1 (wt+2y") o y 12. y © ey tay T 


13. In Ex. (i) of Art. 217, find the equations of the two curves of the system 
which go through the point (4a, 8a), and find their slopes. 


Solve the equations: 


dy\? _dy wy 2,2 
= —<; — 12 = . C ESS =a@y. 
14. *) ce + 0 15 (% avy 
dy Oa whe (2 te Od 
16. =) stig | 17. =] = 2 
Gy ott Se (Bi) in 
18. a(z) —2y7) z= 0) 19. (2 2+3) Ey 1 


; dy \* dy : 
20. Solve the equation ay ee) — (x? + y’) athe’ = 0. [Factorize.] 

Give the geometrical meaning of the answer. Find the equations of the 
curves which go through (8, 5), and find their slopes at that point. 
Prove that the tangent to the curve and the straight line of the system 
which go through any point make complementary angles with the axis. 


21. Solve the equation ee +y) = 2(x+y). 


Find the equations of the two curves of the system which pass through the 
origin, and their slopes at the origin. 
22, Solve the equation xy (#) — (x? — y?) dy —ay = 0. 
: da daz 


Give the geometrical meaning of the answer, and find the curves which 
go through the point (8, 2). Prove that the two curves which go through 
any point cut at right angles. 
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d 

23. Solve x (#4) ry = =a#-—y, and explain the geometrical meaning of 
the result; at what angle do the two curves of the system intersect 
which pass through the point (2, 5) ? 

24. Find the curve in which the tangent cuts off from the coordinate axes 
a triangle of constant area A. 

25. Find the curves in which the perpendicular from the foot of the ordinate 
to the tangent is constant and equal to a. 

26. Find the curve in which the perpendicular from the origin to a tangent 
is constant and equal to a, 

27. Find the curve, which goes through the origin, in which the square of 
the subnormal is equal to the rectangle contained by the abscissa and 
a line of given length a. 

28. Solve the equation = xo me t +a Rinse +(%)}- 

Explain the a ory dale 
dy? dy dy 
29. Solve y— oY =(S : 30. Solve (y- nit) Coe 
31. Solve +a= 2(%).. 


32. 


33. 


34, 
35. 


36. 


Find the curve in which the rectangle contained by the intercepts made 
on the axes by a tangent is constant (a’). 


Find the curve in which the sum of the squares of these intercepts is 
constant (a). 


Find the curve in which the sum of these intercepts is constant (a). 


Find the curve in which the intercept made by the tangent on the axis 
of y varies inversely as the slope. 


Find the curve in which the intercept made by the tangent on the axis 
of x varies as the slope. 


219. Equations of the second order. 


We will now consider some of simpler types of equations of the 


second order. 


A 


I. ue = f(x), a function of x only. 


In this case two direct integrations give the solution. 

The first gives dy/da= /f(x)da+A = F(a)+A, say. 

The second gives y= fF (x) da+AxtB. 

This is the general solution containing two arbitrary constants 
and B. 


Example. If @y/dx? = sina, 


then dy/da=-cosa+A, and y= -—sinx+Art+B 
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Nag nie = f(y), a function of y only. 


Simple equations of this type have already been solved in 
Chapter XIX. 
Denoting dy/dz by p, d*y/da* will be dp/dx, which may be written 


Hence the equation may be written p dp/dy = f(y), which, on being 
integrated with respect to y, gives }p?= /f(y)dy+A. 
ws dy/da =p =(2/f(y) dy+2A]}* = F(y), say, 
1 dy 


1, Py) (y) ae == dls l 
Integrating again with respect to x, this gives 
dy _ 
FW) x+B. 


This is the complete solution, containing two arbitrary constants, 
the A involved in the F’(y), and B. 
The first stage of the solution Pid be put in the following form: 


MY Net 
Since the d.e. of (2 Ly sy Ue ae dc. of Go 20 a? 
aaa the given equation by 2dy/dz ; eo gives 
dy Py _ 


dx da* 24 (4 NE om 
Therefore, integrating with respect to 2, 
(dy/dx)? = 2 / f(y) dy+ A, as before. 


Example. d?y/dz’?+a*y=0. [See Arts. 187, 192.] 


: dy | dy @y s, 
Multiply by 2. ; then 2 it? ay : 
Integrating, (dy/dx+a?yy=C=a he Saye 


This is a more convenient form, ¢ being now the arbitrary constant; 
 dy/da = ta/(e—y'), 


i.€ poet he + a 
‘ V(=y") dz 
Integrating again, sin@' (y/c) = +ax+Q, 


y =csin(+ar+Q). 
This is the general solution containing the two arbitrary constants cand a. 
The solution may be written in the form 
y = +csinaxcosX+c cosaxsin Q, 
i.e. y = Asinax+B cosaz, 
replacing the two arbitrary constants +ccosQ and csin& by A and B. 
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Ill. A differential equation containing d?y/dx?, dy/dx, and one 
only of the variables 2 and y can be reduced to one of the first order 
(which may then admit of being integrated by one of the methods of 
Arts. 212-218) by making use of the substitution mentioned above, 
p for dy/dx, as shown in the following examples: 


Examples : 
(i) Let y be absent. 
dy _ dy 

Sol vais pated = 

olve aoatgatt 0. 

: d a’ d F y 
Putting oa =P, aS = ) the equation becomes = . +p+1=0, an 
equation between p and z of the first order with the variables pbarable 
1 dp 1 
It SS SS Se 
may be written eee ee 


*. log (p+1)=—logat+logC, or p+1=C/z. 
dy x a 


feape ll 
and integrating again, y= Clogr—a+A. 
(ii) Let x be absent. 
dty dy\? = 
Solve y 5+ (4) +a? = (0. 


oe a pe PER, ars eae 
Putting at 2 and dak Sie Dap Pag} the equation becomes 


ype +p*+a? = 0, in which the variables are separable. 
y 
2p dp 2 


p+a@ dy y 
log (p'+ a?) = log C—2logy, or p*+a*= C/y’. 


dy mega poreeicasty) 


It may be written 


= 

fannie ELAS 

1,.€. WiGaaiy\ dase +1. 
Integrating again, —4/(C—a’y*)/a?= +044; 


C-—a'y’ = a‘ (w+ A)’, the + sign being unnecessary ; 
or, if the first constant be written as Ca? instead of C, 
C=y'+a'(x+ A)’ 
(iii) Find the curves in which the radius of curvature is double the normal 


and on the same side of the curve. 


Jy \29/2 : 
The length of the normal = y [1+ (4) | (Art. 48]; the radius of 


9/2 7 a rar 
curvature, p, = [1+( ae HH da? and is positive when the curve is 
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above the tangent. Since the radius of curvature and the normal are on 
the same side of the curve, the curve must be concave towards the axis of x. 
If the curve is on the positive side of the axis of x, y and the length of the 
normal will be positive (taking the positive root), and p, being below the 
tangent, will be negative; if the curve be on the negative side of the axis 
of x, y and the length of the normal will be negative, and the radius of 
curvature will be above the tangent and positive. Hence in both cases the 
signs of the lengths of the normal and the radius of curvature are different, 


and we have 
dy 3/2 d’y dy ne 
[1+(35) ) / See 29 [+ (GE) J 


cee dy \?|¥? aed d*y d 
Dividing by [} + es ] , and putting pe — a =p ie we get 
2p dp 1 


dp 
en eee a 
US ae dy’ 1+p? dy y 


Integrating, log (1+p*) = —logy+loga, whence 1+p’=a/y, 


el ‘Y p= (G-1)- MG a=). 


To rationalize this, put y=asin?@; .°. oy = 2asin 6 cos oe , 


and the equation becomes 
: dé acos? 6 cos 0 
2asin 6 cos 6 — = ( : )=4 —) 
dx 


asin? 6 sin ¢ 
: ° dé aé 
«Ue 2 ae ram =_— = ie 
i.e 2asin ee +1, or a(1 cos 26) rae 
Integrating again, a(O—3sin20é)= +274+4; 
therefore +a+A =a (20-sin26); 
also y = asin’ 6 = 4a(1—cos26). 


These two equations give the coordinates of any point on a cycloid 
[Art. 50]. Hence the curves which possess the given property are cycloids. 
[See Art. 199, Ex. (iv).] 

The 6. in these equations is half the angle turned through by the radius 
through the tracing-point on the rolling circle. A change in the value of 
a, the first arbitrary constant, alters the radius of this circle and therefore 
the size of the cycloid and, with it, the actual lengths of the normal and 
radius of curvature. A change in the value of the other arbitrary constant 4 
slides the cycloid along the axis of 2, an operation which obviously would 
not affect the lengths of the normal] and the radius of curvature. 


Examples LXXXIX. 


Solve the following equations: 


_ vy dy dys eee 

at, want 2° eoaal. 3. i? sin? a, 
d'y ay Vy 2 d’y a 

4. gam AN Sor Gee & Gai = 
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13. 1 oH) gt EY. 14, (SY = 

6. Gea id aes 2) — 
17 poet 18 pa 2 l= 
19 aa sf 9 20. oN tumor, 


21. Find the curves in which the radius of curvature is constant. 


22. Find the curves in which the radius of curvature is equal to the normal, 
but on the opposite side of the curve. 


23. Find the curves in which the radius of curvature varies as the cube of 
the normal. 


24, Find the curves in which the radius of curvature is double the normal, 
and on the opposite side of the curve. 


220. Linear equation of the second order, with constant 
coefficients. 


| 
This equation is 
Pe Py 


Oye 


dy 


ure 


+cy = P, 
where a, b, c are constants, and P is a function of x. 

We shall commence by proving one or two general theorems about 
the solutions of such equations. These theorems express properties 
which are true for linear equations of any order, and which are also 
true when the coefficients are functions of x It will be obvious 
that the following proofs will hold when 4a, b, ¢c are functions of x 
just as when they are constants; no assumption is made as to their 
nature in the working except that they do not contain y. The 
method of proof is also exactly the same for equations of higher 
order, but in that case the equations will contain more terms, 


I. If w+v be substituted for y in the equation, it becomes 
aot du dy 


dv 
Ora ales + out are +o + cv = P. 
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If v be any solution of the given equation (not the general solution, 
but any particular solution, the simpler the better), so that 


an” v . 
then we have, by subtraction, 
att du 
ara +o +cu=0; 


i.e. w satisfies the original equation with the right-hand side P 
replaced by zero. The general solution of this equation will contain 
two arbitrary constants. If then this general solution ~ can be 
found, and also the particular solution v of the original equation 
just mentioned, y=u+v will give the general solution of the 
original equation. 

Of these two functions, v is called the particular integral, and u the 
complementary function. 

The problem is now reduced to finding any solution whatever of 
the given equation, and the general solution of this equation with its 
right-hand side replaced by zero. 


IT. Next, if «, and u, be any two independent particular solutions 
d*4 

of the equation ans +0 

A and B are arbitrary constants, will also be a solution. For, 

substituting Aw,+ Bu, for w in the left-hand side of the equation, 


it becomes 


+cy =0, then u= Au,+Bu,, where 


alah pis 


a(A wat ey +b eos ae c(Au, + Bu), 
ive. TG ena oa)es(et aM Cty). 


Since uw, and w, are both particular solutions, the contents of each 
bracket are equal to zero, and therefore the equation is satisfied ; 

u = Au, + Bu, 
is a solution. This will be the complementary function. 

Hence, summing up the results of these two theorems, it follows 
that, if » be a particular solution of the given equation, and u,, u, 
particular independent solutions of the equation when the right-hand 
side P is replaced by zero, the complete solution is y = Au,+Bu,+2, 
where A and B are arbitrary constants. 

Similarly, in the linear equation of the mt order, if v be a particular 
solution of the given equation, and if w,, uw, ... U, be m independent 
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particular solutions of the equation with the right-hand side zero, 
the complete solution will be 

y = Au, t+Bu,t+ ... + Ku, +. 


The methods of finding the complementary function and the 
particular integral will now be considered. 


221. Method of finding the complementary function [C.F.]. 


The equation to be solved is 


Two particular solutions are needed. Try y =e”, 


[This substitution is suggested by noticing that each term of the equation 
will then become a multiple of e””, and by suitably choosing m, the sum of 
the coefficients of e”* after the substitution may be made to vanish, and the 
equation will then be satisfied. 


Moreover, in the corresponding equation of the first degree, 


dy ldy . 6b 
aa tly=90, we have oy sg riaaa 


logy+bx/a=logC, whence ye*/*=C, and y= Ce#/a, 
a solution of the above type.] 


The equation becomes (am?+bm+c)e”* = 0, which is satisfied if 
am? +bm+ce = 0. | 

This equation for m is often referred to as the auxiliary equation. 
In this, and in the general case of an equation of the mb order, it 
can be written down at once by substituting 1, m, m?, ... m” for 

dy d*y d”y ‘ , : ; : ; 
Ya) Fa? Gan respectively in the given differential equation. 

In this case we have a quadratic which gives two values of m for 
which ¢” isa solution. There are three cases which may arise. 


(i) Let the roots be real and different, m, and mg, say. 


Then e* and e”* are particular solutions of the equation ; hence 
the C. F. is y = Aem* + Bem, 


(ii) Let the roots be real and equal, each my. 


The preceding result becomes y= Ae™*%+ Bem* = (A+ Blem*, 
which is no longer the general solution, because A +B is equivalent 
merely to a single arbitrary constant C; but it suggests that ¢™* 
may be a factor of the solution. Therefore try the substitution 
y = ez, where ¢ of course is a function of a 
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The quadratic whose roots are both m, is m?—2m,m+m?=0: 
nence the corresponding differential equation is 


d’y dy 
dc? ad dx * ag a, 
Substitute y = e%* 2; a = Em & - +zm, em, 
a powenn dy ae ae? aaibn _ 
and a oy + mem 1% 4 ape + env, e 


The differential equation becomes 
Cue : ce — + 2m, S +m? 2—2m, ae —2m,22+m,? | =='Q} 
i.e, ee ee = 0, whence a= 0. 

Therefore, integrating twice, ¢= Ax+B; 
and the C.F. is yas = Ot (AS) 

Similarly, if, in solving a differential equation of higher order, 
the auxiliary equation has three equal roots, three of the particular 
solutions will coalesce, and it follows, by exactly similar reasoning, 
that the corresponding part of the C.F. is 

em < (Az? + But C). 

Similarly for any number of equal roots. 

(iii) Let the roots be imaginary, m, +m, i (where i= / —1), say. 

Then the C. F. takes the form 

y= Aemx+ma a v4 Bem xm x, 

This expression, involving imaginaries, is an inconvenient form, 
especially in practical applications, and the result can be expressed 
otherwise as follows : 

It is clear that e is a factor of this solution, therefore, as in the 
preceding case, put y = ez; 2 will be a function of 2. 

The quadratic whose roots are m,+mg,i is 

—2m,m+m2+m,2 = 0; 
hence the corresponding differential equation is 
Fy oeaye 
da? da 

Substituting y= ez, and the values of dy/dw and d*y/dz*, as 

in the preceding case, we get 


+ (m,2-+m,2) y = 0. 


d?z dz dz 
ema |S cat 2m +m? 2—2m, — —2m,22+m22+m,? z|=0, 
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The general solution of this equation is (Art. 219 11) 
z=Csin(me+a) or 2<=Asinm,x+Bcosm,2; 
and therefore the C.F. is - 
y = em= g = Ce * gin (myx +0). 
Hence, summing up these results : 


(i) If the roots of the auxiliary equation are real and different, 
m, and m,, the C.F. is y= Aem%+ Bem; 


(ii) If the roots of the auxiliary equation are equal, each m,, the 


C.F. is y = em=(Ar+ B); 

(ili) If the roots of the auxiliary equation are imaginary, m, +41, 
the C. F. is y = e™=(A sinm, 2+ B cosm, 2x) 

e™,* sin (m,x+Q) or CO’e% cos (m,x—a’). 

Examples: 

oa fn OY Be 

(i) Sa-7S +12y=0. 

The auxiliary equation is m?—7m+12=0, whence m=83 or 4, and the 
solution is y = Ae’ + Be!*, 


(ii) a 42 Ys 4y=0. | 
The woop ae is m?+4m+4=0, which has two roots, each —2, 


Hence the solution is y =e **(A+ Ba). 


94 
Gaye = 
The ahah Si ee is m?+2m+5=0, whence m = —1+2i. 
Hence the solution is y =e“ (Asin22+Bcos2x) = Ce* cos (2x—Q). 


Lee 0 


(iv) acs 32 ae 4y=0. 
The a pater’ is 2m?—3m+4=0, which has the roots 
gtiv-23, ie, 22}69/28; 
hence the solution is y = Cet*cos(} /232—Q). 


dy dy 


3 
d°y +H =0. 


gasit 4 aes 


The auxiliary equation is m°+2m+m = 0, which has roots 0, —1, -1; 


hence the solution is y= Ae” +e" (B+Cax) =A+e "(B+ Ca). 
1528 GP 
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The auxiliary equation is m‘+4m?=0, which has roots 0, 0, +24. 
Hence, combining the results of (ii) and (iii), the solution is 
y = &(A+ Bu) +e* (Csin2x2+D cos2 x) 
= A+ Ba+ cos (2x—-Q). 


Examples XC. 


Solve, by aid of the summary given above, the equations: 


1. 54-10% + 16y =0. 2 HY _16y=0. 
354-104 4954-0, 2 4168 soy= 0. 
5 TH +62 4 10y = E 6 eyo 

7. TY 43 oy =0 8 474 gy =0 

9 so 4H by m0 10 124 112% soy =0 
13. oY = 1by. va, $4. 
1a 16. £4 4 6y = 2%. 


222. Method of finding the particular integral [P.I.]. 
We have to find any particular solution of the equation 
ay _,dy 
—~+b— = 
a2 + dat Y P. 
Frequently a solution can be found by trial, as shown in the 


following examples, which include some of the simplest and most 
useful cases. 


(i) Let P be a constant, C. 

Then a particular solution is obviously y = C/c, since all the d.c.’s 
of this are zero. 

(ii) Let P be a rational integral function of 2, i.e. let P be of the 
form p+qu+rx?+ ..., where p, g, 7... are constants. 

The only functions of « whose differential coefficients are positive 


integral powers of « are themselves positive integral powers of «. 
Hence assume 


‘y = A+Bat+Cx* +... 
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Clearly, the degree of the expression assumed for y must (if ¢ ~ 0) 
be equal to the degree of P, since dy/dx, d?y/dax*, ... are of lower degree 
than y, and hence the highest power of x in y cannot be cancelled 
out, and therefore must occurin P. Substituting this value of y in the 
differential equation and comparing the coefficients of the different 
powers of a, equations are obtained from which the values of the 
coefficients A, B, ... can be found.. If c= 0, dy/dx must be of the 
same degree as P, and so on. , 


. d’y dy 
Example. Solve the equation Pe 3 ae 2y = 38-22%, 


Since the right-hand side is of the second degree in a, take 
y = A+ Bot Ca*, 
Substituting in the differential equation, we get 
2C—3 (B+2Cx)+2 (A+ Bat Ca?) = 3-227, 


Comparing (i) coefficients of x’: 2C=-2, .. =-l; 
(ii) coefficients of x: —6C+2B=0, eB = — 3; 
(iii) constant terms: 2C-3B+2A =3, “ A= —2. 
Hence y = —-2-82-27 


satisfies the equation, and this is the particular integral. The C.F. is, by 
Art. 221, Ae*+Be?*, and therefore the complete solution of the given 
equation is 


y = Ae’ + Be?*—-2—32—-2%, 


(iii) Let P be of the form Ce™*, 

Since all the d.c.’s of e”” are multiples of ¢””, we assume y = ke™*, 

Substituting in the differential equation, it becomes 

(am? + bm +c) ke™™ = Cem”, 
whence ) k = C/(am? + bm-+c). 

This fails if e¢”* be a term of the C.F., for then the coefficient of % 
in the preceding equation becomes zero. In this case, substitute 
y = kxe™ ; this fails in a similar manner if ze” be a term of the 
C.F. If this be so, substitute y = kx” e”*, and so on. 


Examples: 
(i) Solve a -3 a +2y = 2Qe-*, 
The C F. is y = Ae” + Be®*, and the right-hand side of the given equation 
is not a term of this expression ; therefore put y = ke~®*, 
This gives, on substitution in the differential equation, 
4hke*2 —3 (—2k) e+ 2he-** = De®; 
124=2, and k=}. 
Hence the P. I. is }e-?*, and the complete solution is 
y = Act + Bette, 
ag2 


452 ELEMENTARY DIFFERENTIAL EQUATIONS 
(ii) Let the right-hand side of the preceding equation be 2e?*, 


Since this is a term of the C.F., we put y = kaxe?*; 
dy/dx = ke (2xe®*+e?*); d®y/da® = k (4xe* + 2e?* + 2e?*), 
Substituting these in the differential equation, it becomes 
ke®* [42+4-627-3+2a] = 2c, 
whence & = 2, and the P.I. is 2xe?*. 
The complete solution of the equation is 


y = Ae” + Be?*™ + 2xe?*, 
a «ently to Wy a tense 
(iii) Solve the equation dat —2 Fak dia 


The C.F. is y= e* (A+ Ba). 
Since e” and axe” are both terms of the C.F., to find the P.I. we must 
substitute y = kx’e”; therefore 
dy/dx = k (#e"+2ae"), and d?y/da? =k (ae*+2ae” + 2xe” + 2c”). 
The equation becomes 
ke” [2?+4a+2-—22?-—47+4+ 27] =e”, whence k =}. 
The P.I.is 4.x’e*, and the complete solution is 
y =e" (A+ Bu)+hare® =e? (A+ Brt+ 32), 


(iv) ie P be of the form C sin nz+D cos nx [either C or D may 
be zero |. 

Since all the differential coefficients of sinmz and cosnz are 
multiples of either sin mx or cos nz, we assume y = k sinnz+l cos nz. 
Substituting in the differential equation and comparing coefficients 
of sin nz and cos nz on both sides, we get two equations to determine 
kandl. As in the preceding case, if the C.F. contains terms of the 
form A sinnx+Bcosnz, the substitution fails and, as before, we 
then put y = kx sin nx + lx cos na, 


Examples : 
5 d’y dy F 
(i) Solve aq ae +2y = dsin 2a, 
The C.F. is Ae” + Be*®. 
To find the P.I., put y=Asin22+/cos2a. The equation becomes 


—4ksin 22-41 cos2x—3 [2k cos2x—2/sin 2x]+2 [ksin22+/ cos 2x] 


= 5sin2a, 
i.e. sin 2a[—4k+61+2k]+cos2x[—4/—6k+4+2/] = 5sin 2a. 
Comparing coefficients of sin2z and cos 2a, 
—2k+61 = 5, —21--6k=0; whence k= —1} and /= 3, 


The P. I. is —{sin22+2vos2x, and the complete solution is 


= Ae? + Be?*~1 sin 2.x+3 cos 2a. 
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(ii) Solve d®y/dx?+4y = cos 2z. 
The C. F. is Acos22+Bsin2z2, 
Since cos2 is a term of the C.F., put y = kasin2 x4 Ur cos 2a. 
dy/dx = 2kx cos2x+k sin2a—Qlx sin2x+1 cos 2x, 
and a y/dx* = —4ka sin2x+4k cos2x—4 lx cos2x—4/ sin 2a. 
Substituting in the differential equation, it becomes 
—4kx sin2x+4k cos 2a—4lx cos2a—4l sin2xe+4kx sin22+4lzx cos2x 
+ = cos2a”. 
Comparing coefficients of sin 2x and cos2a, 41=0, 44=1;1=0 and k= 
Hence the P. I. is }asin2a, and the complete solution is 
y= Acos2x+ Bsin2a+1esin2z. 


(v) Let P be the sum of several terms of the preceding types. 
To find the P. I. in this case, find the part of it corresponding to 
each term separately, and add the results together. 


223. Applications of the preceding results. Damped harmonic 
motion. 


The equation 
CRie Chis 
we +k ap theme cos (nt + XX) 
is of considerable importance in dynamics and electricity. It is a linear 
equation of the second order with constant coefficients. 

If the right-hand side is zero, it is the equation of motion of a simple 
pendulum making small oscillations under gravity in a medium of which 
the resistance varies as the velocity. For if, in Art. 194, the motion be 
supposed to take place in such a medium, and if the resistance to a particle 
of mass m be written in the form kmz, i.e. kmld6/dt, the equation there 


given becomes 


d?6 dé : 

ml eo —kml p — mg sin 8, 
é a6 _ dé : : 
1.6. 7 tho Pan 8 Ising =0; 


which, when @ is so small that ae 6)/8 may be taken as unity, becomes 
ao dé a ote 


af a 

It is convenient to write »? for g/l, so that the equation may be written 
CO. “dois: 
ae tke ut” 6=0. 


The same equation also are the motion of the needle of a 
galvanometer, the resistance of the air being supposed proportional to the 
velocity, which is approximately true when the velocity is not very large. 


454 ELEMENTARY DIFFERENTIAL EQUATIONS 


Since the right-hand side is zero, there is no P.I. To find the C.F., the 
auxiliary equation is 
m'?+km+n? =0, of which the roots are m = —3k+ /(tk’—n’). 
The nature of the motion depends upon the value of ¢k?—n?*. 
(i) If +4?>n?, the roots are real and different; denoting them by m, 
and m,, the solution of the equation is 
6 = Aem!*+ Bemat, 
Since & is + and 1k?—n? < 4h’, and therefore 4/(}k?—n’) < $k, it follows 
that m, and m, are both —. 
emt and e™:! both+O as ¢ increases, and therefore 6—O as t 
increases. The particle does not oscillate but gradually approaches the 
position of equilibrium.* 
Suppose the particle starts from rest with 6 initially equal to a. 
Then, since 6=& when t=0, X= A+B. 


Now d6/dt = Am, emt+ Bm, emat ; 
and dé/dt =0 when ¢=0. “. O= Am,+ Bm. 
From these two equations, A= =e ante Bie a 
M,—™M, M,—™, 
C= (m, emt — meme), 


My —™y, 


Fig. 174. 


If we denote +/(}k’—n?) by p, m= —Lkip, m= —lk-—p, and 
m,—m, = 2p, 


X 
ve O= 2p [((—44+p) ed ht-vt — (—hk—p)ebhtrr] 


= OF [Gk + pet k—2)em, 

Since p and & are +, it follows that }k+p>i1k—p and e?>e-?t; 
therefore the first term in the bracket is greater than the second, so that 6 is 
always +, and > 0. In this case the particle never passes through the 
position of equilibrium given by @=0. It gradually approaches it but never 
quite reaches it. 


* It may first pass through it once, since, under some initial conditions, there 
may be one value of ¢t for which @ = 0, 
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If we draw the displacement-time graph of the motion, the curve starts at 
the point (0, X%) and constantly descends towards the axis of ¢, which is an 
asymptote (Fig. 174), 

The motion is of this nature if k?>4n3, ie.if k>2n; i.e. in the case 
of the pendulum mentioned above, if k >24/(g/l). This is also the character 
of the motion in the case of a dead-beat galvanometer. 


(ii) If $k? =n’, the roots are real and equal; each is —}h. 
6 = et (4 4 Bi), 


If the particle starts from rest with 6 =a, then substituting « for 6 and 
0 for ¢ in this equation, we have a = A. 


Also =e §*B—2}ke-4' (A+ Bt) = et (B-1LA—-LLBi]. 
Since 6=0 when t=0, O0=B-3hA; ws B=tka. 
Therefore 6 = e F(X 42 kat) = we (142 ke). 


Hence, in this case too, 6 tends to the value 0, but never reaches it, since 
e-3* and 142%¢ are always +. 
The graph of the motion is similar to that in the preceding case. 


(iii) If 44?<n?, the roots are imaginary. Denoting n?—1k? by p?, 
they may be written in the form -—4ki./—p?, i.e. —}k+pi, where 
t=/-1. 

In this case the solution of the equation is (Art. 221) 

6 = Ce-t* cos (pt—e). (i) 


The particle passes through the position of equilibrium, 6=0, when 
cos (pt—«) =0, i.e. when pt—e is equal to any odd multiple of $7. 

When pt—e« = 37, the position of equilibrium is reached for the first time ; 
when pt—e=3z, for the second time, moving in the opposite direction ; 
when pt—e =n, for the third time, moving in the original direction, 
and so on. Hence, after passing through the position of equilibrium, 
the particle reaches the position of equilibrium again, moving in the 
same direction, when pt—e increases by 27, i.e. when ¢ increases by 2 /p. 
Therefore it makes oscillations about the position of equilibrium in the 
periodic time 2 /p, and, owing to the presence of the continually decreasing 
factor e-2#, the amplitudes of the successive oscillations continually 
diminish. In order to find their values, we have 6 a maximum or minimum 
when 6 is zero, i. e. when the velocity is zero. 


Now 6 = Ce-h* { —p sin (pt —e)} —} kCe-4™ cos (pt —e) 
= —Ce-2*#[ sin (pt—e) +3% cos (pt—«)], (ii) 
This is zero when psin(pt—«) = —+k cos (pt—e), 
i.e. when tan (pt—«) = —3k/p = tan, say, 
te. when pt—«=n7r+Bf, where n is any integer, 
nr  e+B ne € aan 


+ 


i. e. when t= — 
P P 


— +y, if y denote 
reer P 
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Taking first n= 0, i.e. t= y, we have 6 = Ce-t#’cosB = 4Q, say. (iii) 
Next, when n=l, i.e. t=a/pty, 
6 = Ce-tk(y+z/p) cos (m7 +B) = —Ce-thy, e-kn/2p cos B = —Xe*n/2p ; 
when n=2, ie, t=27/pty, . 
6 = Ce“hky+2n/p) , cos (27 +8) = Ce-tky. e-kn/p cos B = Kehr/P ; 
when n=8, i.e. t=37n/p+y, 6 becomes = —Qe—3kn/2p, and so on. 


Hence the successive amplitudes form a descending geometrical progression 
whose common ratio is —e—*7/2p, 


If the particle starts from rest * with 6 = a, then substituting in (i) we get 
& = Ccos(—e«), whence C= Qsece. 
Also since 6 = 0 when ¢ = 0, we have, on substituting in (ii), 
0 = —C[—psine+3kcose], whence tane = 4k/p. 
“. 6=Qsece.e-t cos (pt—e), where « = tan“! (Lk/p). 


Fig. 175. 


In this case, the displacement-time graph consists of an undulating curve 
like a sine-curve with constantly decreasing maximum and minimum 
ordinates (Fig. 175). It meets the curve y= Ce? at points where 
cos(pt—e)=1, ie. pt-e=2nr; and it meets y= —Cet# where 
pt—e =(2n+1)m. It can easily be proved that at their common points, 
which do not coincide with the maxima and minima, the curves have the 
same slope, and therefore touch each other. (Cf. Art. 105, Ex. iii.) 

If there be no damping, i.e. if & be zero, the equation of motion is 
§+n?6=0, and the period is 27/n. It has just been proved that in the 


* In this case, the ‘y’ of the preceding investigation, since it denotes the time 
when the particle is first at rest, is zero, so that B= —e, and equation (iii) becomes 
C cos (—€) = a, 
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present case the period is 27/p. Since p<mn[p? = n?—1k?], it follows that 
the effect of the damping is to increase the time of oscillation. 
If & be small, 


Qr Qr Qn PIN k? 
p (nt 2k) 4 == (1-7, == (1455) nearly [Art. 28]; 


hence the time of oscillation is increased by a small quantity of the second 
order. 

If the oscillations be forced, i.e. if the pendulum be subject to a force 
which prevents the oscillations from dying away, there will be an additional 
term on the right-hand side of the equation. For instance, the general 
equation at the beginning of this article is the equation of motion of 
a pendulum in a medium whose resistance varies as the velocity, and acted 
upon by a force which is a periodic function of the time. In this case, the 
C.F. is as before, and it remains to find the P.I. This is obtained by the 
method of Art. 222 (iv), as in the example which follows. 


224. An example from Electricity. 


If an electromotive force HZ is applied to a circuit of resistance R and 
coefficient of self-induction L, containing a condenser of capacity K, then 
it is proved in books on Hlectricity that the charge q in the condenser at 
time ¢ satisfies the equation 

i74 af 
Loa +Ro +i = #, 
This is a linear equation of the ae order with constant coefficients. 

First, taking a numerical example, lct the condenser be initially uncharged, 
and let R= 100 ohms, LD = ‘005 henry, K = 1 microfarad = 10° farad, and 
E = 1000 volts. 


The equation becomes ‘005 ee 


at* 

By Art. 222 (i), the P.I. = 1000/10* = ‘001. 

To find the C.F., we have the auxiliary equation 
"005 m? + 100 m + 10° = 0, 


= «4x 005x108) ~1 —108 
ciate He ee a 10-149. 


+ 100 a +10%q = 1000. 


Therefore the C.F. is g = Ae-!**! cos(10‘t- ), and the complete solution is 
q = ‘001 + Ae? cos (104 te). 


To find the constants A and «, we have g=0 and g=0 when t=0, 
since the charge and the current are both initially zero. 


g = Ae~'*t[ —104 sin(104t —e)] —A.10*e"¢ cos (10't —e). 
Substituting the initial conditions, 0 = ‘001+ 4 cose; 
0=A.10!sine—A. 10‘ cose, 
whence tane=1; .. e=+t7, and A= —‘O01sece = —'001414. 
Hence q = 001 —*001414 e-2¢ cos (10#¢—47). 
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This gives the charge in coulombs at the end of time ¢. 
Next, returning to the general equation, let ZH = 0, and let us find the 
condition that the discharge may be oscillatory. 


The auxiliary equation is Lm?+ Rm+1/K =0, the roots of which are 


—R+J/(R?-4L/K) 
2L 


As in the preceding article, the discharge will be oscillatory if the roots 
are imaginary, ie. if 4L/K>R?, ie. if 4D >KR’. In this case, if we 
denote (R?—4L/K)/41? by —p?, the roots take the form —}R/L+p/ —1, 
and the C. F. is 


g = AetR/2L cos (ut —e), 
as in Case (iii) of the last article. The time of a complete oscillation is 
Eee i Be) cee 
as OL mW (4L/K—B) 
If the initial charge in the condenser be gq, the constants A and e are 
found from the conditions that when t = 0, g = q and the current g = 0. 
If the right-hand side of the general equation be Hsin pt, i.e. if the 
E. M. F. be a periodic function of the time, then we have in addition to find 
the P.I. 
Assuming g= Asin pt+Bcospt [Art. 222 (iv)], and substituting in the 
differential equation, we get 
L[—Ap’ sin pt— Bp? cos pt] + R[ p A cos pt—pB sin pt] 
+[A sin pt+ Bcos pt]/K = Esin pt; 
whence, comparing coefficients of sinpt and cospt, we have 
— A (Lp?—1/K)-—B.Rp = a 
A.Rp—B(Lp?-1/K)=0)° 
Multiplying by Lp?—1/K and Rp respectively and subtracting, we get 
—A[(Lp*—1/K)*+ B? p"] = E (Lp?—1/K) ; 
wh — E (Lp*-1/K) Rp ao —E.Rp 
(Lp?—1/K)* + BR? p” Lp? —1/K** ~~ (Lp*=1/K)? + Bp 
Hence the particular integral is 
—H 
(Lp? — 1/4 }? + Le? p 


Ae el and B= 


5 [(Lp?—1/K) sin pt + Rp cos pt]. 


Putting Lp’-1/K=rsingd and Rp=rcos¢ [as in Art. 182], this 
becomes 
— Er . : 
ip -1/Kyp +p [sin ¢ sin pt + cos ¢ cos pt], 


which, since r? = (Lp?—1/K)?+ R? p?, may be written 
—E 
Vp =F RR (9. 
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Hence, adding the C.F. and the P.I., the charge qg in the condenser at 
the end of time ¢ is given ag the eqdation 


twtr [N= 29)“ - ee 


=a 
where ¢ = tan“ ee , and the constants A and ¢ are found from the 


initial conditions. 
The first term rapidly decreases as ¢ increases on account of the factor 
e#8/2L, unless L be very great compared with R, and therefore g approaches 
the value given by the P.I. Hence the current i, which is equal to q, 
approaches the value ESTE ro which may be written 
E'sin (pt-¢) 
V7 [B+ (pL — 1/pK)"] 


, where ¢ = tan7! (pt- — 7)/®: 


Examples XCI. 


1 = 4 6y = 12. ae oY sy =a" 

s. TY 5 1 6y = —3sinz, 4 se oY + 6y =e 

5. SY +9 + 12y = 0, 0. 4 488 4 toy 4 

7 TY _4y = 10 8 OY _4y = sing 

t) oY tyme 10, 82 ody = os 

Hu ee ye 12. oo oe! +5y = 32-2, 
13 a oY 4 by = 2eos2x 14 soe +5y=4sina+1. 
ws. SY _ FY _g W 16, £4 FY 9 Y _ ot _ 35-2 
7. £4422 18 oY 4 Y conn 

19 oY 6% s9y=0, 20 ae oY oy = ee 

a. £4 3% _10y 4-0 a2, TY —4y = 

23 29 45 Y + 7y=0 24 ie oe ge! yo 
25, 42k a fe Ame) 26. dtd Se + (+n) x = 0. 
27 a +26 S +(k?+n’)x=cospt. 28. i! +a’x =ksin (pt+). 


dt 
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29. 


80. 


$1. 


32. 


33. 


84. 


85. 


86. 


A particle moves in a straight line so thatits distance x from the origin 
at the end of time ¢ satisfies the equation #+%+x=0; if it starts from 
the origin with velocity 60 foot-seconds, what will its distance from the 
origin be after 7/4/83 seconds, and what will its velocity and acceleration 
then be? When will it first come to rest ? 


A particle moves in a straight line under the action of a force to a fixed 

oint O in the line, which varies as the distance from O and is equal to 
4 of the weight of the particle at distance 10 feet from 0; it starts from 
rest at distance of 20 feet from O, and moves against a resistance, which 
varies as the velocity, and is equal to 3 of the weight when the velocity 
is 50 foot-seconds. Find the distance from O at the end of time ¢. 
Find the time taken to reach O for the first time, and the velocity at 
that instant. Find also the distance to which the particle first goes on 
the other side of O. 


In the case of a pendulum making damped oscillations as in Art. 223, 
and starting from rest at an inclination & to the vertical, prove that 


6 = Xe 4" [cos pt + (4 k/p) sin pt]. 


In the preceding example, find the successive angular velocities when 
the particle is passing through its equilibrium position. 


A pendulum starts from rest at an inclination 20° to the vertical, and 
first comes to rest at an inclination 15° on the other side of the vertical 
after the lapse of one second. Assuming that its displacement follows 
the law 6 = Ce-t*cos(pt—e), find the values of the constants p, k, «, 
and C, Find the ratio of the successive maximum displacements and of 
successive angular velocities when passing through the position 6 = 0. 

Find its inclination to the vertical after 10 seconds, and its angular 
velocity when passing through the equilibrium position for the tenth 
time. Draw the displacement-time graph of the motion. 

A point moves in a straight line according to the law 

x = Cet" cos (pt—e). 

It starts at a point 6 inches to the right of a certain point A, moves to 
a point 5 inches to the left of A and then back to a point 4 inches to the 
right of A. Find the distance from A of the position of equilibrium 
(the point from which w is measured). If an interval of 3 seconds was 
observed to elapse between the first and third of the positions mentioned 
above, find the values of the constants p, k, «, and C. Find the 
distance of the point from its equilibrium position and also from A at 
the end of 15 seconds. 

Draw the displacement-time graph of the motion. 


A particle rests on a rough horizontal table (u = 4) and is attached to 
a fixed point on the table by an elastic string of natural length 20 inches, 
and modulus equal to the weight of the particle. If the particle is drawn 
out to a distance of 30 inches from the fixed point and then let go, where 
will it finally come to rest ? 


The motion of a ballistic galvanometer needle is given by the equation 
16+K6+h6=0, 

where r is the moment of inertia of the needle, A the twisting moment 

per unit angular displacement due to the torsion of the fibre and the 


magnetic field, and K the retarding moment (per unit angular velocity) 
of the bath used to damp the motion. 


If initially 6= 37m and 6=0, find the value of 6 in terms of ¢ when 
h='2, I='5, K='6. Draw a graph of the motion. 
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87. Answer the preceding question, if h=°4, /='5, K='9. Drawa graph 
of the motion. 


8s. A constant E.M.F. of 2000 volts is applied to a circuit of resistance 
500 ohms and self-induction ‘01 henry, containing a condenser of 


capacity 2x 10-* farads; find the value of the current g in terms of the 
time. 


Represent the result graphically. 
39. Answer the preceding question when the resistance is 200 ohms, the 
self-induction ‘02 henry, and the capacity 10- farad. 


40. A mass m is supported by a vertical spring which stretches a distance 
h when supporting 1 lb. ; if the resistance of the air be proportional to 
the velocity, the equation of motion is 


mi+ké+ga/h = 0. 
Find z in terms of t, if m= 1b. h = 1 foot, and k = ‘05 |b. wt. 


41. If in the preceding question m = } 0z., h = 8 inches, and k = ‘25 lb. wt., 
find x in terms of ¢. 


42. A simple unresisted pendulum is acted upon by a force which is a simple 
harmonic function of the time represented by kcospt. Find an 
expression for 6 in terms of ¢, if the length of the pendulum is 8 feet 
and its mass unity, (1) when p = 8, (ii) when p= 2, 


225. Solution of linear equation of the second order when 
a particular solution of the equation with the right-hand side 
replaced by zero is known. 


Taking the equation in the form 


Py ply ys a) 
qetPan,t Y= F, 


where P, Q, R are functions of 2, let u be any solution of the 
equation e ‘ 
O24 ple Oy = : 
ee ae te (i) 
In some cases such a solution can be found by inspection, 
Substitute y = uz in the given equation ; 
dy _ de, du 
de dw ts 
By _ Pe, gdu de, du 
da? ~ ™ da" ~ dx dx da" 
The equation becomes, on substitution, 
az du dz d’u dz du ee: 
va +2 ee RA Te +P(ur +e a) + Que =P, 
ae de ( du au 


du es 
ie. ta a, 2- + Pu)te(satP 7 + Quj=R. (ii) 
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Since u is a solution of the phate (i), the coefficient of ¢ is 0; 
: wu oe du 
hence we have ur ne oF = (25 + Pu = it 
If dz/dx be replaced by q, this becomes, on dividing by w, 


dq 2 du R 
aed ae as oa 


This is a linear equation of the first order for g, and can be solved 
by the method of Art. 214. 

Having found g, a further integration with respect to x gives 2, 
and then y = wz will be the solution of the given equation. 


2 
Example. ate +a St —y=n. 
A particular solution of x = +2 oy —y =0 is obviously y = a. 
Therefore substitute y = xz in the given equation. 
dy _ dz Gy Pz odz 
de de®) Gat = * aa? ae 
d'z dz dz 
Hence, on substitution, oe 3 + 22° Te + a P +x2-xz= 2, 
dz 2 dz 
P sV2 Aeias 
i.e. eoat 3a Walaase 
The left-hand side is the d.c. of 2° dz/dzx, 
: : dz 2 1,4 
. integrating, 2° — ieee 42°4+A,ie. — = a pa 


Integrating again, z= }logx—} A/2*+ B, 
and therefore the solution of the given equation is 
y=xz=t2loga—tA/x+ Ba. 


If w is not a particular solution of (i), the substitution y = wz will 
still in some cases solve the given equation. For uw may be chosen 
so that the coefficient of dz/dx in equation (ii) shall be zero |fi.e. 
so that 2du/dx+ Pu = 0, an equation for u which is at once soluble], 
and the resulting equation may then admit of solution. 


Example: As an illustration of this method, let us take an equation which 
occurs in various branches of Physics: 
hp 2d 
a is 5 ae 
Substitute ¢@= uz; the values of dqd/dr and d’d/dr* are given above 
with y and x replacing > and r respectively). 
The equation becomes 
@e du dz dix 2 dz 2 du 
r 


—— _ — 42 = 
dp Gr’ ar a us + Ee ae oe Se. 


+h°6 =0. 


ELEMENTARY DIFFERENTIAL EQUATIONS 


TiaetecoMicinns ens aiied ge. aliichi will’ ba Garo 
dr Cit 
ld 1 Fa eer She 
f . ae ie. if logu=—logr, i.e. if w=1/n 


The equation then becomes 


dz 
r dar 
which reduces to 


Therefore 
and the solution is 


Solve the equations: 


1. (ita) 54 20% +2y 0. 2. (1-2) oY 2H py H0. 
3. ty 2M py 0 4. tes oe ty = a, 
—— 2S _iay = 0, 6 aod 40% +6y=0 
7 ood ag a ay =e 8. ae 3 oo 4 By =a 


2, 22 1 Kez 0 
Se met 
eens 

sae = 0 


z= Acoskr+Bsin kr, 


b = uz = (A coskr+ Bain kr)/r. 


Examples XCII. 
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CHAPTER XXII 
TAYLOR'S THEOREM 


226. Form of the series. 


It is impossible in a work like the present to give a full account 
and a rigorous investigation of this famous and important theorem. 
It will, however, not be out of place to indicate one way in which 
the theorem may be arrived at, especially as this method is but an 
extension of the mean value theorems of Arts. 117 and 119. It 
was there shown that, provided f(z) and its first and second 
differential coefficients are continuous throughout the range of the 
independent variable from «=a to x= b, then for any value of z 
within that range, 

(i) F(@) = f(a) +(e—a) /’ (a), 
(ii) S(@) = f(@)+(x—a) f’ (a) +3 (@—a)? f” (a2), 
where 2, and z, are between a@ and z. 

By adopting a method of proof similar to that used in obtaining 
these results, the expression on the right-hand side may be developed 
to any number of terms. 

In the first place, assuming that f(x) can be expanded in an infinite 
series of ascending powers of x—a, and that the successive differential 
coefficients of f(x) are obtained by differentiating this series term by 
term,* it is easy to find the form which the series must take. For 


suppose 

J (2) = Ay +A, (a—a)+ A, (x— a)? + A; (v—a)? + A, (x—a)t+ .... 
Differentiating, 

J” (a) = A, +24, (v—a) +34, (w@—a)? +44, (z—a)}3+...3 
differentiating again, 
J” (e) = 2A,4+38.2.A;(et—a)+4.8.A,(e—a)*+...; 
differentiating again, 
J (2) = 8.2.4, 44.8.2. Ay (z—a)+.... 


* We have proved that this is the case for a series with a finite number of 
terms, but it must not be assumed from this that it is also the case for an 
infinite series. For a proof in the case of infinite series, the student should 
consult Lamb’s Injinitesimal Calculus, Chapter XIII. 
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Substituting =a in these results, we have 
J@)= 453; f 1(@) = 4,3 6" @) =24, 2a) 8. 2s Ao Se, 
Le Ap=f(@; 4,=f' (a); 4,=3F"(@); 45= 935" ()5- 


and generally At © , f(a), 


where f((a) stands for the number obtained by differentiating 
J (x) ntimes, and substituting a for a in the result. 
Hence 


Fa) = f(a) + (e—a) 7’ (a4 ES yr (ay = pray 


This of course is no proof ars the expansion is ae and takes 
no account of the conditions under which the series is convergent ; 
it is only of value in showing what form the expansion takes if and 
when it does exist, and it gives the clue to the construction of the 
series (i) and the function F(z) which occur in the next article. 


oo ae 


227. Proof of Taylor’s Theorem. 

Let f(z) and all its differential coefficients up to the nth be 
continuous throughout the range extending from x=a to z=}, 
and consider any value of 2 within the range. 

Let the expression 


Se) F(a) —(e—a) f(a) — ES pa)... — FR for, 
be denoted by ah R. | (i) 


This expression is the difference between the function f(x) and the 
sum of the first n terms of the series obtained in the preceding | 
article. We want to find the form of R. 


Consider the function 
bee i 


F (2) =f(2)—-S(2)-@—-2)f’ (@)— oi Z)— 
eat Oe 5 (~—2)” 
~ (n—1)! - fe SNe i 

where gis betweenaand x. 2, and therefore R, as defined above, are 
independent of z. 

When z=a, F(z) =0, since the first et terms on the right- 
hand side then cancel out the last term, from equation (i). 

When ¢= 2, F'(z)= 0, since the first two terms on the right 
cancel out, and all the others vanish owing to the factor x—z. 

Also, F(z) and F’ (z) are continuous within the given range, since 
every term in the value of F(z) is continuous. 

Hence, since J’(z) vanishes when z = a and when ¢ = 2, it follows 

1538 Hh 
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(Art. 118) that its differential coefficient .¥” (2) must vanish for some 
value of 2 between a and &. 

Now, by differentiation with respect to 2 (and remembering that 
x and R& are independent of z), we have 


P @) = 0-7 @-[(-D/ + 9") 
“[Searrotss a 


Per eer aa pe ‘eo ) |_| Cate 
.-(-% ae plies fae roy (e)|—[ mete 


In this expression, successive terms cancel in pairs with the 
exception of the last two ; 
A oCsOlP (w—2)"-* 
EM) = om ool i)! =f (2) + seraeoany 
for some value of ¢ between a and 2. 
Any value of 2 between a and x may be written a+0(¢—a), 
where 0< 6< 1. 
Therefore, since —z + 0, we have 
—f/™(2)+R=O when ¢=a+0(x—a), 
i.e. R=f™ [a+ (w—a)]. 
Hence, substituting in (i), and transferring all the terms except 
J (2) to the right-hand side, we have 


F(a) = f(a) + (ea) (a+ 2 


to 


Sf" (a) + 


fon ee fa 4 6(@—a)}. 


This result is known as Taylor's s Theorem. 

The last term on the right-hand side is known as Lagrange’s form 
of the remainder after m terms. This ‘remainder after m terms’ can 
be put into various other forms. One of the most useful of them is 
obtained by taking the remainder in (i) in the form (#—a) R&R. 
EF’ (zg) will then be save to 

(z—#)"* (e-e"e 
aes (m) g = 
(n— emis (2)+ R, and R= “(n—1)! 1)! * f() (6) 
for some value of ¢ between a and x. Taking this value in the form 
a+6(x—a) as before, ~—z = x—a—6 (w—a) = (w—a) (1—8), and 
Bisa l arct ree aul d {a+ 6 (a—a)}, 
so that the remainder after m terms takes the form 
(c— a)” (1 Ss I le (n) O(4— 
FNC Baie J™ {a+0(a—a)}. 
This is known as Cauchy’s form of the remainder. 
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228. Other forms of the theorem. 


A very important particular case is obtained by putting a= 0. 
The theorem then becomes 


f(a) = =f)+2/’ (+ 5 70+ -. +m =e sh 0)+ = f™ (02), 


where f(0), f’(0), f” (0), ... are obtained “i substituting 0 for # in 
the successive differential coefficients of f(z). 

This form of the theorem is known as Maclaurin’s Theorem. 

If, in Taylor’s Theorem, we substitute «+h and x for # and a 
respectively, the theorem takes the following form, which is often 
convenient, 

3 in 
SOW =f OFS S/O + we + ae me 


+= ” f) (0 +9h). 


These theorems have been obtained on the supposition that f(z) 
and all its differential coefficients up to the mtb are continuous 
throughout the range from a to b within which z lies. If in Taylor’s 
Theorem we put »=1 and n= 2, we get the mean-value theorem 
and its extension [Arts. 117 and 119]. 

If n be increased indefinitely, the series becomes an infinite series 
and the theorem remains true in general, provided this series be 


convergent. If the remainder after n terms ——— te = ——— f {a+6(x—a)} 


tends to the limit zero as n—»o, the series converges to the 


value f(z). 

There are cases in which Taylor’s series converges to a value other 
than f(x). It may happen that the series converges and that the 
remainder does not tend to zero; in this case the value to which 
the series converges will not be /(x).* Such cases do not occur in 


* This is a fact which the elementary student usually finds difficult to under- 
stand. The following example, due to Pringsheim, is a case in point: 
If Taylor’s Theorem be used for the function 
(—1)"a" 
2a (1 + a2 a2”)? 
it gives the series 
ent — 472 g-8 5 4 et gma? as 
and both series are convergent for real values of if a>1. Nevertheless, they 
are not equal (except when a = 0), e.g. if we take x = a = 2, it is easy to see, 
by taking a few terms of each series (the terms of each decrease and are 
alternately + and —), that the sum of the first series < +1086, whereas the sum 
of the second series > :1349. 
Hh 2 
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ordinary work, and it is beyond the scope of this book to consider 
them. 

By Taylor’s Theorem as first given, i.e. as an expansion of f(z) in 
ascending powers of x—a, if we know the value of the function and 
its derivatives for any value a of 2, we can calculate the value of the 
function for any other value of 2 within the range throughout which 
the function and its derivatives are continuous. If this value of @ is 
near a so that z—a is small, a few terms will generally suffice to 
give an approximate value of the function. For instance, if y = f(z), 
and if # be increased to z+h, dy will be f(zv+h)—/f(x); expanding 
the first term by Taylor’s Theorem, we have 


hi’ oz, 
dy = hf’ (x) + ait (x)+ .... 
If we neglect squares and higher powers of h, this gives 
by = hf’ (0) = de. 2, [Cf Art. 24.) 


In calculating numerical values of a function, Maclaurin’s Theorem 
is often extremely useful. If a function of 2 admits of expansion by 
Maclaurin’s Theorem, it is obtained as a series of positive integral 
powers of x with constant coefficients, and, by taking a sufficient 
number of terms, the value of the function for any given value of the 
variable can be obtained to any required degree of accuracy. It must 
be remembered, however, that the general form of the m*h differential 
coefficient of a function cannot be obtained asa rule, and therefore, 
in order that this method of calculating a function may be of value, 
it is necessary that the series should converge rapidly, and that 
a sufficient number of the successive differential coefficients of the 
function should admit of being worked out without excessive 
labour. 

229. Particular cases and examples of Taylor’s and Maclaurin’s 
Theorems. 

We now proceed to consider a number of important particular 
cases of these theorems. 

It will be seen that many of the expansions with which the 

_ student is already familiar are included among them. 
To expand a function of +h in a series of powers of 2 or of h, 
/ and to expand a function of x in powers of x—a, Taylor’s Theorem is 
used ; to expand a function of z in powers of 2, the form known as 
Maclaurin’s Theorem is used. In each case, the remainder after n 
terms, and the conditions under which it tends to zero as n>, 
should be examined. 


Examples : 

(i) Expand e* in powers of x or of x—a. 

All the differential coefficients of f(x) in this case are equal to e*; 
therefore (0), /” (0)... ~")(0) are all equal to unity. 
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Hence, by Maclaurin’s siemens =] eg ye 21 car a pee 


17 
The remainder after terms, mi a () (0x), is equal to = ef, 


Whatever be the (finite) value of 2, this +0 as n—> 0, since the 
first factor then —> 0 (Art. 18 (6)) and the second is finite. Hence 
the series is convergent, the remainder tends to zero, and the 
expansion holds for all values of z.* 


Tea to expand e” in a series of powers of x—a, we have f(a), f’(a), 
--f™-1) (a) all equal to e*; therefore, substituting in Taylor’s Theorem, 
we get 
(w—a)? sess A 


e” = 6° + (a@—a)je?+ SO eee on ee eee 


@ result which can also be obtained by writing 

z t—-a a a a)? 

e = exe =e [1+ (@-a)+! aye te 2) 
as before. 


(ii) Hapand log (1+.x) ina series of ascending powers of x. 


If f(x) = log (1+2), f’ (x) = ie I” (2) = - aay 
wit as ewig (n—1)! 
if (« x)= i ag Ake (a) = eee, 4 


whence f(0)=log1=0, f’(0)=1, £”(0)=—1, 
F'" (0) = 1.2, ... £ (0) = (— 1)" (n—D)E. 


2 3 mn 
Hence log(1+2)= 25 + if — .. +(—1)""! — ieee 
The remainder after terms, 
x (m—1})! ae ~ " 
ae ply ga 1 ahaa ES : 
nie a sedan ie 


If x be positive and < or =—1, Whe <1, and 1/n—>0 as 
%—> 0; hence the remainder tends to zero, and therefore the 
expansion holds for values of x from 2 = 0 to = 1, both inclusive. 


If x be negative, ~/(1+4a) is not necessarily <1 (numerically), and 
the preceding argument does not hold good. 
In this case, taking Cauchy’s ie of the remainder, we get it in the form 
25 (L— Oye (n—- 1) ee Z 1y- La an ; <=)” 
(7-1)! "(1+ 62) 14+6x \1+6z 
If |a|<1, 1-8<1+06z, therefore the last factor »0, as also does x” 
when no; the other factor, 1+6z, is finite, hence the remainder — 0, 


(-1)4 


* It should be noticed that this is not a proof of the exponential theorem, if 
we have used this theorem in obtaining the differential coefficient of e”, as in 
Art. 97. 
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and the expansion holds if |w|<1. If x =-—1, the series is divergent 
and the expansion does not hold. 


The function loga cannot be expanded in a series of powers of x, since all 
its differential coefficients become infinite for x = 0, but, by using Taylor’s 
Theorem in the form first obtained, it can be expanded in a series of powers 
of x—a. For instance, if expand it in a i of a—1, we have 

Ht, 


fle) =loga, fa) = 2, $"@)=— yon SM(@a (- 


putting w= 1, f(1)=0, P= i pny) EE SAG) oe ee 
SM (1) =(-1)" 1 (n—-1)! 


Hence log a= (e~1)—3 (@— 143 (@— 1... 4(- 9S" 5 


This result can also be deduced from the preceding expansion for 
log (1+); for 
log x = log[1+(x—1)] = (w2—-1)—-3(x—-1)?+3(x-1}8- 
by substituting 2—1 for # in the former expansion, and since that result is 
true when a is between —1 and +1 or equal to +1, the latter will be true 
when x—1 is between —1 and +1 or equal to +1, i.e. when @ is between 
0 and 2 or equal to 2. 


(iii) Expand sin x im a series of powers of x. 
J (v) =sina, f’ (x) = cosz, f” (x) = —sing, f” (x) = —cosa, 
FO" (a) = win 2, &e. 
“ S0=90 /O=1, /’(0)=0, £”" (0) =—-1, f’’” (0) =9, &e. 
All the coefficients of even powers of 2 are zero [as follows from 
the fact that sin x is an odd function of x (Art. 5)], and the 


coefficients of the odd powers of # are alternately +1 and —1. 
Hence, by Maclaurin’s Theorem, 


een oe 
sina = 7— nternt soe 
The remainder after n terms, — pa te} ") (0x) = + x a factor which 


is either sin 0z or cos 0x” This factor cannot be numerically greater 
than 1, and the first factor —> 0 asm —> o [ Art. 18(6)], Therefore the 
series is convergent, the remainder —> 0, and the expansion holds 
for all values of x. 


2 4 
This result may be written ang =l- = + Fj —..., from which it is 


obvious that as #0, (sinwx)/x—1, since the right-hand side is equal to 
1-2’ x [a convergent series]. This is the limit obtained geometrically in 
Art. 13 (10), and in a number of cases in the preceding chapters we have 
taken sina as approximately equal to 2. We can now form some idea as 
to the amount of error involved in this approximation. 
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In the first place we notice that, since the terms of the series 


3 5 3 
x a + ri —... are continually diminishing (provided x > xi) i.e. a? < 6) 


and are alternately + and —, the error involved in terminating the series 
at any term is numerically less than the next term, for if wv, —W)41+ Unig — ++ 
represent the rest of the series, this may be written 


Uy, — (nts = Unto) mae (Unss = Un+a) Sates, 
and this is less than w,,, since the contents of the brackets are all +. 
Hence the error involved in taking sin x equal to x is numerically < 12°, 
Suppose that the angle is 5°; then x = 7/86, and the amount of error 
<7°/(6 x 36°), i.e. < ‘00011. The proportional error is 


00011 =*00011 
‘sin 5° ~ “0872. 
If we want to find for what values of 2 the substitution of a for sin x will. 
be correct to 3 places of decimals [i.e. so that the error may be _<:001J, we 
put $2°< ‘001 numerically. 
This gives |x|< 8/'006, i.e. < “1817, which is the circular measure of 10°4°. 
Hence, if this degree of approximation is required, it is sufficient to sub- _ 
stitute 2 for sinz, provided the angle is between —10° and +10°. If the 
angle is larger than this, or if a higher degree of accuracy be required, we 
can take 2—i2° instead of sina The error involved in this case is 
numerically less than 2°/5!, i.e. yg a°. Therefore this will give the result 
correct to 3 decimal places if ~}5 2° is numerically <’001, i.e. if |x|< 4/'12, 
i.e. if |a2|<°6548, which is true for angles between —37}° and + 372°. 
It will give the result correct to 4 decimal places if ;4,2°< ‘0001, i.e. if | 
|x|<°4129, which is true for angles between —283° and +4232°, 


= ‘00126, or about 34 per cent. 


(iv) Expand cosx ina series of powers of x. 
S (a) = cosa, f’ (c)=—sing, f”’(«%) =— cosa, f’” (x) = sing, 
I’ (x) = cosa, &e. 
es SO=1 /(0=9 /*O=-1, £”" (0) =9, £0) = 1,.... 


All the coefficients of odd powers of w are 0 [as is evident from 
the fact that cosa is an even function of x], and the coefficients of 
the even powers of x are alternately +1 and —1. 

a? at 8 

Hence cost=1—S+55-ajt mn 

Exactly as in the last case the series is convergent, and the 
expansion holds for all values of z. 


From this also it follows that as x0, cos x1, and if a more accurate 
approximation be required, 1—42” may be substituted for cos x [Art. 13 (10)]. 
The range of values for which these substitutions agree with the value of 
cos x to any given degree of accuracy may be found as in the similar cases 
for sin x 
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(v) Expand (1+x)™ in ascending powers of x. 
S (x) = (1+2)™, f’ (x) =m ey 1 f” (a) = m(m—1)(1+2)""%, ... 
ose AD) (2) = m (m—1).. dnt OG eae m, 
Hen CO pet wel (CU) eo 5 dea 
ae Pe Gi potion Gata . (m—n-+ 1). 
m(m—1) , 
a Oe + 
4 m(m—1) ... (m—nt1) 
n'\ 


oe. (L+a)"=14+mr+ 


the well-known binomial series. This series is convergent if 
|v|<1[Ex. XXXI. 9}, 
The remainder after m terms is, using Cauchy’s form, 


wopim m0 wee (m—n +1) (14+ 02)"-" (1—6)"-1 
= marx =) ant, mlx (146x)m- 1x ( 6 safe a 


Of these factors the first and third are finite, the second —> 0, 
being the nth term of a series, viz. (1+2)"—!, known to be convergent 
if | # |< 1, and the fourth cannot be more than 1 since 1—6 cannot 
be > 1+ 62. 

Hence, if |2|< 1, the remainder tends to 0, and the expansion 
holds. 


By the use of Taylor’s Theorem we can obtain the expansion of (x+¥y)™ 
when m is a positive integer. 

This being f(x+y), f(z) = 2”, f’ (a) = ma™", f’ (x) = m(m—1) a™?, 
f™) (a) = m!, and all higher differential coefficients are zero, so that the 
series terminates at this stage. Hence, using the form of the theorem given 
in Art, 228, and replacing h by y, 

(x+y)™ = a™+y.mam) + Ym (m—1) 2-44 weet ae m! 


a 1) 


= xt mam ly + amy? t+ ty”, 


(vi) Hapand cos(x+h) ina series of ascending powers of h. 
Here f(z+h) = cos(x+h), f(a) = cosa, f’ (x) = —sing, 

I” (x) = —cos 2, Tt 4a) = =sinz.. 
Therefore, by Taylor’s Theorem, 


3 


cos (+h) = cosa—hsinaz— 5; cosx+ — x sinv+.... 


= 1 3! 

If we transfer the cos to the left-hand side vas pak by h, we get 
cos (7 +h)—cos x h 
TT aT ue —sing— Wie aes + Meine .. 


cos (w+h)—cosx 


Hence, if h is very small, is approximately equal to 


—sin 2 and tends to the limit —sina as h->0, as in the differentiation of 
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cos a from first principles. Hence taking the (small) increase in cos x equal 
to —sina x the increase in z, as in Art. 48, Ex. (ii), is equivalent to ex- 
panding by Taylor’s Theorem and retaining only the first two terms. We 
have, in Art. 43, evaluated cos 185°1’ in this way. 

We can now find approximately the increase in the function due to 2 
larger increase in the variable. E.g. to find cos136°. If fa the preceding 
result we put 2 = 135°, h = the radian measure of 1° = h57, and retain 
the first three terms, we get 


2 
° O23 eee ee e 
cos 136 cos 185 “ai sin 1385°— 2.89400 cos 1385 


= —°707107 — "012341 + ‘000108 
= —°719340, which is correct to 6 decimal places. 


(vii) To expand tan™!x in a series of powers of x. 


This example is rather more difficult than those hitherto considered. 


We have f(x) = tan 2, f’ (x) = 


1 ms —22 
Tne’ IO (ae )= aaa 2p 3, Whence 


J(0)=0, f’(0)=1, £’”(0)=0. The successive differential coefficients 
calculated in this manner soon become very complicated ; but their 


values for z=0O can be obtained by making use of Leibnitz’s © 


Theorem (Art. 111). 

We first obtain a differential equation connecting any three 
consecutive differential coefficients. 

We have (L424) ¢ @) = 1; 
differentiating this m times, the result, by Art. 111, is 

(1+22 2) fr) (2) +n. 22. f™ (x) + ioral) ore) (2) = 0, 

which is the differential equation. 

Putting z= 0 in this, we get f™)(0)4+n(n—1)f™ (0) = 
i.e. FO) (0) = —n(n—1) f- (0). 

Putting n = 2, 3, 4, 5,.... in turn, this gives 
S’” (0)=—-2.1/’ (0) = —2!; 
f° V=—4.8f (0) =41; FO O=—-5.4f0)=0; 
f™ (0)=—-6.5 fO (0) =—6!; and so on. 


All the even coefficients are zero; hence tan~1z consists only of © 


J (0)=—8.2f” (0)=0; | 


odd powers of 2, as is evident also from the fact that it is an odd | 
function of z Therefore, substituting in Maclaurin’s Theorem, we get | 


tan-!a4=a—-— ae yas — 


31 eee = g—}ah4t 2 — Fal + ee 


} 


The expansion holds if z is between —1 and +1, and for tan7!z 


we must take that value which lies between —iz7 and +17, since | 


we have taken tan! 2 as 0 when « = 0. 
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[This important series can be otherwise obtained as follows: 


z od z 
tan 2 -| me dx -|, (14 2)! da -| (l—a?+at—...) dx [if 2* <1] 
» l+a Q c 
=ar—bai+tai—to't..., 

assuming that the conditions under which an infinite series can be 
integrated term by term are here satisfied.] 

We omit the investigation of the remainder after m terms. 

As a numerical example, let us find, to 4 places of decimals, the value of 


| tan-1(‘3), Substituting in the series just obtained, we have 


| 
| 
} 


| 
| 
} 
| 
| 
| 
} 


tan-! (3) = °3-4 x ‘0274 } x 00243 —4 x "0002187 
== *3—"009 + °000486 — "00003 
= ‘2915 radians. 
This is about 16° 42’. 


A few further examples of less important kind, illustrating uses of Taylor's 
Theorem, will now be given. 


(viii) Find the first four terms in the expansion of log (1+e*) in ascending 
powers of x. 
In this case 


f(x) = log (1+e"); “  £(0) = log 2. 
t (x) = Tag Which may be written 1 — i na w f'(0) =. 
fd 1 Zz st 
ie (x) = (1+e")? xe@ 5 ; oe fe (0) a te 
weg dee -eay ee eae ie Rol 
NA (x) anal (1 +e")! ae (1 +e") ? ct re (0) = 0. 
tie (a) ee (i +e")® 
(1 +e”) (e* —2e?”) —3e” (e* —e?* pepe 
- sf (0) = —2, 


Hence, using Maclaurin’s Theorem, 
log (1+ e*) = log2+3a+ia°?—- 71,24... 


(ix) Expand sin(msin~ x) in a series of powers of x. 
In this case, f(#) = sin (msin 2a); SW) Su 


J’ (x) = cos(m sin“ 2) x Ter “. J’ (0) =cos0x m=m, 


Again, f(a) is an odd function of x, and therefore consists of odd powers 


of x only. The nth differential coefficient cannot be obtained, but, as in 
| Ex. (vii), a relation between successive differential coefficients can be 
_ obtained by Leibnitz’s Theorem, from which their values when a2 = 0 can * 


easily be calculated. 
We have (1-2). f’ (x) = mcos (m sin-z). 
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Differentiating again, 


WV (1— a"). f" (a) +f’ (x). Fis) = mx —sin(msin-a) . 


ve (L-a?) f" (a) — af" (a) = —m? f(z). 
If this be differentiated n times by Leibnitz’s Theorem, we get 


((1 — a) f+) (x) +n (—Qar) ft) (x) 4 ™ (et (+2) /™ (@)] 


— [af (ec) +0 f(a)] = —m* f(a), 


eet act 
¥ (1-2?)’ 


Putting w = 0, this becomes 
SO (0) —n (wn -1) F™ (0) — nf (0) = — mf (0), 
i.e. FOr (0) = —(m?—n?) f (0). 
If n = 1, then f’”’ (0) = —(m?—1’) f’(0) = —m(m?—1?). 
If n =38, then f (0) = —(m?—3%) f’” (0) = +m(m?=1’) (m?—8?). 
If n =5, then (0) = —(m?—5%) f® (0) = —m (m?—12) (m?—8) (m?— 5%). 


Hence we have 


2_ 72 2_ 42 2_ 92 
== 1 ) 3 m(m ae a 
Taylor’s Theorem is often very useful in tabulating the values of a func- 
tion for a series of values of the variable which are close together. For 
instance, 


(x) Calculate the values of the function y = x*(16—x’) from x=1'7 to 
x = 2'3 at intervals of ‘1. | 
Here f(x) =162?—-2', f' (a) =322-425, f(x) = 32-1223, 
St” (@) = —24a, f(x) = —24, and all higher d. c.’s are zero. 


sin (msin~'x) = mx — 


Now, by Taylor’s Theorem, 
/ i? Mt a) hs tt hs we 
S(2+h) =f (2)+Uf (2) 4+ Ft gf" (2) 4+ GP” @) 


=48+h.82+ 5 (—16) + % (—48)+ 4 (24) 
= 484+ 32h —8h?—8h3—h*. 
If h = "3, f(1°7) = 48—9°6 —"72 +216 —"0081 = 37°8879. 
If h=—2, (18) —48—6'4—"32 +"064 —"0016 = 413424. 
If h=—‘l, (19) = 48—3'2—"08 +°008—"0001 = 44°7279, 
wpe of fay eS 48. 
If h= 41, £(21) = 484+32—"08—"008—"0001 = 51'1119. 
If b= +°2, (22) = 48464—32—-064—"0016 = 54°0144. 
if h = +°3, f(2°3) = 48+9°6—"72—"216—-0081 = 56°6559. 


| 


| 
| 
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230. Failure of Taylor’s Theorem. 


The theorem was proved on the supposition that f(x) and all its 
differential coefficients up to the m‘h are continuous throughout the 
range of the variable considered, and the expansion cannot be effected if 
any one of the differential coefficients becomes discontinuous for a value 
within this range. If the n‘b differential coefficient becomes infinite 
for a value of # within the range, the function cannot be expanded 
in an infinite series, but the theorems of Arts. 227 and 228 still hold 
provided the series be terminated at the (m+ 1)tb term. 

For instance, neither log x nor cosec # can be expanded in a series of 


positive integral powers of x, for both are discontinuous when 2 = 0; 
J (0) = 00, and the series fails at the first term. But, as in Ex. (ii) of the 


preceding article, loga can be expanded in a series of powers of #—a. 


Also it can easily be proved that the function cosecx—1/z and its differential 
coefficients are continuous when 2 = 0, and therefore cosec x—1/zx can be 
expanded in a series of positive integral powers of x. 


Again, if we expand (x+y)? by Taylor’s Theorem, we have 


6 3 7 15 
Saat, fay=sel, pe@a¥al, =F m 


y? 15 ys 
ey hag it ap eet 
But this ceases to hold if 2=0, because then the third differential 


(xt+y)* = ats Saty pasa 


| coefficient f’” (x), and therefore the fourth term of the expansion, become 


infinite. 

In this case the function expanded becomes y3, and this, being a frac- 
tional power of y, cannot be expressed as a series of positive integral powers 
of y. But the result of Article 228 still holds if we terminate the series at 
the fourth term, for then 


3 


y 


opytodtsetyiuaty. = 
( y) 2 y y 48 ° (a+ 6y)4 


If we put x = 0 in this, we get 


5 y 
co 
y? = 0+0+0+ — ié *y yt’ 


i.e. y= ts - y3/62, which is true when 5 = 1662, i.e. when 6 = vbs 


Examples XCITII. 
Expand the following functions in series of ascending powers of x, giving 
the first 4 terms, and state for what values of # they are convergent : 


cea. 2. sin max. 3. cos ma. 4. log(a+2). 5. log (a—2). 
6. 2%, iPetenn 8. sin’z, 9. sinha. 


Verify the following expansions: 


2 3 
10. sin(~7+) = sin& +a cos X— 7 sinX— > COSA + er 


3! 


11. 
12. 


i3. 


14. 


15. 


16. 


17. 


18. 
19. 


20. 
21. 
22. 


23. 


24. 


25. 
26. 
27. 
28. 
29. 
30. 


$1. 
32. 


33. 


34. 


35. 


36. 
37. 
38. 


39. 


40. 


41. 
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tan (c+) = tan& + asec? +2? sec? tan M+... 
ering =1+e+}a%—Lat+..,. 
Vee oe Lee at 
rae = ——e — ————- . — 
Age ta et 5 eg 
log (1+sinz) = 2-327 +123-... 
Qa 2? x' oa! Qa? 
& ting = 2+ t+ oe a hs 
fie ga Via Nati tld aida. 
om Bo 21. ote eer ee 
tanz =ax+he54+Aa54 Hat... 
secr=1+427+S at+ fi, r'+.... 
acotx = 1—}2?°-JZ. 2-52, 2°-.... 
acosecx2 =1+2 ay 
a/(e?—-1) =1- —$ e+ yg 2’- rig x Aaeses 
a/(e* +1) =$a-i27+3,2'- 
a? a3 ort +1’) , a? (a? + 2?) 
21 + aes ee e+ PL ee re Ar 
. 2 2 2_ 92 2_ 42 
cos (msin-x) =1— ea + as Wass Koes 


log(l+a+a*)=a2+$2"—ga>+ {att wn. 
sin xcosha = r+}a°-Wa5-.... 
cos sinha = x—1a—A a+... 
logseca = $a? +yYyattgea't.... 
tan (}rt+2)=1+2et2a+§art%fatt..., 
log (1+ cos) = log2—32?—2, 24— 

1 il h h? hs 


zth 2 at a ot 
tan? (l+a)=tr+}e-{eP +o... 
te 13 2 103 #5 wa 
sinh ‘w= log {at f(lt+2")}=2-5-5 + 5G Ae ee Le G TOG 
1 2? Q?, 4? 2 At BF 
4 (sin z)? = =a1* z+ dig oa 6! Pit PE, 
h ah? 


= = -1 = a. 
tan («+h) = tan tak we. ee 


e* sin 3a = 32+62?+32'—5at+ 
ce cosba = 1t+axrt+i (a?—0*) a? +4 a8 aft... 
Show that e” cos bx may be expanded in the form 
a” 17 cos 2 z"r" cosn 
1l+zrcosp+ arene +..04+ eee? Praises 


n! 
where ¢ = tan~'(b/a) = cos (a/r). 


477 


For what values of x (in degrees) will the substitution of 1 for cosa ve 


correct to 2 decimal places ? 


For what values will the substitution of 1-32? for cosx be correct to 


3 decimal places? 


For what values will the substitution of x for tan~'z be correct to 


2 decimal places ? 
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42. 
43. 
44, 
45. 
46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
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For what values will the substitution of «—3}2° for tan-2 be correct 
to (i) 2 decimal places, (ii) 3 decimal places ? 

Given cos60° = °5, sin 60° = ‘86603, find to 5 places of decimals the 
values of cos 61°, sin 61°, cos 62°, sin 62°. 

Calculate from Maclaurin’s Theorem the value to 4 places of decimals of 
sin 80°, sin 60°, cos 30°, cos 60°. 

Find to 4 places of decimals the values of tan15° and tan 55° (see 
Ex. 17 and 29). 

Calculate, by aid of Art. 229 (ix) and Ex. 24 above, the value of 
sin (8sin-!,) and cos (2sin~“). 

Prove that the d. c. of e%°8%cos(asin &) = e7°% cos (asin X +). 
Hence find the nt» differential coefficient. 

Deduce the expansion of e*°&cos (asin) in a series of ascending 
powers of x. 


3 
Draw on the same diagram the graphsofa, #— bl » @- 


a? 
31 +e and 


3! 
compare with the graph of sing. 
Draw on the same diagram the graphs of x, x—ix, x—ia*+12°, from 
x =-—1 to +1, and compare with the graph of tanz. 
Deduce, by expanding f(a+h) and f(a—h) in powers of h, the con- 
ditions obtained for a maximum and minimum in Art. 58, that f(a) is 
a maximum if /’ (a) = 0 and f” (a) is —, and a minimum if 7’ (a) =0 
and f’’ (a) is +. 
Prove, generally, that if the first of the quantities f’ (a), f” (a), f’” (a), ..., 
which does not vanish is of odd order, f(a) is neither a maximum nor 
@ minimum value of f(a); and that if the first that does not vanish is of 
even order, f(a) is a maximum or minimum according as the first non- 
vanishing function is — or +. 
By putting n =}3(1/e—1) [whence x =1/(2n+1)], and using Art. 
229 (ii), deduce an expansion for log(1+1/n) in a series of negative 
powers of 2n+1. 
Hence calculate to 4 places of decimals the logarithms to base e of all 
integers from 1 to 20. 
An arc of a circle subtends an angle of 2 radians at the centre. Ifa 
and b be the lengths of the chords of the whole are and half the are 
respectively, a=2rsina and b=2rsin}x. By expanding the sines 
by Maclaurin’s Theorem, find the difference between 4(86—a) and the 
length of the arc. 
This is known as Huyghen’s approximation to the length ofa circularare. 
Show that, if this approximation be used to find the length of the arc 
which subtends an angle of 30° at the centre of a circle of radius 
100,000 feet, the error is only about 2 inches. 
Show, by taking the remainder in (i), Art. 227, in the form (2—a)?R, 
that the remainder after n terms may be expressed in the form 
(x—a)"(1—6)"—p 
SS ee NS te 8) iis 
realy J™ {a+6(a—a)}. 


This is known as the ‘Schlémilch-Roche form of the remainder’. 
Lagrange’s and Cauchy’s forms are obtained by taking p=n and p=1 
respectively, 


CHAPTER XXIII 
PARTIAL DIFFERENTIATION 


231. Functions of more than one variable. Partial differential | 
coefficients. 


Hitherto we have dealt exclusively with functions of only a single 
variable such as x or t, but functions of more than one variable | 
frequently occur. For example, the area of a rectangle is a 
function of two variables, the length and the breadth; the volume 
of a rectangular parallelepiped is a function of three variables, the 
length, breadth, and thickness; the pressure of a given mass of gas 
depends upon its density and its temperature, and so on. 

If 2 be a function of two variables z and y, a fact which is indicated | 
by the notation z= /(«, y), either z alone or y alone or both # and y 
simultaneously may be varied, and in each case a change in the value 
of z will result. Generally the change in the value of zg will be | 
different in each of these three cases, e.g. the area of a rectangle | 
whose sides are 6 and 10 inches is 60 square inches; an increase of | 
1 inch in the length alone will increase the area by 6 square inches, | 
an increase of 1 inch in the breadth alone will increase the area by 
10 square inches, and an increase of 1 inch in both simultaneously 
will increase the area by 17 square inches. 

If z and y be changed to x+ 6a, y+ dy respectively, the new value 
of ¢ will be denoted by f(x+6a, y+ dy). 

The function ¢ may be defined as continuous for any particular 
values of x and y if, when a and y have these values, | 

Lt (f(e+dx, y+8y)—Fla, )] =0, 
when 6a and 5y—> 0 in any manner whatever. 

Briefly, 2 is a continuous function of # and y if indefinitely small 
changes in either x or y separately, or in both together, produce only 
an indefinitely small change in z. 

Suppose that, when w is changed to x+x and y remains constant, | 
z becomes ¢+65¢. The ratio 62/dx will tend to a finite limit as | 
da—>0, if z is continuous for these values of and y. 

This limit is called the partial differential coefficient of 2 with 
respect to 2, and is denoted by the symbol 0z/d# [or sometimes D, ¢, 
or 0f/da or fz, if 2 be written as f(a, y)]. 


[| 
} 
| 
| 
| 
i] 
| 


i.e. 6V=7r"7.dh and 
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Similarly, when y is changed to y+doy an x remains constant, let 


2 change to z+6’¢.* The limit of &2/dy as 5y—>0 is called the 


partial differential coefficient of g with respect to y, and is denoted by 
the symbol d2/dy [or sometimes D, 4, or of/dy or f,, if 2 be written 
in the form f(x, y)]. A similar notation is used if 2 be a function 
of more than two variables. 

If ¢ be written in the form f(z, y), we may define 0z/d” as the 
limit, when 6x—> 0, of aa 
I(x, yt5y)—F(@ Y), 

oy 

Hence, to find 02/04, differentiate zg with respect to 2, regarding y 
as constant. 

To find dz/dy, differentiate z with respect to y, regarding x 
as constant. 


, and oz/dy as the limit, 


when ¢y—>0, of 


Examples : 
(i) If z= a2 +2azxyty’, 02/Ix = 327+4+2ay, dz/dy =2axt+3y’. 
i =tan-?~ a Ratha la Rta 
(alt fas y oa 1+a%/yi* yy? +22” 
02 1 a —2x 


dy 1+a/y Pai y pra 
(iii) The volume V of a cylinder of radius r and height his w77h. 
OV/oh =a; V/dr = 2rrh, 
i.e. the rate of increase of the volume per unit increase of the height, the 


radius remaining constant, is 777; the rate of increase of the volume per unit 
increase of the radius, the height remaining constant, is 277. These results 


can be verified geometrically, for, when the radius remains constant and the 


height is increased by a small amount 6h, the volume is increased by a thin 


circular slice added to one end, of volume 77*dh, 


ov _ yp 
oh butih 
Similarly, if the radius is increased by a small amount 57, while the height 


wr, 


‘remains constant, the volume is increased by a thin coating all over the 
jcurved surface, whose inner superficial area is 277 and outer superficial 
‘area 27r(7+67)h, and hence its volume 


SV >2rrhdr and <2ar(r+dr)hdr. 
Therefore 6V/dSr>2rrh and <2r(r+d5r)h, 


‘and when dr—>0, dV/dr = 2rrh. 


* The change in z in this case will generally be difforent from the change in z in 
the preceding case, 
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232. Geometrical representation of partial differential co- 
efficients. 


If values of x and y be taken as coordinates of a point in a plane 
XOY, to each pair of simultaneous values of x and y corresponds 
a point Q in the plane (Fig. 176). At Q erect a perpendicular QP to 
the plane XOY to represent the corresponding value of 2; then. if x 
and y vary continuously, and z is a continuous function of x and y, 
P traces out a surface. 


For instance, if z= 4/(a?—2?-y’}, z= QP, and a*+y?= OY 
QP = /(a?—0Q), i.e. a? = 00°74 QP! = OP*. 


Hence OP = a, and the locus of Pisa sphere with centre O and radius a 


Fig. 176. 


Again, if az = «?+y’, the coordinates of all the points Q, at which the 
height of the perpendicular QP is 8, satisfy the equation ab = x+y’, and 
this is the equation of a circle, centre O and radius /(ab). Hence the locus 
of P is a circle of radius »/(ab) whose centre is on OZ at height b above 0; 
therefore the section of the surface by a plane parallel to the plane XOY isa 
circle. Moreover, since QP = z = (x?+y’)/a = 0Q°/a, i.e. MP? = aOM [cf. 
y? = ax], it follows that if the plane QOM (Fig. 176) be fixed, all positions 
of P in that plane are on a parabola, vertex O and axis OM; hence the 
section by the plane MOQ, and similarly by any other plane through OM, is 
a parabola. Therefore the equation az=2’+y? represents the para- 
boloid of revolution formed by the rotation of this parabola about its 
axis OZ. 


In the general case (Fig. 177), by taking y constant and varying x 
and therefore z, we get a section of the surface by a plane parallel to 


1638 tt 
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the plane XOZ, the curve HPF in the figure. Then, exactly as 
in Art. 23, d2/d” is the slope of this curve at P, i.e. the tangent 
of the angle y, which the tangent to the curve EPF at P makes 
with the line ZN in which the plane of the section cuts the 


_ plane XOY. 


Similarly, by taking 2 constant and varying y and therefore z, we 
get a section of the surface by a plane parallel to the plane YOZ, the 
curve HPK in the figure; and 0z/dy is the slope of this curve at P, 
i.e. the tangent of the angle wW’ which the tangent to the curve 


_ HPK at P makes with the line DG in which the plane of the section 


cuts the plane XOY. 


Fig. 177, 


For example, in the first case mentioned above, where 2? = a?—2?—y', 
and P moves on the surface of a sphere, centre 0 and radius a, the partial 
differential coefficient of z with respect to a is given by 

2z.d2/dx=—-Qx, i.e. d2/de = —x/z. 


This is easily verified geometrically, for the section HPF will in this case 
be a circle, centre M, and the angle w which the tangent at Pmakes with MN 
is 90°+ PMQ, since the tangent is now perpendicular to MP. 

Hence tan ~ = —cot QMP = —MQ/QP = —-2/z. 


Similarly 02/dy = —y/z, which can be verified geometrically in exactly 
similar manner, 
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Examples XCIV. 


Find 2 and x in the following cases: 
1, 2 = tan (ax +by). 2. 2=(a-—y)/(at+y). 
3. 2 = eprtay, 4. 2= aa? +2hayt by +2gx+2fyte. 
5. 2 = (aa? + by?)”. 6. sing! (w/y). 
7. 2 = vy/(a+y). 8. 22 = 2?—y*, 
9 2" =a"+y", 10, 2? = (2? —y")/(a? +’). 
11. ax? + by? + cz? = 1. 12. wy t+yz = 2x. 
Find oV/dx, dV/dy, dV/dz2 in the following cases: 
18. V= a? +y?+ 27. 14. V= tan {(x+y)/z}. 
15. Ve 1//(x?+y? +2"). 16. V= aa? + by? + cz? + Qhay +2 fy2 +2gza. 
17. Prove that, if 2 = a#*—32°y—2y%, 222 +y 32 = 32. 
: x+y? oz Py 
18. Prove that, if z= ie a 5,788 
19. Prove that, if ¢= St eee ee +y— =0 
uty ox 3 
20. Prove that, if 2=af (7), pl ies tn 
y Ox a] 


21. 


22. 


23. 
24, 


25. 


26, 


The last four examples are particular cases of ‘Huler’s Theorem of | 
Homogeneous Functions’, viz.: If z be a homogeneous function of x and | 


oz dz 
y of degree n, then est a =n 


the form «"f(y/zx), prove this theorem. 


Find the rate of increase of the volume of a right circular cone (i) when 
the radius of the base is constant and the height increases at the rate of 

1 inch per second, (ii) when the height is constant and the radius of the | 
base increases at the rate of 1 inch per second. 


Find d2/daz and dz/dy if z=a%+y%. Verify the result geometrically. 


The radius of a cylinder of volume Vand height h is equal to /(V/rh). 
Find the rate of increase of the radius at the instant when ris 4 inches | 
and h is 1 foot (i) if the height is constant and the volume increases 
at the rate of 10 cubic inches per second, (ii) if the volume is constant 
and the height decreases at the rate of 1 inch per second. 


The area of the curved surface of a right circular cone, height h and 
radius of base 7, is mr4/(2?+h?); find the rate of increase of the area 
at the instant when r is 6 inches and h is 8 inches (i) if the radius is © 
constant and the height is increasing at the rate of 1 inch per second, © 
(ii) if the height is constant and the radius is increasing at the rate 
of dinch per second, 


Find d2/da# and d2/dy when 2?/a?+y/b?+27/c? = 1. Explain the 
result geometrically. 


z. By writing such a function in 


112 
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27. If v be the volume, 7’ the absolute temperature, and p the intensity of 
pressure of a given mass of a perfect gas, p, », J are connected by the 
relation po=kT, where kis a constant. Find (i) the rate of increase 
of the intensity of pressure per unit increase of temperature, supposing 
the volume to remain constant; (ii) the rate of increase of the intensity 
of pressure per unit increase of volume, the temperature being supposed 
to remain constant; (iii) the rate of increase of the volume per unit 
increase of temperature, the pressure being supposed to remain constant. 


£33. Total differential of a function of two variables. 


If ¢ be a continuous function of x and y, and if x and y receive 
small increments 5% and dy (which are usually quite independent 
of one another), # will receive a small increment 6¢; to find the 
relation between dz, 5x, and dy. 

If x alone varies and y remains constant, we know (Art. 24) that 

eo 
the resulting increment of ¢ is = .6z approximately, to the first 
order of small quantities; and if y alone varies and 2 remains 
; , ee i 

constant, the resulting increment of ¢ is vr . dy approximately. 
We shall now show that, when 2 and y vary simultaneously, the 
total resulting increment 6z¢ is, to the first order of small quantities, 
equal to the sum of these two partial increments, i.e. the ratio of the 
total increment d¢ to the sum of these two partial increments —> 1, 
when 6x and dy each —>0. 


If z= f(z, y), we have the total increment 
dz =f(a+8a, y+ oy)—f(@, y) 
=[f(et+da, ytdy)—S (a, ytdy)]+[S(@, y+dy)—F (2, 9). 
By the Mean-Value Theorem (Art. 117) the expression in the first 
square brackets 
= 6x.f,(~+0d2,y+Sy), where 0< 6< 1, 
and jf, denotes the partial d.c. with respect to 2. 
Similarly, the expression in the second square brackets 
= dy. f, (2, y+ 0’dy), where 0 < #’ <1, 
and f, denotes the partial d. c. with respect to y. 
dg = On. f, (e+ 00m, yt oy) +dy. f(z, y+ dy). 
Since ¢ and its differential coefficients are supposed continuous, 
Sc (w+ 08x, y+Sy) tends to the limit f, (a, y), ie. df/dx, as dx and 
dy—>0, and therefore may be written df/x+« Similarly, 


Sy (%, y+ Ody) —> the limit 2//oy, and may be written If/y+e, 
where ¢ and ¢’—>0 when dx and dy—>0; 


) fay 
be = bx(F +0) 4oy (4+). (i) 
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Hence, since the terms €dx and «Sy are of the second order of 
small quantities, and the other three terms of the first order, Sz tends 


é «3k hoes tee? 
to equality with oS 304 by as 6a and dy—>0, 
‘ ry Q 
i.e. sz= of da+ so dy approximately. (ii) 


This is called the total differential of z. 

If x and y, and therefore also g, are continuous functions of some 
other variable ¢, then, if 5a, Sy, and 8z be the increments of 2, y, and 
2 due to an increment 8¢ of t, we have, by dividing (i) by 82, 

se of 

vi Ge: 
hence, taking the limits, when d¢ and therefore also $2, dy, 82 and 
therefore also « and «’ +0, 


dz of du , of dy 


dt «dt ' dy dt 


ba of by 
+*) 55 + Tale 


| 


N (x+S8o,y+dy) 


(.y+Sy) 
Fig. 178. 


234, Geometrical illustrations. 
The relation (ii) of the preceding article may be obtained geo- 
metrically by the method of Art. 232. 
Let M, N (Fig. 178) be the points (a, y) and (+42, y+y) in the 
plane XOY, and let MP, NQ be the corresponding perpendiculars 
g and ¢+62, 
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The curve PP’ represents the path of P as x increases to 7+ 62, 
y remaining constant; P’Q represents the path of P as y increases 
to y+y, the abscissa remaining constant and equal to its increased 
value +652; then HQ represents 5, the total increase in 4. 

2 = EQ = DP’+ HQ= da. tan P’ PD + dy. tan QP’H. 


Taking the limits, when 8” and dy—>0, tan P’ PD becomes the 
slope of the section P’ P, i.e. f/x”, and tan QP’H becomes the slope 
of the section QP’ which ultimately approaches coincidence with the 
section through P parallel to YOZ, whose slope is 0//dy. 

Therefore we have, approximately, 


8g = 2 0+ 57 8 
Examples : 
(i) Let A be the area of a rectangle whose sides are x and y (Fig. 179); 
then A = zy. 
oA increase in area ofl 
Site SEE IT cee. h 4 
5a 4 Siroreneoltn (onsen the breadth y remaining constant, 
area HK EF. EK 
a ere, = 
0A increase in area aa 
—— = ——. i g t 
oy f icrcaseae des the length # remaining constant, 


= joe area a -l, GEE CY OF = GF=2. 


Fig. 179. 


| If # and y are simultaneously increased to DK and DH respectively, 
| 6A, the resulting increase in area, = HF'+FK+FPL = axdyt+ydx+da.dy. 
| The last of these terms is ultimately indefinitely small compared with the 
others, being of the second order of small quantities; hence to the first 
| order of small quantities, 
oA 


dA = ydat aby = 4, da+ — oT Oy. 
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(ii) Tet (az, y) be the rectangular coordinates of a point in a plane, and | 
(r, 6) its polar coordinates; then x and y may each be regarded as functions | 
of rand 0, 


Fig. 180. 


In Fig. 180, P is the point whose polar coordinates are (7, 0). An increase 
69 in 6, r remaining constant, would move P to Q’; an increase 6r in », 
6 remaining constant, would move P to P’; the combined effect of both. 
rage is to move ee to Q. 


rluterieel Weare 


se chord PQ’ arc PQ’. : 
Te “arc PQ te ee 


as 60->0, (chord PQ’)/(are PQ’) 1, the arc PQ’ = rd, MQ’P->the angle 
which the tangent at P makes with the ordinate of P, i.e. 6. 


02/09 = —rsiné. 


Sgn 
_ t a mad Ps os SESE “f =, as in the preceding case, 7 cos 0, 
Again, da/dr = Lt (PN/PP’)= cos P'PN = cos 6; 


dy/dr = Lt (NP’/PP’) = sin P’PN = sin é. 
[All these results follow immediately by differentiation from the relations 
x=rcosé, y=rsiné.] 
da, the total increment of x, due to increments 6 and 56 in r and 6, 
= the projection of PQ on the axis of « 
= PP’ cos 6—QP’ sin(6+450) = drcosd—(r+6r) 66 sin (9 +450) 
= drcos6—rsin 646, to the first order (the other terms are infini- 
tesimals of higher order) 
ox on : 3 
S50 ér+ — 58 66, from the results just obtained. 


Similarly for dy. 
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The student must be cautious when: applying the theorems of 
Arts. 29-85 to partial differential coefficients, e.g. 9#/dr and o7/ ox 
are reciprocals provided the same coordinate is constant in both cases, but 


not otherwise. 


In fact, it is easily seen that da/dr (0 constant) and dr/da (y constant), 
instead of being reciprocals, are equal to one another, for, from the 
preceding, we have x/dr (6 constant) = cos@. To find or/dx (y constant), 
we take Fig. 181. 


ay; 


Fig. 181. 


An increase 6x in 2, y remaining constant, will move P to Q, through 
_ a distance 6a parallel to the axis of x; the new radius vector is OQ. 


‘ b x or OQ-OP _ RQ 

, $r= 00-08, and = 1 One Livo: 
if a circle, centre O and radius OP, cuts OQ in R. In the limit, PRQ 90° 
and therefore RQ/PQ—cosRQP, i.e. cosé. 


0r/dx = cos 8, 
Hence d2/dr (6 constant) and d7/d# (y constant) are equal. 
This also follows analytically, for, since # =rcos0, 
da/dr (6 constant) = cosd; 


2 x, i.e. a (y constant) = 2 


eee 
ia ox r 


ae = cos 6, 


and since 77 = a?+y?, 27 


235. Total differential coefficient. 


It has been proved that, if ¢ be a function of # and y when both 
are functions of ¢, then 
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If we take ¢ to be 2, i.e. if ¢ be a function of 2 and y where y is 
also a function of a, then, since dz/dt is now unity, this relation 


becomes i 
dz oz, de dy ; 
one + Scie 5 (i) 
dz/dzx is called the total differential coefficient of ¢ with respect to a. 
Similarly dz/dy, the total differential coefficient of 2 with respect 
tory. of ae OZ a . 
oy ox dy 
The quantities dz/dx and d¢/dx% which occur in equation (i) are 
quite distinct. 
o2/dx” is the limit of 52/52, where dz is the increase in ¢ due to 
a variation in 2 only where it occurs explicitly in the equation, 
i.e. on the supposition that y is independent of 7; dz/dx is the 
limiting value of d2/8xz, where Sz is the total increment of z, due 
partly to the increment of x and partly to the increment of y which 
is itself due to that of x, since y is a function of &. 
Geometrically, in Fig. 178, 32/dx is the limiting value of DP’/PD ; 
dz/dx is the limiting value of EQ/PD, i.e. of EQ/FE, and these 
two are usually quite different. 


For instance, let z = a?—2z’—axy—y’, and let y be a function of 2; 


then o2z/de = —2a-y, and d2/dy=—ax-2y, 
Bet Og 20k Ady “i aghan a4 dy 
Ge en ly Pee oer 8 Cams et 


and the value of dy/da will depend upon the relation between y and x. 

Suppose, for instance, that 2?+y? =r’ (r constant) ; then 

aes at 2 
2e+2y7°=0, and ia , 

Hence in this case, dz/dx = —2x—y+(a+2y) x/y = (x’?—y’)/y. 

[This might have been obtained by first eliminating y from the given 
equations and thereby obtaining z as a function of a alone; but generally 
by this process, when it is feasible, the differentiation is rendered more 
complicated; and in many cases the actual elimination cannot be carried out. 
In the example under consideration, we should get 

2= 0-9! -y?—2y = @— 9-2 (r—2); 

sae or v’—(r?-2")  a-y 

de 7 2/(P—2") 


The preceding results can easily be extended to a function of any 
number of variables. 


f(r —2*) = ieee 5 , as before.] | 
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236. Adiabatic expansion of a gas. 


To illustrate the foregoing principles, let us consider the adiabatic expan- 
sion of a gas. We will prove the well-known theorem that if a given mass of 
gas expands adiabatically (i.e. so that heat neither enters nor leaves it), 


pv’ = constant, 


_ where p is the intensity of pressure, » the volume, and y a numerical 
constant, If 7 be the absolute temperature, i.e. the temperature measured 
from —273°C. or —469°F., then, in the case of a ‘perfect gas’, p, v, T are 
connected by the relation pv = kT, where k is a constant. 

If, when the volume is kept constant, a small quantity 5 @Q of heat supplied 
to the gas raises the temperature by an amount 67, then as 5Q and therefore 
also 57'+0, 6Q/5T'—= a limiting value, which is called the ‘specific heat 
at constant volume’ and is denoted by Ko. 

If, when the pressure is kept constant, a small quantity 6Q of heat raises 
the temperature by an amount 67, then 6Q/5T — a limiting value, which is 
called the ‘specific heat at constant pressure’ and is denoted by Kp. 

It can be shown that, for a perfect gas, the ratio K,/K»y is a constant y. 
The value of y in the case of air (regarded as a perfect gas) is 1°404. 

Since pv = kT, only two of the three variables p, », J’ are independent. 
The third can be calculated when two of them are known. 

Taking p and v as the independent variables, we have, if a small quantity 
5@ of heat be supplied, 


39 = 22 04 59 ap. (i) 
0Q/0dv is the d.c. of Q with respect to v, p oe regarded as constant. 
Now f = oe. = [p constant]; also uo (p constant) = Kp, and 
se [p constant] = Z, since po=kT. .. = = Ky. 
Similarly, se (» constant) = se Ss at (v constant) = Ky. - ° 


Hence, substituting in (i), 6Q = ne de+ Ky op. 


If the gas expands adiabatically, the amount of heat it contains is constant. 
ie, 6Q=0. 


Therefore Ky > bv + Ky dp=0. 
Dividing by Ky/k and putting Kp/Ky = y, we have 
ypdo+vdp = 0, 
whence, in the limit, yy 
vodp p 
Integrating, y log v+log p = log C, 
i.e. po’ = C, 


which is the relation required. 
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237. Application to implicit functions. 
If the relation between a and y be given in the form 
J (&, y) = constant, 


then df/dz, the total d.c. with respect to 2, = 0, since the d.c. of 
a constant is zero; hence, by Art. 235, 

oft HOfedy dyke soft f Of 

aie Seiee = 0, and therefore pre Fo 

This gives an alternative method to that of Art. 86 of finding 
the d.c. of y with respect to 2, when y is given as an implicit — 
function of a. 
<2 6 m) P) 
E.g. if 2°+8aaryt+y> =a’, oF 327+ 8ay, - = 3axr+3y’; 
dy 3a? +3ay x? + ay 


dx 3an+8y?  axty?” 


as in Art. 36, Ex. (ii). 


238. Applications to analytical geometry. 


(i) Equation of tangent toa curve. This result can be used to obtain 
a convenient form of equation of the tangent to a curve f(z, y)=0 — 
at a given point. 

The equation of the tangent at (x, y) was obtained in Art. 46 in 
the form 


= (xX—2)%. 
head Foal ae | 
Rt ene | 


Substituting — pe for “ and rearranging, the equation 


becomes 
of of - 
(X—2z) ce + (Y- sy = (0). 


(ii) Centre of a curve. At any point on the curve whose equation 
is f (7, y) = 0, the direction of the tangent is found from the equation 


Gs ee Taf PL | 
dz da/ oy 


If f(x, y) = 0 be of the second degree, the curve will be a conic. 
f/x“ = 0 will then be an equation of the first degree, and therefore 
will represent a straight line; moreover, when 0f/0%=0, dy/dx=0, 
i.e. the tangent to the curve is parallel to the axis of x Hence 
f/x” = 0 is the equation of the straight line joining the points on 
the curve where the tangent is parallel to the axis of x (Fig. 182). 
Similarly, 0//dy =0 is the equation of a straight line, and when 
df/dy =, dy/dx is infinite, and the tangent is parallel to the axis 
of y. Hence df/dy = 0 is the equation of the straight line joining 
the points on the curve where the tangent is parallel to the axis of y. | 
These two straight lines are diameters of the conic and intersect at 
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| | its centre. Hence the coordinates of the centre of the conic whose 
| equation is f(x, y) = 0 are obtained by solving the equations 


If/da = 0, df/dy = 0. 


Fig. 182. 


| Example: 
Find the centre of the ellipse 36x?—24xy+29y?—168x+106y +21 =0, 
| and the equation of the tangent to it at the point (1, 1). 
Here df/d#=72a—24y-168=0; df/dy = —24x4+58y+106 = 0, 
and we have to solve these equations. 
Dividing the first by 3 and adding to the second, we have 507 +50 = 0, 
-i.e. y=—l1, and thence x =2. Hence the centre is the point (2, —1). 
Also, at the point (1, 1), 
of/dox = —120, df/dy = 140. 
Therefore the equation of the tangent is 
—120(~—1)+140 (y—1) =0, 
lice. 6x—-Ty+1=0. 


239. Applications to errors of measurement. 


The result of Art. 233 is of importance in that it enables us, when 
calculating the value of a quantity from the values of several 
variables upon which it depends, to find the total effect of small 
errors in the observed values of the several variables. The theorem 
is equivalent to the statement that to the first order of small quan- 
tities, the total error due to errors in the measurements of several 
variables is equal to the sum of the errors due to each separately. 


Examples : 
(i) The length of the hypotenuse of a right-angled triangle is calculated from 


the lengths of its sides. IPf these are measured as 8'5 and 11°5 feet respectively, 


with a possible error of } of an inch in each, find the possible error in the 
calculated length of the hypotenuse, 
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In this case, c?=«?+B%, aor! =2a and 200% 2b; 
oc oc +b 20 
28) — = —— x} = 
a. oa a+ >; db sare (6b= ane inch = J 341155 x} 


= RS an approximately. 


(ii) The height and the radius of the base of a cylinder are at a given instant 
10 and 4 inches respectively ; if they are increasing at the rate of 2 inches and 
1 inch per second respectively, at what rate is the volume of the cylinder increasing 


at that instant ? 
dV a Var ov dh 
pare ‘ $ ’ 
V=nrh, and by Art. 233, Ge a a Tk a 


dr aah 
= 2nrh +71 i 


= 807x1+167x2 
= 1127 cubic inches per second. 


This is the rate of increase of the volume at the given instant. 


Cc 


A D B 
Fig. 183. 


(iii) The area of a triangle is calculated from the length of one of its sides 
and the magnitudes of the adjacent angles; if the measurements made are 
c = 40 feet, A = 85°, B = 71°, sind the error in the area due to an error of 1° 
tn each angle. 


The area (Fig. 183) 
} y pile (ons ce’ sin Asin B 
S=}AB.CD=}e.bsind = 3¢.¢ 2 sin(A+B)° 
This gives S in terms of the quantities whose measurements are taken. 


os os 
c remains constant, therefore 6S = SA" dSA+ = 5B. 


AB sin (A +B) cos A—sin A cos (A+B) 
Vie sin? (A + B) 
3 sin B sin? 71° 


sin Be a3(d +B) °? sin? 106" 
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sin A sin? 35° 
"sin?(4+B) sin? 106°" 
Also 5A = 5B =the circular measure of }° = 735m. 
800 (sin?71° + sin?35°) 
sin? 74° 

The proportional error, i.e. the ratio of the possible error to the estimated 
value, and this is what is usually wanted in such cases, is obtained more 
easily by taking logarithms and differentiating, thus: 


log S = 2 eae sin A + log sin B—log sin (A + B). 


2 
Similarly = = qein 


éS= xX zig = 4623 square feet. 


Now 8 (log 8) = ES) 597.98; 


= 


8 (log sin A) = .64 =cotA.6A, &e. 


Hence, ¢ being constant, we a 
88/8 = cotA.dA+cot B. 8 B—cot (A+B). (84+5B) 
= (cot A +cot C)5A+(cot B+cot C) 5B [since cot (4+ B) = —cot C] 
= hg (cot 35° + cot 71° + 2 cot 74°) 
= ‘0102. 
Hence the proportional error is about 1 per cent. 


(iv) Given that the volume of a quantity of a gas whose temperature is 47° C. 
and pressure 15 lb. weight per square inch is 6 cubic feet, find its volume when 
the pressure is increased to 15'1 1b. weight per square inch, and the temperature 
raised to 48° C. 


In books on Hydrostatics it is proved that, if p be the intensity of pressure 
of a gas whose volume is v and absolute temperature 7, then pv = kT, where 
& is constant. 

Regarding 7 as a function of p and 0, we have 


oT oT 
pea ies Spt: 50, 
Now OF" \o PT ae rare ee 
op & p 115x144 27’ 
a aT ~p T 273447 160 


ice = 6 re 

Also 5T=1°; dp='1x 144. Therefore, substituting in the first equation, 
1 = 4 x‘1x 1444182 $v, whence 160S0=—-—3°4, and d0=-—°021,. 
Hence the volume is diminished by about ‘021 cubic foot. 


Examples XCV. 


1. If (a, y), (7, 6) be rectangular and polar coordinates of a point, find 


(i) the total increment in y, due to small increments Sr, 56; 
(ii) the total increment in 7, due to small increments dz, by 3 : 
(iii) the total increment in 6, due to small increments Sa, oy. 
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2. Prove, both geometrically and analytically, that Jy/d7 (4 constant) and 
or/dy (x constant) are equal. 


Find dz/dé in the following cases: 
3. 2=a2"y", where x=cosat, y=sin bt, 
4. 2=log(2?+y"), where x=a(l—cost), y= asint. 
5. 2 = (ax—by)/(ce+dy), wherex=e'sint, y =e cost. 
Find du/dt in the following cases : | 
6.u=2'%+y?+24, wherex=el, y=elsint, z=e'cost. 
7. w™=log(x+y+z), where x=sin?t, y=cos?t, 2=sin2t, 
8. w= xyz, wherex=e cost, y=sin’t, z=e'sint. 
Find dz/dzx in the following cases: 
9. 2=a7+y7, where y = (1—2)/z. 
10. 2=a°+y5+a5, where a?+y? = a’. 
ll. 2 =a? y8,. where x?—ay+y? = a}, 
12. z= sin! (a/y), where y? = a?4+2", 
18s. z= tan (y/x), where y = sin’. 
14. z= 2°+daxryt+y’, where a’+y* = zy. 
Find, by the method of Art. 237, the value of dy/dx in the following cases 


15. w+52°y—4axy?—-2y = 0. 16. sin?x+sin?y—2cosx cosy = 0. 
17. (x? +y7)? = a? (a?—y?). TSR ey aoe yeas 
19. sin (wx+y)+cos(a—y) = 1. 20. (ba —ay)? = 1+ (ax+by)*. 


Find the relation between the differentials of the variables in the 
following cases: 


21. V=ihorr?h. 22. po = kT [% constant]. 
23. xyz = a5 [a constant]. 24, y= 2. 
25. f = mv?/r [m constant]. 26. Fs = 4mv? [m constant]. 
: Ou tou. ou ou 
a7. If e=rcosé, y=rsin#g, find =e? and ; yg 2 terms of oe and Sa) 


u being a function of x and y. 
28. Find the equation of the normal to the curve f(x, y) = 0 at any point 
on the curve. 
29. Find the coordinates of the centre of the conic 
y’— dary + 6a?—14a+ dy = 0, 
and the equations of the tangent and normal at the origin. 
30. Find the centre of the conic 327+22y+3y?=4axr+4ay, and the 
equations of the tangents at the points where it meets the axes. 


31. If K/K, =(17/T))”" x 7top, find the change in K due to small variations 
dp and 67'in p and 7. 


32. If p-l= le : ae find the change in » due to small variations 
dp, 60 in p and 0. 

33. The hypotenuse and one side of a right-angled triangle are measured as 
143 and 93 feet; find the error in the third side due to an error of 
1 inch in each measurement. 
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34. 


35. 


37. 


38. 


89. 


40. 


41. 


42. 


43. 
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The length of a side of a right-angled triangle is calculated from the 
length of the hypotenuse and the angle between them, which are found 
to be 140 inches and 48°; find the error in the length of the side due to 
the measurement of the hypotenuse being 3 inch too small and the size 
of the angle (i) a quarter of a degree too small, (ii) a quarter of 
a degree too large. 


The area of a triangle is calculated from the formula S = 3bc sin A, and 
the measurements taken are b = 72 feet, ce = 55 feet, A = 56°. Find the 
possible error in the area due to (i) errors of 2 inches in each side; 
(ii) errors of 2 inches in each side and half a degree in the angle. 
Find the proportional error in each case. 


. If p be the intensity of pressure of a gas of volume v and absolute 


temperature 7, pp = kT where k is constant. Given that p is 20 lb. weight 
per square inch when v= 10 cubic feet, and the temperature 40°C., 
find approximately 


(i) the change in the pressure when » is increased to 10°2 cubic feet and 
the temperature to 40°5° C. ; 

(ii) the change of volume when p is increased to 20°11b. weight per 
sq. inch and the temperature reduced to 39°7° C. ; 

(iii) the change of volume when p is reduced to 19°7 lb. weight per 
sq. inch and the temperature raised to 40°3° C. ; 

(iv) the change of temperature required to raise p to 20°2 lb. weight 
per sq. inch when the volume is increased to 10°2 cubic feet ; 

(v) the change of temperature required to lower the pressure to 19°6 lb. 
weight per sq. inch when the volume is increased to 10°1 cubic feet. 


The side b of a triangle is calculated from the formula b=asin B/sin A, 
and the observed values are a = 125, B = 73°, A = 42°. Find the error 
in the calculated value if the true values of A and B are 41°8° and 72°7°, 


The side c of a triangle is calculated from the following observations: 
a= 175 feet, 4 = 60°, C = 88°5°. Find the error in the calculated value 
of c (i) if the true values are 175°5, 60°, and 38°8°; (ii) if the true values 
are 175°5, 59°6°, and 38°8° respectively. 


The side ¢ of a triangle is calculated from the formula 
c? = a? +b?—2abcosC; 


find the relation between the differentials Sc, da, 5b, SC. 

Find the error in cif the observed values of a, b, C are 120, 180, and 32°, 
and the real values 121, 179, and 323°. 

Find also the proportional error in this case. 


The area of an ellipse whose semi-axes are a and b is rab; find the 
possible error in the area due to possible errors of } inch in each 
measurement, the observed values being 3 feet and 2 feet. 


Find the proportional error in the area of an ellipse due to small errors 
da, 6b in the lengths of the semi-axes. 


Find the proportional error in the area of a triangle calculated from the 
lengths of its sides, due to small errors da, 5b, dc in the measurements 
of the lengths of the sides. 


The angle A ofa triangle is calculated from the formula 
cos. A = (b?+¢?—a*)/2 be; 
find the error in the angle due to small errors da, 5b, Se in the sides, 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


61. 


52. 


53. 


54, 


55. 


PARTIAL DIFFERENTIATION 497 


The height of a building is calculated from the observed elevation (a) 
at a measured distance (a) from its base; find the error in the height 
due to small errors 5a, Sa in the observations, 


If the observed values of & and a be 24° and 120 feet, and the true 
values 24°2° and 119°8 feet, find the error in the height. 


Find the proportional error in the volume of a cone due to small errors 
oh, dr in the height and radius of the base. 


The time of oscillation T of a simple pendulum is 274/(//g); find the 
error in the time due to small errors in measuring / and g. 


Find also the proportional error. 


If the value of g be calculated from the preceding formula, find the 
percentage error in the value of g due to positive errors of ‘5 per cent. 
in the measurement of both J and T. 


If (x, y) and (r, 6) be the rectangular and polar coordinates of a point 
in a plane, prove that the differentials of xz, y, 6 are connected by the 
relation #.dy—y. dx = 1°39. 


Prove also that (S5x)?+(dy)? = (57)? +17 (86). 


Supposing a, y, r, 6 functions of the time ¢, deduce from the last relation 
that #+7? =7+7°67, What is the significance of this result in 
Mechanics ? 


The rectangular coordinates of a moving point in a plane are at 
a given instant (10, 6), and the velocities of the point at that instant, 
parallel to the axes of a and y, are respectively 3 and 2 foot-seconds 
respectively ; find the angular velocity of the point about the origin at 
that instant. 


The specific gravity of a solid heavier than water is W/(W—W’), where 
W and W are its weights in air and water respectively; if W and 
W’ are observed to be 20°7 and 11°2, find the maximum error in the calcu- 
lated value of the specific gravity due to errors of ‘05 in each obser- 
vation. 

Find also the percentage error. 


If the H. P. required to propel a steamer vary as the cube of the velocity 
and the square of the length, prove that a 2 per cent. increase in 
velocity and a 3 per cent. increase in length will require approximately 
a 12 per cent. increase in H. P. 


The specific gravity of a liquid is (W— W,)/(W— W,), where W, W,, W, 
are the weights of a solid in air, water, and the liquid respectively ; 
find the proportional error due to small errors OW, 5W,, dW, in the 
weighings. 


Find the rate of increase of (i) the volume, (ii) the area of the curved 
surface of a right circular cone, at the instant when the height and the 
radius of the base are 12 inches and 4 inches respectively, and each is 
increasing at the rate of 4 inch per second. 


Find the rate of increase of (i) the volume, (ii) the superficial area of 
a rectangular parallelepiped, at the instant when its sides are 20, 15, 
10 inches, and are increasing at the rate of ‘8, “6, ‘4 inch per second 
respectively. 

th2a Kk 
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240. Partial derivatives of higher orders. 

If ¢ is a function of two variables x and y, denoted by f(a, y), then 
d2/dx and 04/dy will generally be functions of x and y, and therefore 
they can be differentiated again partially with respect to # and y. 


tial dc, of 22 shea ae 
The partial d.c. o sn ot J, With respect to a, i.e. =e ar 


denoted by a or eas 


The partial d.c. pha * or fc with respect to y, i.e. e iG is 


oa 


072 
denoted by Spawn Je 


OZ 
The partial d.c. of — Ye 


P) : 
or f, with respect to 2, i.e. ca = (52): is 
2 
denoted by Seay OT Face 


OZ oz 
The partial d.c. of oF or f, with respect to y, ie. Sy See a8 


O28 
denoted by sy OF 


and so on for derivatives of higher order. 
Similarly for functions of more than two variables. 


Examples : 
(i) Ifz=f(#,y) =asiny+ysinga, 
oz : dz : 
Jz oF J, = siny+ycos2z; XE or f,=xcosy+sinz; 
072 O72 
Jqi OF Sean = —y Sin x; dy or fyy = —@ sing; 
072 072 


Syoe or fyx = COSY+ COS x; aoe or fry = COSY+ Cosa 


(ii) Asan example of a function of three variables a, y, z, if 
ee ee ee eee 
V(e-a+y—0) + 2-0} 
(where «—a, y—b, z-—c are supposed not to be simultaneously zero), 
prove that + A + ca =U, 
Denoting the expression under the radical sign by u, for convenience, 
we have V=wt, 
oF ea mi ka ot 8 —hu-/? x2 (x-a) = =e} 
eV w?xi—(w—a)§u'/?.2(@—-a) _ — u—3(x—-a)* 3(x-a)i—u 
oa “ Zz wT ae 
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aif eV 8(y—b)—u eV 38 (z-c)?-u4 
Similarly yb ayn nd Sie 
Sis a Wil ee ea 2 3 (w—a)? +3 (y—b)? +3 (ec —3u 
Seat Se eA = 0, 
since u = (x—a)? + (y—b)? + (e—c)?. 


This equation is a very important one in the theory of electricity and 
attractions, and is known as Laplace’s Equation. 

If r be the distance between two points whose coordinates in space are 
(a, b,c) and (a, y, z), then 73 = (#—a)?+(y—b)?+ (ze—c)’, and the potential 
at P(x, y, 2) of mass or charge m at (a, b, c) 

= m/r (Art. 178) = m/4/{(x—a)? + (y—b)? + (z—c)?} 
= mx the function V of the preceding example. 

Hence the potential satisfies Laplace’s Equation, and this result will 
be true for any number of masses or charges at points not coincident 
with P, 


J ) 


sal 


Fig. 184. 


241. Order of differentiation indifferent. 


In the example at the beginning of the previous article, it will be 
2 
noticed that spi and ay are equal, i.e. if the function be differ- 
entiated partially with respect to the variables x and y in succession, 
the order of differentiation is immaterial. This is always the case if 
the function and the differential coefficients involved are continuous. 
A geometrical proof of this property readily follows from Fig. 184. 
Kk2 
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Let V be the volume enclosed by the surface ESHP, the coordinate 
planes, and the planes PM, PD. 
Then, as in Arts. 81, 159, 


0V/dx = the area HDQP, 


0 ov ; 
and ay (ar) = the d.c. of the area HDQP with respect to y 
= the ordinate QP (Art. 79). 
Similarly ) V/dy = the area EMQP, 


o> ov : 
and SF (ay? = the d.c. of the area HMQP with respect to x 


= the ordinate QP (Art. 79). 
2V = 2V 


i he Weenie oi 


Analytical proof. 


An analytical proof of the foregoing important theorem can be obtained 
by the use of the Mean-Value Theorem (Art. 116). 


We have 
sf = [es : {fe (#, yk) —fa (x, y)} 
- Lui {Ligtiserayen — flay +h} -(fe+hy) few). 
Rte < 
oa =. : (Ge he 
h>0 k>0 


It must not be assumed that these two expressions are identical although 
they consist of the same terms, for the assumption that the limits are the 
same, whether h->0 before & or whether k->0 before h, is equivalent to 
assuming the theorem which is being proved.* 

By the Mean-Value Theorem, 

F(x+h)—F (x) =hF,(#+6h), where 0<6<1. 

In this equation, take F(x) to be f(#, ytk)—f (a, y). 


* That this assumption is unjustifiable is easily seen from the following 


asinx+bsiny 


example: Consider , and find its limit when first «, and after- 


cx + dy 
wards y, >0. The limit when x-> 0 is - LS “ %. 1a, and the limit 
y 
of this as y>0 is b/d. But, if y->0 first, the limit is “"", jo, 2 x UB® 
c x 


and the limit of this as «0 is a/c. 
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Then [f(x+h, y+k)—f(a+h, y)|—-[f (a, yt+k) f(x, 9)] 
=h[ fr (et+Oh, yt+k)—f, (w+, h, y)} 


= “hee fe (x+6,h, y+ 6,k)]) 


= hk fy, (a+, h, y+ ,h). 
Similarly F(y+k)-F(y)=kF,(y+0k), where 0<6’<1. 
In this equation, take F'(y) to be f(a+h, y)—f(a, y). 
Then [f(w+h, y+k)—f (x, y+k)]-[f(eth, y) f(x, y)] 
yee ees y+6,k)—/ (a, y+ 65 k)] 


= eS ~ Sy (w+ Oh, y +05) 


= ae (a+6,h, y+ O,k). 
Hence, since the expressions on the left-hand sides in these two equations 
are identical, we have, after dividing out the factor hk (which is not zero), 
hee (w+ O,h, y+Ogk) = fry (w@+O,h, y+ Ok), 
where all the 6’s are between 0 and I. 
Hence, in the limit when h and & both +0, since the functions are con- 


tinuous, lye (2, y) = Sry (x, y). 
242. Exact differential equations. 


To find the condition that Pdx+Qéy, where P and Q are functions 
of x and y, may be a perfect differential. 

If the given expression is the total differential of a function u of 
xv and y, 


Pda+Qoy = du =o" ant May; 
hence oe eat and Q=0u/dy; 


0Q. 
i. 

This is a necessary a i Conversely, if this condition is 
satisfied, it follows that P and Q are partial differential coefficients 
with respect to x and y respectively of some function u-of a and y. 
For let P= 02/02; 

2Q_ a dz 
then ye dy = Py “(3 oS 
Integrating with respect to 2, 


P) 
Q= 55 + a function of y= oy (2+ a function of y). 


* Using the Mean-Value Theorem for the expression in the brackets regarded 
as a function of y. 

+ Using the Mean-Value Theorem for the expression in the brackets regarded 
as a function of a. 
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If the expression in the brackets be denoted by u, 
Q=du/dy, and P= 02/4 = 0u/d4, 
since the partial d.c. of the function of y with respect to # is zero. 
Therefore P and Q are equal to du/dx and du/dy respectively, 


and Pdx+Qsy= - oa + = Sy = Su, a perfect differential. 
From this result it follows that, if the condition 0P/dy = 0Q/dz 
be satisfied, the differential equation P+ Q 2 = 0 may be put into 


the form 
ou ou dy 


dat dy de 
the integral of which is u = C. 
The differential equation is then said to be exact [Art. 216]. 


. au 
=O, 21:6. am 0 [Art. 235], 


Example. x’ + ay + (y?+ ax) wu = 0. 
The condition is satisfied, and the equation is exact, since 
OP/dy =dQ/dx =a. 


In this case the integral can be written down at once, since the equation 
may be put in the form 


dy dy 

2 awe 2 = 
a+a(y+et) +y ' 0, 
which gives on integration tetanyt+hty=C. 


In the general case, since, in finding 0u/d%, y is regarded as 
constant, and in finding dw/dy, # is regarded as constant, it follows 
that the terms of « which contain a only are represented only in 
0u/dx, i.e, P, and those which contain y only are represented only 
in 0u/dy, i.e. Q, whereas those which contain both @ and y are 
represented in both P and Q. Hence we have the following working 
rule for integrating an exact equation: Integrate P with respect to x 
and Q with respect to y; add the integrals together, but only insert 
once the terms common to both the integrals, and equate the sum to 
a constant. 


Example: 2°+2ayt+y?—2axy+ (2ax—x*?+2ay—y’) ou = 0. 
OP/dy = 2at+2y—-2x; 1Q/dx = 2a-Qae+Qy =dIP/dy; 
hence the equation is exact. 
SP dx =/(x?+2ayt+y’?—2Qay) dx = fa5+2axy+ ay? —x’y, 


SQ dy =/ (2ax-x' + Qxy—y’) dy = 2axy—ay+ xy —Zy 
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The terms 2axy+ay?—2x*y ave common to both, hence the integral is 
425+ Qaxy+ay?—ax*y—-hy = C, 
Or we may proceed as follows: 
du/de = P= 2? 42ayty?—-2Qay. 
Therefore, integrating, and remembering that the ‘constant of integration’ 
will involve y, 
u=ar+Qaxytay?—aytfly); 
ou/dy = 2axt+2xy—2? +f" (y). 


But ou/dy = Q=2ax-—x?+2ay—y’; 
. I y)=—y', and fy) =-Zy°. 
Hence = 4084 2aryt+ ry? —ay—sy, 


and the integral is $28 +2 axy+ay*?—ay—ty' = C, as before. 


Examples XCVI. 

a Cer OE a BS oz 
ox” dy?’ dxdy’ dydx- 

2. If z=2’siny+y*sing, find the values of the same functions. 

8. If z=2™/y", find the values of the same functions; find also 


1. If z= aa>4+8baryt 8cxy’?+dy, fin 


ez dz sz oz oz Og. 
das’ dy8’ dyda®’ Iwdy?? Ia dydu’ IydIadY 
4. If z=logr, where 7? = (w—a)?+(y—b)*, prove that = Z atSa =0, 


provided x—a@ and y—b are not simultaneously zero. 


5. Prove that the equation 0°2/0dt? = a’ 0?z/d«? is satisfied by each of the 
functions z= Asin(x+at), z= Asin (x+at)+Bcos(x—at). 


6. If z= f(x#+ay), prove that 0?2/dy? = a? 0’ 2/da*. 


7. Prove that the same differential equation is satisfied by 
z= f(a +ay) +" (e—ay), 


Ou 
= pts 
8. If «=e, find the value of ca rae 
ou ou ou 
=I Fae eee kN i OE 
9. If w= tan" (y/x), verify that AEE ROPE 
Ou O74 


a 3 
aa =S =-_— « 
10. If carer verify that gos Tela 
Oo? 2 
ll. If w= 2" f(y/x), prove that oe + Qay ~ onde. 


2 2 2 2 

12. If uae, verify that aot EE on asada a ae 8 
2 

Ge Ibe syn prove that z= f(x)+F(y). 


or E 
r? = (x—a)? —b/) 2 
14, If r? = (w—a)?+(y—b)?+ (z-c)’, prove that Ja? 7 A ar Soo is 


15. Find d?z/dé’ in terms of partial d.c.’s, when z = f(a, y), where « and y 
are both functions of ¢. 
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16. Find d?y/da? in terms of partial d.c.’s, when y is an implicit function 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


of x given by the equation f(z, y) = 0. 


A o? 
If u= f(a, Yy), and x =rcosd, y=rsiné, find i ana 


oy! 
in terms of partial d.c.’s of « with respect to r and 0. 
Chek He SOT) ORT rual Yn Lah 
Prove that Jal t dyf ~ 78 ae et 
If x, y, r, 9 are functions of ¢, prove that 
#cosd+#sind=F—-r6?; xoosd—#sind = rd+276 = = (v2 8). 


What is the meaning of these equations in Mechanics ? 
If wu is a function of w and y, and if 
x= Xcosa—Ysina&, y= Xsin&+Ycosd, 

dtu tu tw | 

oa Oy? OK? OY? 
By expanding f(x+h, y+k) in powers of h, then expanding each of 
the resulting terms in powers of & (by Taylor’s Theorem), and neglect- 
ing small quantities of the third order, # and & being taken as of the 
first order, obtain the value of f(a+h, y+k)—f (a, y). 


Prove that the radius of curvature at any point of the curve f(a, y)=0 is 
(feriyt 
Se fyy — Se Sy Fay t+SySen 


Prove that the equation (az + by) ae +ay+cx = 0 is exact, and solve it. 


show that 


dy = 0 is exact, 


Prove that the equation 2xy—y?+ ay + (x?—2ay+ az) ais 


and solve it. i 
Show that the equation 2+ky+ y—ke) & is not exact, but that it is 
Ew 


made exact by dividing both sides by 2?+y*. Hence integrate it. 
Prove the same fact in the case of the equation 
(a? + y?) (a+y%) + = (2Z -y) =0, 
and integrate it. 
If y = asin (px/b) sin (pt+e), where a, p, b, « are constants, prove that 
O8y/ dt? = bd? y/da°. 


Tf w= f(x+Ot, y+Bt), where x and y are independent of t, prove that 


du _ ou du 


oeoy fy 
Find d@*u/dt*, and state a general rule for finding d"u/ dt”, 
{Put r+at=X, y+6t= Y] 
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Miscellaneous Formulae, Equivalents, &c. 

Squares, Cubes, Square Roots, Cube Roots, and Reciprocals of 
Integers from 1 to 100, and of e and m. 

Square Roots and Cube Roots of Numbers from 1 to ro af. 
intervals of «1. 

Trigonometrical Ratios and Radian Measure of Angles from o° 
to go° at intervals of 1°. 

Common Logarithms. 

Common Antilogarithms. 

Natural Sines. 

Natural Tangents. 

Napierian or Hyperbolic Logarithms. 

Exponential and Hyperbolic Functions, 
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TABLE I 
MISCELLANEOUS FORMULAE, EQUIVALENTS, ETC. 


1 = 31416, log m= +4971. [See Table II for powers of 7.] 

€ = 2:7183, log.) e = *4343, loge 10 = 2°3026. [See Tables II and X for powers 
of e.] 

logo t = loge  X +4343; loge x= log, x X 2°3026. 

I radian = 57:30 degrees; 1 minute = :0002909 radian. 

I metre = 39:37 inches = 1:094 yards = :0006214 miles. 

1 inch = 2-540 cm. 

1 gallon = -1604 c. ft. = volume of 10 lb. of water = -4545 litre 

1c. ft. of water contains 62-28 lb. 

1 Ib. wt. = g (= 32°18) poundals = 453-6 gm. wt. = 445,300 dynes. 

1 kilogram = 2-2046 lb. 

Value of g (in London) = 32:18 ft. secs. per sec. = 980-8 cm. secs. per sec. 

60 miles per hour = 88 ft. secs. 

Circle of radius r. Equation referred to centre, 2?+ y2=972. Area= 771"; 
circumference = 27r. Length of arc which subtends 0 radians at the centre = r0; 
distance of C.G. of arc from centre=(r sin $0)/$6; area of sector on this 
arc = $770; distance of C. G. of sector from centre = $(rsin}$6)/40. 

Parabola. y*=4ax. Latus rectum = 4a; focus (a, 0); equation of directrix, 
z+a=0o0, 

Ellipse, semi-axes a and b. Equation referred to principal axes, x?/a?+ y?/b? =1. 
Kccentricity e =4/(1—b*/a?) ; semi-latus rectum = b’/a; foci (+ae, 0) ; equations 
of directrices, x= +a/e; area = nab. 

Hyperbola, semi-axes a and 6. Equation referred to principal axes, 

x?/a? — y?/b? = 1, 
Eccentricity e = (1+ 6?/a?) ; semi-latus rectum = b?/a; foci (+ae, 0); equations 
of directrices, x= +a/e; equations of asymptotes, x/a=+y/b. 

Rectangular Hyperbola, eccentricity =+/2 ; equation referred to principal axes, 
x’ -y’ =a’; equation referred to asymptotes, ry = $a*. 

Sphere of radius r. Volume=4rr°; surface = 4 rr’, 

Distance of C. G. of hemisphere from centre = $r, if solid; 37, if a thin shell. 

Cylinder of height h and radius r. Volume = 1r2h; curved surface = 27rh. 

Cone of height h and radius of base r, Volume= 47r2h; curved surface 
= mr/ (r+ h?), Height of C. G. above base = fh, if solid; 4h, if a thin shell (open 
at base). 

Moment of Inertia of rod or rectangle, length 2 1, about perpendicular axis through 
ecntre = 4 Ml’; of circular disc about a diameter, } Mr?; of circular disc about 
a perpendicular to its plane through the centre, {Mr*; of sphere about a 
diameter, ? Jf”. 


TABLE II 


SQUARES, CUBES, SQUARE ROOTS, CUBE ROOTS, AND RECIPROCALS 
OF INTEGERS FROM 1 TO 100, AND OF e AND 


nt ns Jn Xn 1/n Jn n ns Vn Yn 1/n 
1 I To |e I I f OL} 2601 132651] 7°141 3:708] -o1961 § 
2 4 8 | 1-414 1-260] *50000 § 52% 2704 140608] 7-211 3°733 | 01923 
3 9 27 | 1:732 1:442| *33333§ 539 2809 148877] 7-280 3-756 | -01887 § 
4 16 64 | 2:000 1°587]} :25000f 54) 2016 157464] 7:348 3-780 | 01852 
5] 25 125 | 2°236 1-710} :20000j 55 3025 166375] 7°416 3:803 | -01818 | 
6 36 216 | 2-449 1°817| +16667 | 56} 3136 175616] 7-483 3:826 | -01786 
7H 49 343 | 2°646 1-913] +14286] 57} 3249 185193] 77550 3°849 | 01754 
Bi 64 §12 | 2*828 2-000] *12500f 584 3364 195112] 7:616 3°871 | 01724 | 
9 81 72 3000 2-080} ‘11111 f 599% 3481 205379] 7:681 3-893 | 01695 


10} 100 1000 | 3-162 2-154] -10000} 60} 3600 216000] 7-746 3:915 | 01667 | 


11g 121 = 1331 | 3°317 2-224] -ogog1 f 61} 3721 226981] 7:810 3-936 | -01639 
129 144 1728 | 3°464 2-289] -08333} 624% 3844 238328] 7:874 3-958 | 01613 | 
13] 169 2197 | 3-606 2+351| :07692 | 83} 3969 250047| 7:937 3:979 | 01587 
414 1906 2744 | 3°742 2-410] -07143 | 649 4096 262144] 8-000 4:000| -01563 
15} 225 3375 | 3°873 2:466| 06667 } 65} 4225 274625] 8-062 4-021 | -01538 
16} 256 4096 | 4-000 2520] -06250} 66 4356 287496] 8-124 4-041 | -o1515 
17} 289 ©4913 | 4°123 2°571| *05882f 67) 4489 300763] 8-185 4-062 | -01493 
18 § 324 5832 | 4243 2-621] *055S6q 68} 4624 314432] 8-246 4-082] -o1471 
19§ 361 6859 | 4:359 2-668] -05263 } 69% 4761 328509] 8-307 4-102] -o1449 
20} 400 8000 | 4:472 2-714] 05000 704% 4900 343000] 8-367 4-121 | -o1429 


219 441 9261 | 4°583 2-759] °047624 719 so4r 357911 | 8-426 4:141 | -01408 
224 484 10648 | 4-690 2-802} :04545 { 72% 5184 373248] 8-485 4-160] -01389 | 
234 529 12167 | 4°796 2°844| -04348 | 734 5329 389017] 8:544 4-179 | 01370 
244 576 13824 | 4899 2°884] 04167 | 749 5476 405224] 8-602 4-198] -01351 
25 § 625 15625 | 5-000 2-924] ‘04000 f 75} 5625 421875| 8-660 4:217 | -01333 
26 676 17576 | 5-099 2:962| 03846 764 5776 438976] 8-718 4:236 | 01316 
27] 729 19683 | 5196 3000] 03704 § 77§ 5929 456533} 8-775 4:254 | 01299 
288 784 21952 | 5-291 3:037| °03571 } 78% 6084 474552) 8-832 4-273] -01282 § 
29% 841 24389 | 5-385 3:072| :03448§ 79— 6241 493039| 8-888 4-291 | 01266 § 
80 4 900 27000 | 5°477 3°107| °03333 4 804 6400 /512000] 8-944 4:309 | -01250 § 
81 § 961 297901 | 5°568 3:141| °03226 9 81] 6561 531441] 9-000 4:327 | 01235 } 
82 [1024 32768 | 5°657 3°175| *03125 | 829 6724 551368] 9:055 4-344 | 01220 
83 #1089 35937 | 5°745 3°208| -03030f 839 6889 571787] 9-110 4:362 | 01205 § 
8491156 39304 | 5°831 3:240] -02941 | 849 7056 592704] 9°165 4:380| -O1I9g1 | 
85 41225 42875 | 5-916 3°271| -02857 § 85 7225 614125] 9-220 4-397 | 01177 | 
36 f1296 46656 | 6-000 3-302] -02778§ 86} 7396 636056] 9:274 4:414 | -01163 
87 11369 50653 | 6°083 3-332] °02703 87% 7569 658503] 9°327 4:431 | 01149 
8841444 54872 | 6°164 3°362| °02632§ 889 7744 681472] 9°381 4-448 | 01136 
891521 59319 | 6-245 3°391| "025644 899 7921 704969] 9°434. 4°465 | ‘01124 | 
40 #1600 64000 | 6°325 3°420| 025009 90 8100 729000] 9-487 4-481 | -O1III 
44 11681 68921 | 6-403 3°448| -02439 # 919 8281 753571] 9:°539 4:498 | -O1099 f 
4241764 74088 | 6-481 3°476| -02381 | 929 8464 778688] 9:592 4:514 | 01087 | 
43 11849 79507 | 6°557 3°503| -02326 93 8649 804357} 9°644 4-531 | 01075 
441936 85184 | 6:633 3°530| :02273 # 949 8836 830584] 9:°695 4:547 | 01064 
45 $2025 91125 | 6-708 3°557| -02222 4 95 f 9025 857375] 9°747 4:563 | ‘01053 § 


46 #2116 97336 | 6-782 3°583| -02174] 969 9216 884736) 9-798 4°579 | 01042 | 
47 12209 103823 | 6:856 3°609| :02128 | 974 9409 912673] 9°849 4°595 | 01031 | 
48 2304 110592 | 6-928 3°634| -02083 | 98} 9604 941192] 9:899 4:610 | 01020 
49 }2401 117649 | 7:000 3°659}] -02041 f 99 § 9801 970299] 9:950 4:626 | -OIOIO 
50 #2500 125000 | 7-071 3°684] :02000 4100 j 10000 1000000 | 10-000 4:642 | -O1000 


e 17-389 20-086 | 1649 1°396] °36788 7 }.9°8696 31-006 | 1-7725 1-465 | +31831 


The squares, cubes, and reciprocals of numbers from 0 to 10 at intervals of 
+1 may be written down at once from the above table by inserting the decimal 
point in its proper position, e.g. 3-77 = 13°69, 3°79 = 50°53, sty = *2703+ 
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TABLE III 


SQUARE ROOTS AND CUBE ROOTS OF NUMBERS FROM 1 TO ro 
AT INTERVALS OF -1 


> 
| = 


3082 2-118 
3:098 2°125 
3°114 2°133 
3°130 2*140 
3°146 2°147 
3°162 2°154 


8: 
8: 
8: 
8: 
8: 
8- 
8: 
8: 
8: 
9. 
9: 
9. 
9: 
9. 
9: 
9 

9: 


SOONG HAW COHAS HAGIOM 
SCOMARD TNPWNF DOO NM OfPwoN- 
PATART TATA CORE Po BP RRR 
CSCOONMD UOPWNHF COONS OPWH- 
PQDAIAIA AIAIT AIDHRADRD WRPWRAH 


SCODAGR ABHWDK SOHAGD TAhwODY 
COKDAGD MPWNR COMBNA HAwWHR 
WwW 


DR PRR eR 


ooo 


To find the square root of an integer between 100 and 1000, e.g. 347, we have 
from the above table 
7/340 =10 V 3-4 =18-44, 
AV 350 =10 4/3'5 =18-71. 
Using the principle of proportional parts, the difference for 10 =:27 ; hence the 
difference for 7 =:27 X 475 ='I9. 
Therefore WV 347 =18-44+ ‘19 =18-63. 
The root may be found more readily by looking out from Table VI the antilog. 
of }log 347 obtained from Table V. 
Similarly, the cube root of any number z is the antilog. of }logz. 
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TABLE IV 


TRIGONOMETRICAL RATIOS AND RADIAN MEASURE OF ANGLES 
FROM o° TO 90° AT INTERVALS OF 1° 


Radians.|Degrees.f Sines. | Tangents. | Secants. | Cosecants. | Cotangents.| Cosines. 

° 0 fo) fo) I oo 00" I 90 1°5708 
*OI75 1 0175 °O175 1-0002 | 57:2987 | 57:2900 | -9998 89 15533 
"0349 2 | 0349 | 0349 1:0006 | 28-6537 | 28-6363 | ‘9904 | 88 | 1°5359 
70524 3 0523 0524 T-0014 | 19:1073 | 19°0811 | -9986 87 1.5184 
"0698 4 | 0698 | 0699 10024 | 14°3356 | 14:3007 | 9976 | 86 | I-5o0I0 
0873 5 0872 087 5 10038 | 11°4737 | i1:4301 | :9962 85 1°4835 
‘1047 6 1045 *IOSI 1-005 5 9:5668 | 9°5144 | -9945 84 1-4661 
*1222 i 1219 "1228 1°0075 8-205 5 81443 | :9925 83 1:4486 
*1396 8 | -1392 | +1405 10098 | 7°1853 | 71154 | 9903 | 82 | 14312 
“1571 9 [+1564 | +1584 10125 | 6°3925 | 6°3138 | -9877 | 81 | 1-4137 


1745 | 10 [1736 | 1763 | 10154 | 5°7588 | 5-6713 | -9848 
+1920 11 ‘1908 "1944 1:0187 5°2408 | 5:1446 | -9816 
+2094 12 2079 *2126 1:0223 4:°8097 | 4:7046 | -9781 
2269 | 138 | -2250 | -2309 10263 | 4°4454 | 4°3315 | °9744 
2443 14 "2419 2493 1:0306 41336 | 4:0108 | :9703 
2618 15 +2588 +2679 1:0353 38637 3°7321 | -9659 
+2793 16 2756 +2867 1:0403 3:6280 3°4874 | -9613 
"2967 17 °2924 *3057 1:0457 3°4203 | 3°2709 | -9563 
3142 | 18 § -3090 | +3249 10515 | 3:2361 | 3°0777 | “9511 
3316 | 19 | -3256 | +3443 10576 | 30716 | 2:9042 | -9455 
3491 | 20 § -3420 | +3640 10642 | 2:9238 | 2:7475 | -9397 
3665 | 24 § -3584 | +3839 | To7I1 | 2:7904 | 26051 | -9336 
+3840 | 22 | -3746 | -4040 10785 | 2-6695 | 2:4751 | 9272 
“4014 23 *3907 4245 10864 2°5593 | 2°3559 | 9205 
+4189 24 -4067 "4452 1:0946 2°4586 | 2:2460 | -9135 
+4363 25 *4226 +4663 +1034 2°3662 2:1445 | -9063 
+4538 26 +4384 | +4877 “1126 2:2812 20503 | -8988 
“4712 27 *4540 +5095 1223 22027 1:9626 | -8910 
-4887 28 4695 °5317 1326 2-1301 1-8807 | -8829 
5061 | 29 ff -4848 | -5543 ‘1434 | 2°0627 | 1-8040 | -8746 
5236 30 *5000 5774 +1547 20000 | , 1:7321 | -8660 
“5411 31 “5150 *6009 *1666 1-9416 1:6643 | -8572 
+5585 32 +5299 ‘6249 “1792 1:8871 16003 | 8480 
5760 | 83 9 5446 | +6494 1924 | 1°8361 | 1°5399 | -8387° 
5934 | 34 fF -sso2 6745 +2062 1-7883 | 1-4826 | -8290 

“6109 35 5736 *7002 2208 1°7434 | 1-4281 | -8192 
6283 36 +5878 +7265 "2361 1*7013 1°3764 | -8090 
6458 37 6018 "7530 2521 1-6616 1°3270 | -7986 
+6632 38 “6157 +7813 +2690 1-6243 1:2799 | 7880 
+6807 39 6293 -8098 2868 1+5890 1:2349 | °7771 
6981 40 6428 +8391 3054 1°5557 11918 | +7660 
7156 | 44 | 6561 | +8693 | 1°3250 | 1°5243 | I°1504 | °7547 
7330 | 42 | -6691 | -9004 1*3456 | 1:4945 | T1106 | +7431 
7505 | 43 § 6820 | 9325 1°3673 | 1°4663 | 1:0724 | :7314 
‘7679 | 44 | 6047 | 9657. | 1°3902 | 1:4396 | 1°0355 | +7193 
7854 45 ‘7071 | 10000 1°4142 1-4142 10000 | 7071 


= 
a 
ao 

[on A oe ee) Le il en El on El on El on Ss SS eR “et 
i nl 
w 
ms 
wm 


Ot tt 


Cosines. | Cotangents.| Cosecants.| Secants. | Tangents. | Sines. {Degrees. Radians. 


The Radian Measure of any other angle can be obtained by Proportional Parta 
[10’ = 0029 radian], 


0086 
0492 
0864 
1206 
1523 
1818 
2095 
2355 
2601 
2833 
3054 
3263 
3464 
3055 
3838 
4014 
4183 
4346 
4502 
4054 
4800 
4942 
5079 
5211 
5340 
5465 
5587 
5795 
5821 
5933 
6042 
6149 
6253 
6355 


0128] 
0531 | 


0899 


510 


TABLE V 
COMMON LOGARITHMS 


OI70 O212 0253 


0607 0645 
0969 1004 
1303 1335 
1614 1644 
1903 1931 
2175 2201 
2430 2455 
2672 2695 
2900 2923 


3118 3139 
3324 3345 
3522 3541 
3711 3729 
3892 3909 
4065 4082 
4232 4249 
4393 4409 
4548 4564 
4698 4713 
4843 4857 
4983 4997 
SII9Q 5132 
5250 5263 
5378 5391 
5502 5514 
5623 5635 
5740 5752 
5855 5866 
5966 5977 
6075 6085 
6180 6191 
6284 6294 
6385 6395 
6484 6493 
6580 6590 
6675 6684 
6767 6776 
6857 6866 
6946 6955 
7033 7042 
7118 7126 
7202 7210 
7284 7292 
56 7364 7372 


0294 
0682 


1038 
1367 
1673 
1959 
2227 
2480 
2718 
2045 
3160 
3365 
3560 
3747 
3927 
4099 
4265 
4425 
4579 
4728 
4871 
SOII 
5145 
5276 
5403 
5527 
5647 
5763 
5877 
5988 
6096 
6201 
6304 
6405 
6503 
6599 
6693 
6785 
6875 
6964 
7050 
7135 
7218 
7 300 
7380 


0334 0374 
0719 0755} 


1072 1106 


1399 1430§ 
1703 17325 
1987 2014} 
2253 22705 
2504 2520 f 
2742 2765 | 


2967 2989 
3181 3201 
3385 3404 
3579 3598 


3766 3784} 
3945 3962 § 
4116 4133} 


4281 4208 


4440 4456} 
4594 4609 | 


4742 4757 
4886 4900 


5024 5038} 


5159 5172 
5289 5302 


5416 5428] 


5539 5551} 
5658 5670} 


5775 5786 


5888 5899 f 
5999 6010} 
6107 6117} 


6212 6222 


6314 6325 § 


6415 6425 


6513 65225 
6609 6618 § 
6702 67125 
6794 6803 } 
6884 6893 } 


6972 6981 
7059 7067 


7143 71525 
7226 7235} 
7308 7316 
7388 7396 } 


~ 


Perr oe OR HORROR Re Re oe NHN NYNNNNND Wein CorCse ColOs ORES 


to 


YBNYHHN HNNNHNNH NNNNKHND NNNNND WWWWW WWWWwWWHW PAHRAR APUUND ADQN wo 


YPYNWW WWWWW WWWWwWWH WwWwhh ARAAH ANUUUN UADAAAGA NNN woo 


PWWwwn BHAA H AAAAHA AUUUM UMNADA AQYNOANN NN ©OMM WOO 


ARRHAAH HPAMUM NUMAN NAAADAD AANNN YN OMOMO WOO 


MAMMMAMnM AWN AD VAHDWNVADAAIANNNNN WMOMWO OWOMO 


Difference-Columns. 


DAAWVADA”A VAVANN NNNN CO WMWMMMWOO OWWO 


DANNN NNN™N CO WOMMMO WOO 


NNN ©@ ©0000 MO O00 


7412 7419 7427 
7490 7497 7505 
7566 7574 7582 
7642 7649 7657 
7716 7723 7731 
7789 

7860 

7931 

8 


9359 9355 
9400 9405 
9450 9455 
9499 9504 9509 


9547 9552 9557 


9736 9741 9745 


9782 9786 9791 
9827 9832 9836 
9872 9877 9881 
9917 9921 9926 
9961 9965 9969 


COMMON LOGARITHMS. 


7738 7745 7752 
7810 7818 7825 
7882 7889 7896 
7952 7959 7966 
8 8028 80 

8096 

8162 

8228 

8293 

8357 

8420 

8482 

8543 

8603 8 

8663 

8722 

8779 

8337 

8893 

8949 

9004 

9058 

gii2 

9165 

9217 

9269 9274 

9320 9325 

93792 9375 

9420 9425 

9469 9474 

9518 9523 

9566 9571 


9754 9759 
9800 9805 
9845 9850 


9974 9978 9983 


7466 
7543 
7619 
7694 
7767 
7839 
7910 
7980 
8048 
8116 
8182 
8248 
8312 
8376 
8439 
8500 
8561 
8621 
8681 
8739 
8797 
8854 
8910 
8965 
9020 


9074 9079 | 
9128 91335 


9180 9186 


9232 9238; 


9284 9289 


9335 9340} 


9576 9581 9586} 
9624 9628 9633 | 
9671 9675 9680} 


9717 9722 9727 
9763 9768 9773 
9809 9814 9818 
9854 9859 9863 
9899 9903 9908 
9943 9948 9952 


9987 9991 9996 


fom omomene! OO000 OOHHH eee a ee Rak RAs SSE Le at et tO OO Oe 


to 


ee a ee eee ee et et) eet ee HHH ee Ae eRe et eR DN DD 
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Difference-Columns. 


He HH RRR He Re YYDY YNNNNND YNNNHNN NNNNN HO YHHK NHNNYNNN HNNNDN 


NNN H ND Peden YPHYHKHNWY NYNNHNNNN VYNHNNN NNNNND DWwWWW WWwvww Wwwww 


WY YKHY YY NNDWY WBNYWWW WBWWWHW WWWWWw WWWHw WWWWwWWwW WWW PAPA AL 


WWWWW WWWWW WWWWW WWWWW WwWwWww PAAAA PAAALH HPPHAHR HAUM 


WWWWwWw WWWWW WWAADLA AHPHALD AHAALP AHDPALP PRUMNM NAMM WVU 


wapPAA CPPKE PHPPAHL HPPA HL PPAUNM MANU NAMM MBM ARDA ANAAD 


RRPARA AAPRAL PAUUNUY NUNN MUNMMN WAU A DANDADAAN ADAAANYNNNNN 
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TABLE VI 
COMMON ANTILOGARITHMS 


Difference-Columns. 


617 8 9 
ey paaeeeitatmomeeers | 4 es a ea e078 eS 


Le eo eo 2 


A ey eee ee ee OOK OM OS ORONO OmmOnOUO LOL OW OLS CuO LO, O10 61 OOO: O.0 0,0 016, OOO 


WWWWWwWWNNDH NNHNHNHNKH NHNNHNNNKH NNNNND NNNNH HH HHH RRR Re RRR Re 
PPWWW WWWWWH WwWWWwWw WNHNHNHKH NNHNNHHKD NNHNHNKHN NNNHNND NHONNKNH HH HHH HHH ee 
PARA AA HPAP AR WWWWW WWHWW WHWWH NNNKHNKH HNHKHNH YNHNNHNHND HNKNHKHHNDHD NHHHY 
MmMmmnin BRAHBRHR HAHAH PWHOWW WWWWW WWWWW WNHNHKHDHD NNHNNKNDND NNONNDN NdYHKN 
NDNNNDND ANAM NUMUMMNM MEHHH HAHAHA PRWWW WWWWWH WWWWWH WWHDNDD YNNKHNDN 


a a aac oT I ET PT YG em KO0O000d0 
HNNNHNHH HNHNNNN NHN ND NH Hee Hee ee eR 


PAAUMM MMM MPR HRHh AHRAHRA AHRWWW WWWWW WWWWW WWHNKHDHD YVNHNNKNHND HNNHKHNDN 


COMMON ANTILOGARITHMS 


3170 3177 3184 
3243 3251 3258 
3319 3327 3334 
3396 3404 3412 
3475 3483 3491 


3556 3565 3573 
3639 3648 3656 
3724 3733 3741 
3811 3819 3828 
3899 3908 3917 
3990 3999 4009 
4083 4093 4102 
4178 4188 4198 
4276 4285 4295 
4375 4385 4395 
4477 4487 4498 
4581 4592 4603 
4688 4699 4710 
4797 4808 4819 
4909 4920 4932 
5023 5035 5047 
5140 5152 5164 
5260 5272 5284 
5383 5395 5408 
5508 5521 5534 
5636 5649 5662 
5768 5781 5794 
5902 5916 5929 
6039 6053 6067 
6180 6194 6209 


6324 6339 6353 
6471 6486 6501 
6622 6637 6653 
6776 6792 6808 
6934 6950 6966 
7096 7112 7129 
7201 7278 7295 
7430 7447 7464 
7603 7621 7638 
7780 7798 7816 
7962 7980 7998 
8147 8166 8185 
8337 8356 8375 
8531 8551 8570 
8730 8750 8770 
8933 8954 8974 
QI4I 9162 9183 
9354 9376 9397 


9572 9594 9616 
9795 9817 9840 


7482 7499 7516 
7656 7674 7691 
7834 7852 7870 
8017 8035 8054 
8204 8222 8241 
8395 8414 8433 
8590 8610 8630 
8790 8810 8831 


8995 9016 9036 
9204 9226 9247 
9419 9441 9462 
9638 9661 9683 
9863 9886 9908 


614436 4446 


3214 3221 
3289 3296 
3365 3373 
3443 3451 
3524 3532 
3606 3614 
3690 3698 
3776 3784 
3864 3873 
3954 3963 
4046 4055 
4140 4150 
4236 4246 
4335 4345 


3228 
3304 
3381 
3459 
3540 
3622 
3797 
3793 
3882 
3972 
4064. 
4159 
4256 
4355 
4457 
4560 
4667 
4775 
4887 
5000 
5117 
5230 
5358 
5483 
5010 
5741 
5875 
6012 
6152 
6295 
6442 
6592 
6745 
6902 
7063 
7228 
7396 
7568 
7745 
7925 
8110 
8299 
8492 


4539 4550 
4645 4656 
4753 4764 
4864 4875 
4977 4989 
5093 5105 
5212 5224 
5333 5346 
5458 5470 
5585 5598 
5715 5728 
5848 5861 
5984 5998 
6124 6138 
6266 6281 


6412 6427 
6561 6577 
6714 6730 
6871 6887 
7031 7047 
73194 7211 
7362 7379 
7534 7551 
7799 7727 
7889 7907 
8072 8091 
8260 8279 
8453 8472 
8650 8670 8690 
8851 8872 8892 


9057 9078 9099 
9268 9290 9311 
9484 9506 9528 
9705 9727 9750 
9931 9954 9977 


cel 


~ 


LS PS ST aS a, LS Dae Ja YUL YN SU OIL COIET On © = =e OI eg PTT ee 
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Difference-Columns, 


aI 
© 


23/4 56 


NNN DD DADADA unumn nuunwnsw AAAAHR PAAAAR WWWWW WHWWWWH WWWWN HNNNNDND 
099 OW WDANMNWAON NNNNN QAAQDAAD NAOIA”AM NiMMIN NAPHAAHR APRADA PRWWW WWWwWW 
O09 O00 MH WHMMON NYNNNNY QAAADAAD QAannn unununin nAhRAHR AALARALH 

DOOOWO 0 MOM WOYYY YYYAD AAAAD unui unuiwisr 

OOD OOO OM WDWOONN NNNNO QDADADA DAduuwn 

WOO00 © WCWOMOON NNNNN AADAADA 


MPBAR AAAAAR PAWWW WHWWWW WWWWWH WWHHKHHKH YHYNYKNHH HYHKHHNKNHNDHK VYNNNKWDKNDN Yo HHH 


© 


A wee 
H ODDDOMW OWMOO © MHWOON NNNNN 
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TABLE VII 
NATURAL SINES OF ANGLES FROM o° TO go® AT INTERVALS OF 1’ 


Natural Cosines may be obtained from this table, by using the fact that 
cos 4 = sin(go°—.A). 


ey | ee ee ne — 


0° | 0000 4 0017 | 0035 | 0052 #0070 | 0087 | O105 § 0122 12 15 
1 | +0175 f 0192 | 0209 | 0227 } 0244 | 0262 | 0279 f 0297 12 15 
2 -0349 § 0366 | 0384 | 0401 J 0419 | 0436 | 0454 F 0471 es 
3 | 0523 FO541 | 0558 | 0576 f 0593 | 0610 | 0628 f 0645 12 15 
4 | 0698 #0715 | 0732 | 0750} 0767 | 0785 | 0802 | 0819 12 15 
5 | -0872 f 0889 | 0906 | 0924 | 0941 | 0958 | 0976 #0993 I2 14 
6 | +1045 f 1063 | 1080| 1097 F I115 | 1132] 1149} 1167 I2 14 
7 | +1219 § 1236 | 1253] 1271 #1288 | 1305 | 1323 $1340 I2 14 
8 | +1392 4 1409 | 1426] 1444} 1461 | 1478] 1495 #1513 I2 14 
9 | +1564 4 1582 | 1599 | 1616 f 1633 | 1650 | 1668 f 1685 12 14 


WPKYKYKYKY VKH NBKYN VYWVHKVWVNW WWWWW WWWWW WWWHWH WWWWWH WHWWWW WWWWW 
RADAAA AUUUNUH UVUUUEMH UNM AAU MANDAN DAADAN DADAN AVDAVND 


DOANN NNNNN NNNN © OOOWMM DOHMH O MMMMM WMDOWOMO OOWOWOO OMOMOOWO 
rT 
Ln) 
Lal 
as 


mmMOWOMO OOMOM' 
i) 
H 


NATURAL SINES 515 


Minutes. 


oO’ 

1’ 2’ 3’) 4/ B/ 
45° | +7071 24s TO) |: Seto 
46 | +7193 25 Aes OST 10 
47 |+7314 12) 4) 658710 
48 | +7431 12 4 6] 8 10 
49 | +7547 2 4 618 9 
50 | +7660 1oZ GE GGA XG) 
51 | -7771 29 4 Se 7 9 
52 | +7880 f2 4 517 9 
53 | °7986 Z Be Bley o® 
54 | -8090 i | Wael 
55 | 8192 2 8 
56 | -8290 2 : : 6 8 
57 | -8387 Ag & Oss 
58 | -8480 Gil te 
59 | -8572 fis 0 Fill tex Sy 
60 | -8660 i—-3" 46 7 
61 | -8746 Ee 63, 43-0". 7 
62 | -8829 Se AES 7. 
63 | -8910 Ar 304) 5 6 
64 | -8988 este 1S a0 
65 | 9063 12554105, © 
66 | -9135 fi 2 35. oS 
67 | -9205 ir 2 3/4 6 
68 | 9272 Hr 2 3/4 5§ 
69 | -9336 pI 2 3/4 5 
70 | -9397 it .2, 3.4. 5 
71 |°9455 r 2 3/4 5 
72 |-9511 1 2 3/4 4 
73 |°9563 T2234 
74 | -9613 Ir 2 2/3 4 
75 |:9659 I t 2|3 4 
78 | °9703 ED Ze Seacs 
77 |°9744 Ee TS Zire 3. 53 
18 9781 I I 2| 2 3 
79 |-9816 i ee aire 3 
80 | -9848 Outen te 20 52 
81 "9877 oO I 1 er ae 
82 "9903 OTe ake ee. 
83 "9925 Oo i! I I 2 
84 | -9945 GO isle oie ¥2 
85 | 9962 Oy coe | ees 
86 | 9976 Qnor |r t 
87 | 9986 Ou OneO) Piet 
88 | -9994 Om OM.O)|EO70 

©7110 FO Omr0 


nls 


So 
Ce} 


SOON LPwonwr- 
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TABLE VIII 
NATURAL TANGENTS OF ANGLES FROM o° TO 90° AT INTERVALS OF 1’ 


Natural Cotangents may be obtained from this table, by using the fact that 
cot A = tan(g0°— 4). 


—__ | -——_$ 4 _q— |~quqe| oe z.uc—m |) §| e— i } 


0052 | 


18’ | 


0227 
0402 
0577 
0752 
0928 
1104 
1281 


1459 | 


1638 


1817 


1998 


2180 
2364 § 
2549 | 
2736 | 
2924 
3115 | 


3307 
3502 
3699 
38909 
4101 
4307 
4515 
4727 


4942 


5161 
5384 
5612 


5844 | 
6080 | 


6322 
6569 
6822 


7080 4 
7346 | 


7618 
7808 


8185 
8481 | 
8785 | 
90gg # 
9424 | 
5 | 9759 | 


1’ 


DAOUNUM Unnnhp HAHHAL HAHAH PWWWYW WWWWW WWWWW WWWWW WWW Ww Ww 


OOO 0 MMMM DONNN NNNNN DAADAD AAADA ADDAN DAANVAA 


Minutes. 

, 3’ 4! 5/ 
9 T25uS 
9 12 15 
9 12806 
9 IZ. Ss 
9 12 15 
9 125 is 
9 T2eus 
9 Iau 
9 12,55 
9 12905 
9 T2n5 
9 12 15 
9 12805 
9 12 15 
9 12 16 
9 13 16 
9 13 16 

10 13 16 
10 13 16 
10 13717 
10 13,17 
10 Taul7 
10 14 17 
10 14 17 
10 14 18 
II 14 18 
II 15 18 
II 15 18 
II I5 19 
12 I5 19 
12 16 20 
12 16 20 
12 16 20 
1s 1728 
13 Tot 
13 18 22 
14 18 23 
14 18 23 
14 IQ 24 
15 20 24 
15 20 25 
16 21 26 
16) )), 2027, 
17 22 28 
17 23 290 
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~ 
~ 


O WD ON NNAAVAGA 
H 
& 
v0 
i nl 


Use Proportional 
Parts. 
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TABLE IX 


NAPIERIAN OR HYPERBOLIC LOGARITHMS OF NUMBERS 
FROM 1 TO to AT INTERVALS OF -oo1 


From this table, the hyperbolic logarithm of any four-digit number up to 10000 may be 
obtained, 


e.g. log 27:9 = log 2:79 + log 10 = 1:0260 + 2°3026 = 3-3286, 
log 5137 = log 5-137 + log 1000 = 1.6365 +6-9078 = 8°5443. 
log -0279 = log 2:79—log 100 = 1:0260—4:'6052 = — 3°5792. 


*0000 J O100 0198 0296}.0392 0488 058340677 0770 0862 410 
095341044 1133 122241310 1398 14841570 1655 1740 
+1823 1906 1989 2070] 2151 2231 23112390 2469 2546 
*262412700 2776 285292927 3001 307543148 3221 3293 
"3365 13436 3507 357743646 3716 3784] 3853 3920 3988 
"405594121 4187 425314318 4383 4447] 4511 4574 4637 
"470084762 4824 48864947 5008 5068}5128 5188 5247 
"530695365 5423 548195539 5596 565395710 5766 5822 
587895933 5988 60436098 6152 6206]6259 6313 6366 
"6419 #6471 6523 65756627 6678 672946780 6831 6881 


6931 76981 7031 7080}7129 7178 722717275 7324 7372 
741947467 7514 756197608 7655 770197747 7793 7839} 


1:0 

1-1 9 

1:2 8 

1:3 7 

1-4 7 

1:5 6 

1:6 6 

1:7 6 

1:8 5 

1:9 5 

2:0 5 

2-4 5 

2-2 4 9 13|18 22 27 
2:3 AW OPY31 17421526 
2-4 4 8 12/16 20 24 
2-5 [4 8 12]16 20 24 
2:6 4 8 I1]I5 19 23 
2-7 Ae att is xs 22 
28 AD 7D TANS 2Y 
2-9 3). 7 10), 14537) 20 
3:0 34 PIO TFTIO 20 
3-1 3 6 10|13 16 I9 | 
3-2 37 GeO L2hus 1S | 
3:3 3 6 g|]12 15 18 | 
3-4 3. 6 gp) 12-55) 87 
3-5 $2 6: OU IMIS 77 
36 Ze Ses | RTerAyTS 
3-7 3y SouS| Tieus 16 
3-8 30 5. S| TO 23.516 
3:9 3. $5 Oi tovaaee 
4-0 ay §\ 71 t0"Ie-ae 
4-4 2 § 7\10 12 14 
42 2o'§ oh guia g 
43 2:5 7) 912 44 
44 2. Sgr Ooty ces 
45 2 4 7) 911 13 
4-6 2) 4°61) oT Pla3 
47 2°46 Breas 
4-8 | 1°568695707 5728 574815769 5790 5810}5831 5851 5872} 2 4 6] 8 10 12 
4-9] 1-5892]5913 5933 595395974 5994 60146034 6054 6074) 2 4 6] 8 Io 12 


NAPIERIAN OR HYPERBOLIC LOGARITHMS 519 


Difference-Columns, 


1?) 


6114 6134 6154 $6174 6194 6214 f 6233 6253 6273 | 
6312 6332 6351} 6371 6390 6409 | 6429 6448 6467 
6506 6525 65446563 6582 6601 f 6620 6639 6658 | 
6696 6715 6734} 6752 6771 6790} 6808 6827 6845 § 
6882 6901 6919} 6938 6956 6974} 6993 7OII 7029 | 
7066 7084 710297120 7138 7156 7174 7192 7210 | 
7263 72817299 7317 733497352 7370 7387 
7440 745747475 7492 7509} 7527 7544 7561 
7613 7630} 7647 7664 7681} 7699 7716 7733 
7783 7800} 7817 7834 7851} 7867 7884 7901 
7951 796747984 8001 8017 | 8034 8050 8066 
8116 813248148 8165 8181} 8197 8213 8229 
8278 829448310 8326 8342} 8358 8374 8390 
8437 845398469 8485 S500] 8516 8532 8547 | 
8594 86104 8625 8641 8656} 8672 8687 8703 
8749 876448779 8795 8810} 8825 8840 8856 | 
8901 8916} 8931 8946 8961 f 8976 8991 9006 § 
QO5I 9066} 9081 9095 OIIO} 9125 9140 9155 
9199 921349228 9242 9257 4 9272 9286 9301 | 
9344 93599373 9387 9402} 9416 9430 9445 


9488 950249516 9530 9544} 9559 9573 9587 | 
9629 9643}9657 9671 9685 | 9609 9713 9727 
9769 9782}9796 9810 9824} 9838 9851 9865 
9906 9920] 9933 9947 9961} 9974 9988 Cool 
0042 0055 #0069 0082 0096} O109 0122 0136 
0176 0189} 0202 0215 0229 0242 0255 0268 
0308 032110334 0347 0360} 0373 0386 0399 
0438 045190464 0477 0490} 0503 0516 0528 | 
0567 0580f.0592 0605 0618 § 0631 0643 0656 
0694 0707} 0719 0732 07444 0757 0769 0782 | 
0819 0832£0844 0857 0869 f 0882 0894 0906 
0943 09560968 0980 0992 f 1005 1017 1029 
1066 1078] 1090 1102 1114 1126 1138 1150 
1187 I1QOPI2II 1223 12354 1247 1258 1270 | 
1306 1318] 1330 1342 13539 1365 1377 1389 
1424 1436} 1448 1459 1471} 1483 1494 1506 
S41 155281564 1576 1587 1599 1610 1622 f 
1656 16681679 1691 1702} 1713 1725 1736 
1770 178241793 1804 1815} 1827 1838 1849 
1883 1894 1905 I917 1928} 1939 1950 1961 
1994 2006} 2017 2028 20394 2050 2061 2072 
2105 211692127 2138 21484 2159 2170 2181 
2214 222542235 2246 2257] 2268 2279 2289 
2322 23324 2343 2364 | 2375 2386 2396 
2428 2439] 2450 2471 | 2481 2492 2502 
2534 254492555 2576 | 2586 2597 2607 
2638 2649} 2659 2680 f 2690 2701 2711 
2742 2752) 2762 2783 2793 2803 2814 
2844 2854} 2865 2885 | 2895 2905 2915 
2946 2956 2966 2986 | 2996 3006 3016 
log 100 = 46052 flog 1000 = 6:9078}log 10000 = 9:2103 
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5-0 
5-4 
5-2 
5-3 
5-4 
55 
56 
5:7 
58 
5-9 
6-0 
6-4 
6-2 
6-3 
8-4 
6-5 

| 6-6 
6-7 
68 
6-9 
7-0 
TA 
72 
7:3 
1-4 
15 
76 
17 
78 
79 
8-0 
8-4 
8-2 
8-3 
8-4 
85 
86 
87 
88 
8:9 
9-0 
9-1 
9:2 

19:3 
9-4 
95 

9-6 
9-7 
98 
99 
0-0 


HH WWWWWH WWW Www 


-_ 


520 


TABLE X 
EXPONENTIAL AND HYPERBOLIC FUNCTIONS 


(a) Values of e* [Hyperbolic Antilogarithms], e~*, sinhx and coshz from x = 0 to x = 2:99 
at intervals of -or1. 


e® e” | « lIsinhax coshaz e® e” | x |sinha coshx e® Cm x |sinhaz cosha | 


*103082:4596 -4066| -90/1-0265 1-4331 | 
“1077 }2°4843 +4025] *91)1-0409 14434 | 
“11252-5093 *3985| -92}1-0554 1-4539 | 
*1174]2°5345 °3946| *93]/1-0700 1-4645 
1225 2°5600 +3906] -94|1-0847 1-4753 
*12762°5857 °3867| -95|1-0995 1-4862 
*1329)2°6117 °3829} -96/1-1144 1:4973§ 
°97| 1°1294 1°5085 
11446 1°5199 
11598 1+5314 
“1551927183 +3679 |1-00/1-1752 1+5431 
U1) T1907 1°5549 
12063 1°5669 § 
1:2220 I*5790 
1:2379 1°5913 
*185512°8577 +3499|1-05/1-2539 1:6038 F 
“1919 | 2°8864 +3465 | 1:06] 1-2700 1:6164% 
1984 2°9154 +3430] 1-07 | 1-2862 1-6292 | 
1*2051}2°9447 +3396|1-08| 1-3025 1-6421 f 
I*211942°9743 °3362|1-09|1-3190 1-6552 j 
1:2188 } 3°0042 +3329 | 1:10] 1-3356 1-6685 
1°2258} 3°0344 -°3296|1-11]1-3524 1-6820 
+2330] 3°0649 °3263 | 1:12] 1-3693 1°6956 
1+2402 f 3°0957 *3230|1:13| 1-3863 1-7093 
1°247613°1268 +3198 | 1:14] 1-4035 1-7233 
1-25523°1582 +3166 | 1:15] 1-4208 1:7374 
1°2628 3°1899 °3135 | 1:16] 1-4382 1-7517 
1-2706 # 3'2220 °3104]1°17/1-4558 1-7662 
12785 }3°2544 +3073 |1-18] 1-4735 1-7808 
1-2865 32871 +3042 |1:19|1-4914 1-7957 
1+2947 | 3°3201 +3012 | 1:20) 1-5o095 1-8107 
1°3030 1 3°3535 °2982|1:21]1-5276 1-8258 
+3114 9 3°3872 °2952]1:22/1-5460 1-8412 
I*3199]] 3°4212 +2923 ]1°23/1-5645 1-8568 
1+3286 ] 3°4556 -28094 | 1:24] 1-5831 1-8725] 
1*337413°4903 +2865 | 1:25] 1-6019 1°8884 
1+3464 | 3°5254 +2837 | 1-26) 1-6209 1-9045 
+3555 }3°5009 +2808 | 1:27] 1-6400 1-9208 
+3646 13°5966 +2780 | 1:28] 1-6593 1-9373 
13740 } 3°6328 +2753] 1:29] 1-6788 1-9540 
14918 -6703]°40|:4108 1-0811 §2+3306 -4274|:85] -9561 1°38353°6693 +2725 | 1-80] 1:6984 I: 
15068 *6637 | 41] °4216 1:0852}2-3632 +4232|-86| -9700 1°3932]3°7062 +2698 | 1:31 ie 10880 
1*5220 +6570 | 42] +4325 1-0895 | 23869 -4190]-87} -9840 1:402913°7434 °2671 | 1-32] 1-7381 2-0053 
1°5373 °6505 | -43|-4434 1:0939]2-4109 -4148]-88] -9981 1-4128]3-7810 +2645 |1-33]1-7583 2-0228 
1*5527 +6440] -44|-4543 10984 92-4351 +4107 |-89|1-0122 1+4229}3-8190 +2618 | 1-34| 1-7786 2°0404 
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en x 


er? x 


cosh x 


$$$ ______ 
SS SS 


*2592/1°35|1-7991 
*2567/1-36 18198 
*2541|1-37|1-8406 
*2516/1-38|1-8617 
*2491|1-39]1-8829 
*2466/1-40)1-9043 
*2441/1-41|1-9259 
°2417/1-42|1.9477 
*2393|1-43)1-9697 
*2369/1-44!1-9919 
*2346/1-45|2-0143 
*2322/1-46)2-0369 
*2299|1-47|2-0597 
*2276/1-48|2-0827 
*2254/1-49)2-1059 
°2231/1-50|2-1293 
*2209|1-51|2-1529 
*2187/1-52)/2-1768 
*2165|1-53)/2-2008 
*2144|1-54/2-2251 
*2122/1-55/2-2496 
*2101|1-56|2:2743 
8066 +-2080/1-57|2-2993 
*2060/1-58]2-3245 
*2039/1-59/2-3499 
*2019|1-60/2-3756 
*1999/1-61)2-4015 
*1979|1-62)2-4276 
*1959)1-63)2-4540 
*1940|1-64/2-4806 
*1920|1-65|2-5075 
*1901/1-66|2-5 346 
*1882/1-67|2-5620 
*1864/1-68}2-5896 
*1845|1-69|2-6175 
*1827|1-70|2-6456 
*1809|1-71|2-6740 
*1791/1-72|2-7027 
°1773|1-73|2-7317 
°1755|1-74)2-7609 
*17 38|1-75|2-7904 
*1720|1-76|2-8202 
*1703]1-77/2°8503 
*1686|1-78|2°8806 
*1670/1-79|2-9112 
*1653|1:80|2:9422 
*1637|1°81|2-97 34 
*1620]1-82]3-0049 
*1604/1-83)/3-0367 
+15 881-843-0689 
*1572|1-85/3-1013 
*1557/1-86]3-1340 
*1541/1-87/3-1671 
*1526]1-88)3°2005 
*1511|1-89/3-2341 


2°4619 
2°4845 
2°5073 
2°5305 
2°5538 
2°5775 
2°6014 
2°6255 
2:6499 
2°6746 
26995 
2°7247 
27502 
2°7760 
28020 
2:8283 
2°8549 
2°8818 
2°9090 


2°9364 19° 
29642 49° 


2:9922 
30206 
30492 
30782 
3°1075 
3°1371 
3°1669 
3°1971 
3°2277 
3°2585 
3°2897 
3°3212 
3°3530 
3°3852 


*1496/1-90/3-2682 
*1481/1-91]3-3025 
*1466|1-92/3-3372 
§ *1451/1-93)/3-3722 
'1437|1-94 3-407 5 
*1423|1-95]3-4432 
*1409|1-96 
*1395|1-97 
*1381|1-98 
*1367|1-99 


°1353 
+1340 
*1327 
*1313 
*1300 
+1287 
*1275 
+1262 
“1249 
*1237 
*1225 
“1212 
*1200 
+1188 
“1177 
“1165 
“1153 
“1142 
“1130 
‘IIIQ 
‘1108 
*1097|2-21|. 
*1086|2-22 
*1075|2-23, 
1065 2°24 
*1054|2-25 
*1044/2-26 
*1033/2-27 
*1023/2-28 
*1013/2-29 
*1003|2-30!4-9370 
*0993|2°31|4-9876 
0983|2°32)5-0387 
"097 3|2°33}5-0903 
0963|2°34!5°1425 
10954)2°35/5-1951 
10944|2°36|5-2483 
*0935|2°387|5+3020 
*0926|2°38)5 +3562 
*0916|2°39]5-4109 
0907 |2-40]5 -4662 
-0898)2-41 
0889/2: 


3°4792 
3°5156 
3°5523 
375894 
3°6269 
3°6647 
3:7028 
3°7413 
3°7803 
38196 
3°8593 
3°8993 
379398 
3°9806 
4:0219 
4°0635 
4°1056 
4°1480 
471909 
4°2342 
4°2779 
4°3221 
4°3066 
44116 
4°4571 


2-00 
2-01 
2-02 
2-03 
2-04 
2-05 
2:06 
2-07 
2-08 
2:09 
2-10 
2-11 
2-12 
2-13 
2-14 
2-15 
2-16 
2-17 
2-18 
2-19 
2-20 


4°5030 
4°5494 
4°5962 
46434 
4°6913 
4°7394 
4:7881 
4°8372 
4:8368 


§°5221 
5°5785 


BES: 


3°4177 
3°4506 
3°4838 
3°5173 
3°5512 
3°5855 


3°6201 | 
36551) 


3°6904 


3°7261 | 


3°7622 
3°7987 


3°8355 


3°8727 


3°9103| 
3°9483 


3°9867 


4°025 5 | 
4:0647 § 
4°1043} 


41443 
4°1847 
4°2256 
4°2669 
43085 
4°3507 


4°3932 | 
4°4362} 
4°4797 | 


4°5236 


4°5679 | 
4°6127 § 
4°6580 § 
4°7037 | 


4°7499 
4°7966 
4°8437 
4°8914 
4°9395 
4°9881 
5°0372 
5:0868 


577070 


0781|2-55 
077 3|2°56 
0765|2:57 
07 58)/2-58/6-5607 
+07 50|2°5916:6274 
'0743|2-60/6-6947 
07 35|2-61|6:7628 
07 28/2-62/6-8315 
0721|2:63)6-9008 
*07 14|2-6416-9709 
0707 |2-65|7-0417 
0699|2-66|7-1132 
069 3/2-67/7°1854 
0686|2-68/7-2583 
0679|2-69/7-3319 
067 2|2-70}7-4063 
0665 |2-71/7-4814 
"06592-72175 572 
065 2|2-73|7-6338 
0646/2-74/7-7112 
*06 39|2°75)7-7894 
+063 3|2°76|7-8683 
06272-7717 -9480 
0620]2-78/8-0285 
0614|2-79)8-1098 
-0608]2-80/8-1919 
-0602|2°81|8-2749 
*0596|2-82/8-3586 
*0590]2-83/8-4432 
-058412-84/8-5 287 
-0578|2-85/8-6150 
"057 3|2°86/8-7021 
0567 |2-87|8-7902 
0561 |2-88/8-8791 
‘05 56|2-89/8-9689 
05 50/2-90!9:0596 
0545/2-91|9-1512 
"05 39|2-92|9-2437 
05 34|2-93]9-3371 
0529|2-94/9:4315 
*0523/2°95/9:5268 
05 18/2-96/9:6231 
05 13|2-97|9-7203 
10508/2-98/9°8185 
*0503/2:9919:9177 


63645 
6°4293 
6:4946 


5°8373 
5°8951 
5°9535 
6:0125 
6:0721 
6°1323 
6:1931 
6:25.46 
6:3166 | 
6°3793 | 
6°4426 | 
6°5066 | 
6°5712 
6:6365 
67024 | 
6:7690 | 
6°8363 | 
69043 
69729 | 
70423 
71123 
7°1831 
7:25.46 
7°3268 
7°3998 
7°4735 
7°5479 
76231 
7°6991 
7:7758 
78533 
7°9316 
8-0106 
8-0905 
8-1712 
8:2527 
83351 
8-4182 
8-5022 4 
8-5871 § 
86728 
87594 
8-8469 | 
89352 
9°0244 
Q:1146 
9'2056 j 
9:2976 
9°3905 § 
9°4844 
9°5791 
9°6749 
9°7716 
9°8693 
99680 
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(b) Values of e”, e~*, sinh x and cosh x from % = 3 to x = 6 at intervals of -05. 


Cire x |sinhz 


| 


0498|3-0 |10-018 
*0474/8°05}10°5 34 
0450/3°1 |11-076 
°0429|3°15|1 1-647 
°0408|3°2 |12-246 
*0388/3-25|12-876 
0369|3'3 |13°538 
0351|3°35|14:234 
"0334/3°4 114-965 
"0317 |8-45/15 +734 
0302|3'5 |16:543 
0287|3-55|17°392 
0273/36 |18-285 
*0260|8°65|19:224 
0247/37 |20:211 
0235 |3°75|21-249 
0224|3'8 |22°339 
021 3|3-85|23-486 P127°74 ° . 23 -0029|5-85|173°62 
-0202|8-9 [24-691 0074/49 |67- “149 | 365-04 °0027|5-9 |182-52 
*0193|3-95|25-958 17 °0071|4-95|70°584 70°591 "75 -0026|5-95|191-88 
*0025|6-0 |201°71 


OU 
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For intermediate values of z, the values of the functions may be found by using 
the first three terms of their expansions by Taylor’s Theorem, viz. : 
ettth ett 4 fet 4 4 H2%ete, | 
sinh (x +h) = sinh z+h cosh z+} h’ sinh z. 
cosh (2 +h) = cosha+hsinh z+4h? cosh z. 
e.g. e3+638 = e3:65—.02 eae e3°65 __ 02 e865 4. *O002 e865 
= 38-475 — +7695 +0077 = 37'713. 
sinh 3:31 = sinh (3-3 + -o1) = sinh 3-3 + -o1 cosh 3-3 + -00005 sinh 3°3 
= 13°538+°1358 + :0007 = 13675. 

For higher values of x, the values of the functions e* and e~* may be worked out => 
by the aid of a table of common logarithms [log,, e =4342945], and the values of 
both sinh x and cosh x may be taken equal to 4 e*. 

e.g. log,, e° = 3:9086505, whence e? = 81031, 
and sinh z= cosh = 4051°5. 
log,,e-* = —log,) e® = 4:0913495, whence e-® = -0001234, 

For negative values of z, since sinh z is an odd function of z and cosh x an even 

function, it follows that 
sinh(— 2) = —sinh 2 = — 3-6269, cosh (— 2) = cosh 2 = 3:7622, &c. 
The values of the other hyperbolic functions may, if required, be obtained from 
their definitions in Art. 92; 
tanh 7 = sinh x/cosh 2; coth x = cosh x/sinh x3 
sech z= 1/cosh 2; cosech x = 1/sinh z; 
by using the present table and a table of logarithms. 
e.g. tanh 1-5 = sinh 1-5 /cosh +5 = 21293 /2°3524 = ‘905 nearly. 

The values of the inverse hyperbolic functions can be obtained from Table IX 

by the aid of the formulae of Art. 94 : 


cosh x = log {x4 /(x*—1)}, 
sinh x = log {x 4/(2*+41)}, 
tanh xz =} log {(1+ 2)/(1—2)} 
coth x = $ log {(z+1)/(x—1 )}e 
&.g cosh~"4 = log 44/15) = +log 7-873 = 42-0635. 
tanh~'-35 = ¢ log Sit = 4 log 2¥ = 4 log 2-077 = +3654, 


ANSWERS TO THE EXAMPLES 


Examples I, p. 5. 


1, —2; —2;4; 4; —296. 
2.4; 0; —5; 18/147; (x—2)(6—«a)/a*?; —21 
4. ax? +(b+2a)x+a+b+ce; ax?+(b—-2a)x+a—bt+e; ah?4+(2axtbjh. 
8. odd, even, odd, even, odd, odd, odd, even, even, odd, even, even, odd. 
9. (i) y= Y(a—2°). (ii) y = + V (at 4 DY/a. 
(i) y = a/a. (iv) y= —a+ f(x? +0). 
(v) y =sin 1! {(cx—b)/a}. (vi) i. pe or 0): 
lo. (i) 2ay—3a—y+2=0. (ii) a" +9 — a". 
(iii) ay? = (a+), (iv) (142%) a4 = a. 
(v) y*—2ay4+2227=1. (vi) sea 
i. (i) w= 4/y. (ii) « = (y—1). iii) = }cosy. 
(iv) a = logay. (v) w= tan /(y/a). (ayae 4/0 nay"). 
(a= Fite if (viii) e =1+/(1-y?). (ix) w = y/(y—4). 


(x) w= at¥— 


Values of x for Values of y {o1 


Number of values . ee Number of . : 
Sry! wblohes A de- Wve OE ye, whi ae 4 de- 
12. (1) £ All. 4(2 real). y positive. 
(ii) 2. x positive. eae All. 
(iii) oO, ja|<#. Pale All. 
(iv) g, if «= p/q where p «x rational. 1 (real). y positive. 
and g are integral. 
(v) - All. oO. y/a positive. 
(vi) n* |x|<a, if n be n*, ly|<a, if n be 
even. even. 
All, if n be odd. All, if ~ be odd. 
(vii) 2. |a|< 4/5. 2. ly |< /5. 
(viii) 2. From 0 to 2. 2. oly] <1. 
(ix) i: All except x=1 i Allexcepty =4. 


Examples III, p. 46. 


1. 4. 2. 3. 3. 3. 4, 4. 

5. $. 6. b/d; a/e. 7.4; 2. 8. b/q; ~. 
9. a*/b®; 0. 10. 0; —3. 11.000)28; TIES Oars 
13, 2. seb be 15. —1/4,/(2a). 16. 7; 1/n. 


* Two only are real if n be even, and one only if n be odd. 
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17. 10°; 1/2/a; 32a8. 1s. Zal/*, 19. 0. 
20. da. 21. 4. 22080) 23. 2. 
24. p/q. 25. p/g. 26. m. 27. m/n. 


80. wrl, if r be the radius of the base, and / the slant height. 

31. 2arh; mr*h, if r be the radius, and h the height. 

$2 457°. 33. m?/n*, 34. 0. 35. m/n. 
86. 27a’, 87. 4. 38. 1/(\1-2)*. 


Examples IV, p. 54. 


8 When x=3; -1; na; 3(2n4+1)r; 3nv; +2, +3; $(2n4+1)7; 
b(2n4+1)r; (2n4+1)7; 0, respectively. 4. 27. 


Examples V, p. 60. 


1. (i) (a) 6, (b) 12, (c) 60 sq. ft. per min. _—(ii) (a) (b) (c) 4 ft. per min. 

(ili) (a) (b) (c) /2 ft. per min. 2. 71°34’, 82°52’, 99°22’. AX 
3.0) @= 185 (i) v= 87) “Gilie=—-F- 
4. (i) 8. (ii) —6. At the points (3, 4), (1°83, 2°51), (—%4/8, 1) respectively 
5. 331, 303°01, 300°3001, 300+ 30h+h?; 300. 6. 327. 

7. 86°52’, 71°84’, 85°14 8. (+38, +3,/8); 2. 
9. They touch at (0, 0) and intersect at 8°8’ at (1, 1). 

10. (i) +c. ft., (ii) 1 sq. ft., (iii) 1°73 in. per sec. 

11. (i) 367. ft. (ii) 247 8q. ft. per min. 


12. 10807 ¢. in. per min. 13, At (1, 1). 14. lic. in. per sec. 
15. (i) 12, (ii) +16, (ui) —8 ft.-secs., i.e. 8 ft.-secs. downwards. 

16. (i) 4, (ii) 1 ft.-sec. per sec. 17. (i) pyin., (ii) 30 ¢. in. per sec. 
18. (i) 5/(144 7) in., (ii) § sq. in. per sec. 19. din. per sec. 


Examples VI, p. 70. 


Seo 2. —2(1-2). 3. —1/z*. 

4. —2/x°. 5. g/(p—qa)’. 6. 7/(8 2-2). 

7. (be—ad)/(e+ dz)’. 8. 42-7, 9. 2ax+b., 

10. (1—2?)/(x? + 1). 11. —1/(2 25/2), 12. b/ {2 (a—bax)’/*}, 
13. —a//(a?— 2’). 14, 3 2./(x? +a"). 15. x/(1—2?)3/?, 
16. 0499375, 17. *00986. 1s. — . 

19. —xdy- 20. —7y. 21. 62-7; 6°075. 
22. 90/(10+52)?; 1°22027. 23. —22/(z°—1)?; ‘0126125. 
26. 2ax+b; «= —b/2a. 27.¢=+1. +3. 


28. y increases or decreases according as |w| > or <1. 
29. (1) dx/dt = ndz/dt. (ii) dy/dx=ndy/dz. (iii) dy/da = du/dx+dv/da. 


80. (i) dx/dt = ndy/dt. (ii) dv/dt = kv. (ili) dv/dt = —kt. 
81. (i) dA/dr = kr. (ii) dV/dr = kr. 
(ili) dV/dx = k (dA/dx)’. (iv) dV/dt = kdA/dt. 


82. (i) dy/dx = ka. (ii) y = k (dy/da)?, (ili) dy/da = 4 y/x. 


sao Pp & Do oe 
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Examples VII, p. 72. 


Bat, 9a, 800", Tal, 
Bat, Po [WV 2, 8/4/0, EY 23, 4/25, 1/ (n/a), 

—8/a', —7/a8, —10/2", —50/2™, —n/x+, 
» —8/ a5, —3// 2°, —3/ 7x", -1/(n x"), —p/(qVa?*?), 
. 50267; 4°996; 2°00117. 6. ‘1005; 100167; ‘33278. 
«de? > 1:02) “88; 


Examples VIII, p. 74. 


1. 27: 2. 62-8. 8. 2px+g¢. 

4. 627-9. 5. 38a2°+2bat+e. 6. 80 2°—30a* +1. 
7. 40°—4a?x, 8. 2na™— (a"—a").X 9. 2(”—5). 

lo. 14. /(a/x). 1. —3(1—2). 12. 3a(ax—b)?. 
13. 4/2?—6/z°%. 14. 1-1/2". 15. 2x-2/2', 

16. (1—8a/x)/2/x. 17. 2/2? —2/2'. 

18. —6 (2a8+5ata?+ 4a? xt + 2°) /2'8, 19. 3/2—-646// x. 
20. (/a—1)/27. 21. 3b(ax—b)?/a'. 


Examples IX, p. 77. 


. 2x (8at-8x?+ 83). 2. Lam 34 (14 Sx) nx, 

. (m+n) e™te-l 4 mat am) + nam or), 4. 4245/2 (72+ 15). 

. 3ax?+2 (ac+b) a+ bet ac’. 6. —(ax+3b)/2x°/?, 

. 5at+ 9x74, 8. 6(32+2), 

. 9(8a42)%, 10. 8(84+42)"-}, 

. (522-9 24+2)/2./x. 12. 2(a—ba + cx?) (2 ca—b). 

. 3(a—ba + cx’)? (2 ca —b). 14. n (2ca—b) (a—ba + cx?) 


d 
: 2xy 7. +y’; Qay (20 +y); aty (208 +8y)- 


2 dy \ a dy ) 
1 naa . LS ° 
Bs Pe i (* Fg: y” (nee ty 
dy % dy ) 
nl 4/2 bast 4 2.n—-1 he x 
Veet (30% +ny); ay) (na +8y 
d dy 
18. nx* ty" ( x ~ +y): 19. 2u+y+(e+2y) = 
Ly 
20. dat 2Qay?+ (2aty +4 ys)". 
d dy 
21. 3 ax? + Qday + cy*+ (ba? +2 exy +3 dy?) %- 22. 2a(ay+b)— 
1 1 ¢y 
23. 8a (ay +b)? 24. na(ay+b)” tat 
Examples X, p. 78. 
1. —29/(52—8)*. 2, —3/(2—-2)’. 
3. (a?--b*)/(ba +a)’. 4. —162/(”?—4)’. 
5. 4 (a? 4)/(a2 +204 4)% 6. —2nx"/(a"— 1). 
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iS) 


. 8(1—2?)/(a? +1). 8. (1+2)/{2./x(1—x)%}. 
2 (24 /2x)/(1+ /x). 10. 1/{/a (1—4/z)*}. 

. 2b(c—azx*)/(ax?—ba +0)”. 12, 2(a?—1)/(2?+1)’. 

. (82? -2 24 2)/(3 2-1). 14. 6(2”—1)/(a*—2)*% 

. —2 (207-694 48)/(2?-524+6). 16. (y-22) / y?. 

c ot —y) / 2 18. 20(y-2t) yr 

BR (32% -2y) / a 20a aiae (y-23t) / yo. 


tye, (at -y)/ Ai 


Examples XI, p. 88. 


24 (40-5); 2//(4ae—5); —8/(4a—5)8; 4n(4a—5)"-3; —4/(4ae—5)?; 


~2//(4e—5)8; —4/{n (Lae —5)"*3}., 


. -42(8—Tehs 9 —E4/(8-I2)) ~ 14/B-Ta)?;  —InB—Taee 


1/(8—T2)?; $//(B—7 2); 7/{nY/ (8-7 a)"}. 


. 12a (a?-1)®; a/./(x?-1); —4a/(x?-1)®; 2na(a?—-1)"-; —2Qa/(x?—1)?; 


—2/ (a1); —2a/{n¥/(e*—1)"}. 


. ~6(a—2)®;  —3//(a—x); 2/(a—x)*; —n(a—x)"; I/(a—z); 


B//(a-a)?; 1/{n¥V/(a—a)}. 


5. 6 na" (a"—a"); nar //(x"— a"); —2nx"/(2"—a"); 
nto (o—ary2; nae Y/in™—a"); —RenwNo/ ("a"); 
= NY (a —qn)nti, 

6. 6 (ax? + ba +c)® (2ax+b) ; 3 (2ax+b)// (aa? + ba +c); 

—2 (2 ax+b)/(ax*+bx+c)§; n (ax® + ba +¢)"-! (2ax+b); 
—(2ax+b)/(ax* +ba +c); —} (2ax+b)//(aa? + bax tc); 
—(2ax+b)/{nX/(aa? +bx+c)"}. 

7. 2nx/(a? —2*)**, 8. $2/4/(a? — x’), 9. a//(a?— 2), 

10. 32/4/(a?— x”)®, 11. —2x?/(a>—a3)/8, 12. —22°/4/(a3— 2), 
Sas Lei Ae aNs na"! (1 —2*) 

13, 6 (@—1)5/2", 16. 5 AI (==3) é_ tee eepatt 

16. $(1—2°)/,/{x(1+2’)}. 17. fa// {x (a—x)}. 

18. naz" /(a— a)", 19. (8x2+1)// (2241). 

20. 44(4—5x)/,/(1—2). Ql. (w+1)/./(2241)8 

22. —(@+1)/{a?/(2a4])}. 23. $2(4-32)//(1—a). 

24. 3(8a—4)/{a*,/(1—2)}. 25. x(2a?—3 x?)/4/(a?— x). 

26. x (2a?—2*)/4/(a?—x)8, 27. (2a? —a7)/ {a*4/(a?—a)}. 

28. (a—x)"" {a—(n+1) 2}. 29. —(a—2)""! {a+(n—1) x} /a. 

30. {a+(n—1) x}/(a—ax)"*), 81. —(a—2) (b—ax)? (3a+2b—52), 


38. 


. (a—x) (3a—2 b-2)/(b—x)*. 

» —(a—a)" (b—a2)™ {ma+ nb—(m+n) x}. 

» (a—2x)"" {ma—nb—(m—n) x}/(b—a)™*, 

. 1/8 y?+6y). 36. $(34+2y)%. 87. (y+a)?/(y? +2 ay). 
42, 28, 


—(yta)/(y+2ayt+ab), 41. —A. 


| 
N 
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Examples XII, p. 85. 


1. —a"/y?. 2. ~ /(y/a). 

3. —(a/y)". 4, —(2a+y)/(2y+o). 

5. —(8a7+2xyty)/(8y? +2 ay +27). 6. —(2ay+y*)/(2xey+2%). 

7. —my/nx. 8. ny/ma., 

9. (ax —x—y)/(w+y—by). 10. {ay—(w@+y)*}/{(w+y)?—ax}. 
ll. {@ax—-2ax(a?+y’)}/{a?y+2y(e?+y*)}.12. —(axtby)/(bx + cy). 

13. —(3.ax?+2 bay + cy’)/ (bx? +2 cay +3 dy’). 14. —W(y/x). 

15. —(a/y)?/2*. 

16. —a™(2a"+y")/{y™ 1 (2y"+a")}. 17. —(8y?+4ay)/(327+4 zy). 


. —(aa+t+hy +9)/(ha + by +f). 19. —(1+y)/(1+2). 
. (at+y—2x)/(2y-—a2—-a). 
- (i) —v/p. (ii) —v/yp. (ili) 0 (6—v)/(po®?—av+2 ab). 


Examples XIII, p. 89. 


. & 
: a 


1. “in. 2. (i) 4a ¢. ins (il) ‘87 8q. In. 

8. °446 sq. in. 4. 4), in. too large. 

5. 2289 ft. 6. gy yd. 

7. (i) 8/d. (ii) 2/d. 8. (i) 8°67 sq. in. (ii) 483 in, 

9. a(a—bcos C)/c*. 10. 21°42 in. 

11. Zin. 12. (i) 14°14. (ii) —°148. 

13. 9. 14, (i) ‘644. (ii) 2. 

15. + per cent.; 432 secs. 16. +°155 per cent.; 989 secs. gain. 
17. Ry (a+2b6) 36, 18. 10%/(14+ 25k). 

19. °0003 yd. 20. (i) 56, (ii) 136°5. 


Examples XIV, p. 96. 


1. 5cos5x%; cos$x; necos(nx—X); —asinax; —(1/p)sin (x/p); 
2sin (47-22). 
2. 8sec?38 x; sec?(x+Q). 3. —mcosec? mx; 2 cosec? (X—2 x). 
4, msec matan mx; sec(+7+a@) tan (7 +2). 
5. —mcosec mx cot mx; }cosec (8—} x) cot (8B—}F2). 
6. 8sin?xcos x; nsin™ 2 cosa. 7. —5 cos‘xsinzx; —mcos”!xesing, 
8. 4cos x/ sin x. 9. —2 cosec?x cots. 
10. —}cotx/cosec a. 11. —}sin a/4/cos*a. 
12. 4sectax tan x. 13. —n cot" 12 cosec?x, 
14, 2sin4a. 15. —3acos*ax sin ax. 
16. 3ntan"13 4 sec?3 x. 17. —cot$ a cosec? 4 x. 
18. 23(3e%cos3a+4sin3 x). 19. x(n cosx—a@ sin x). 
20. (2@ sec? «+ tan x)/2,/z. 21. (2% cos2”—3sin 2 x)/x', 
22. 3cos3xacos4xa—A4sindasin4x. 23. mcosmxcosnz—nsin mx sin nx. 
24, sinz(1+sec?z). 25. sin’a (2 +sec?z). 
26. 2bcosa(at+bsin x). 27. —2sin a/4/(3 +4 cos x), 
28. cos*a, 29. sec‘ a. 


38. sin™ ax cos" ba (ma cos ax cos ba —nb sin ax sin bx). 
39. 2" tan™—! ax (ama sec?ax +ntan az). 
40. —(mcos ma)/(nsin ny). 41. sin22/sin 2y. 
42. cobacoty. 43. y/(a*+y°+y). 44, 49975. 
45, ‘8657, 46. 1°0006. 47. —1°0017. 
48. 9310. 49. —"9996. 50. 3°9919. 
51. °24924. 52. “76 ft. 53. “0094. 
54. ‘2 sq. ft. 65. “1. 56. (i) 09°. (ii) °207. 
57. cotA SA. 58.1(0)) O17 C2 (i) ae 59. 7°82. 
60. 19°42. 
Examples XV, p. 97. 

1. 5(a—38)4. 2. —8(7-2x)". 

3, —3.22//(1—2). 4. 2x(1—a) (1-22), 

5. —} (2a—8)//(a?-3 4-2) 6. 28/(5—7 x) 

7. —%2/3/(a? +1). 8. (4-2 x:")/./(4—2?). 

9. 3 (4-3.2°)//(4x—2°). 10. —4/{x?./(4—2*)}. 
11. 4/4/(4—27)8. 12. 3 (44+2°)// {x (4—2%)*}, 
13, —3 (44+23)/4/{a3 (4—27)}. 14. sin 2 (#—Q). 
15. —4ncos"desin}a. 16. —tan’x. 
17. xsec’a+tan x. 18. cotx—«x cosec’x. 
19. (xsec?a—tan x)/x’*. 20. cosa (1—3sin’z), 
21. }(2xcosx+sin z)/4/x. 22. (sin #--2a cos x)/(24/x sin?x). 
23. 4(22 cos x—sin x)/4/2°. 24. 1 cosx/./sin x. 
25. (cos o/x)/24/x. 26. }(xcosx+sinx)/./(axsin x). 
27. 4 /xcos /x+sin /2. 28. }(acosa—sin x)/./(2sin x). 


8 


. Tc0s #/(44+3sin x)’, 

. 2/(1-sin 22). 

. 2 cos’a cos 2. x—sin?2 x. 
. (1+sin?z) sec*a. 


. (sin /2—3 o/x cos /x)/sin?/x. 


1 /ax cos o/x—sin /x)/x?. 


( 
. 4(xcosx—2 sin x)/(x?4/sin 2). 
. 4 (Sx cos o/2 + sin /2x)// x. 
. (sin /2— o/2x cos /x)/(24/x sin? /x). 
. 2 (x c0s Ja —sin/2x)/ 4/2, 
. (sec x tan x)/a. 
. — {asec (a/x) tan (a/mx)} /2?. 
. x™ (ma — ma +nx)/(a—a)", 
» —1/{ni/(a—a)}. 
. —dnJ/(a—x)"-, 
. —3cos3 (AX—z). 
. 2x (cos2a—ax sin 2 x), 
. 2x (cos 2”%+ asin 2 2)/cos?2 x. 
. —2 cos 2x”(cos2a+2axsin 22)/x". 
. —2(cos2a+a@ sin 2 x)/z5, 
. (cos2a4+4a sin 2 x)/vos® 2 2. 


81. 2 
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ab sin x/(a+b cos x)*. 
33. sinxz cosa (2+sinx)/(1+sinx)* 


35. dsin 4a. 
37. sin™ a cos"-!z (mcos’a—n sin’ x). 


38. 
40. 
. &™)(a—ax)" (ma—ma—nz). 

. (a—a)" (ma — na —ma)/e™™, 

. ner /,/(a"—2"). 

. —dsin? (X—«2x) cos (X—«x), 

. —3(A—2)* cos (X—az). 

. 2x%cos2x(cos2a—2asin2 2), 
. —cos2a(4asn2a+4+c0s 22)/2?, 
. cos 2a(cos2a—4xs8in 22). 

. 2a (cos2x+2xsin 2 x)/cos* 2a. 


. $(sinz—2@ cosx)/4/(x sin’ x), 
. 3 (acos v+2sin x)/4/sin x. 
. 4 (2sina—acosx)//sin x. 


2-82)//(1-2), 
{sec (w/a) tan (x/a)}/a. 


sin 42/4/(1+sin?2 2), 
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61. 2n sin 2x (1—cos2a)"—, 62. mb sin 2a (a+bsin? x)". 
63. —sin nx/3/(1+cosna)"). 64. —nsin”"!axcosa/(1+sin"2)*. 
65. m cos (a/b) {a+Dsin (a/b)}™-, 66. 4cos2a/(1—sin 2 x)*, 

67. 4sec?a tan a. 68. 8sec?2 a tan 2a. 

69. — {a+ /(a?—2*)}/{a?/(a?—2)}. 70. 1/(1—sinz). 

TL. Qata//{(a? + 2?) (a?— 2/3}, 72. 8(x?—-2a”—-—2)/(a?+5x—-38)% 
73. —a//{(a—x) (at+x)>}, 74, 2 (a? +6)/(2?+a-6)7. 

75. ax/(2 ax —2? 8/2, 76. 3sin?x cos 4a. 

77. 3cos’a cos 42. 78. 3cos6 2. 

79. ?sin?2a cos 22. 80. 3sin’x cos 2 x/cos?3 a. 

81. —3cos 2a/sin‘z. 82. 3 cos 2 x/cos'x. 

83. —3 cos? cos 22/sin?3 x. 84. 3sec?3 2. 

85. —3cosec?3 a. 88. 3 tan? x sec? x. 

87. —3 cot? x cosec? z. 88. 3cos’3 x(1—4sin?3 2). 

89. 3sin?3 a (4cos?3 2-1). 90. {sin?6 x cos 6 x. 

91. 3(1+2sin?3 2)/cos‘3 x. 92. —dscot?3x(1+2sin’3 2). 
93. —3 (1+2cos?3z)/sin'3 2. 94. dtan?3 7 (1+2cos?3 2). 

95. 9tan?3xsec?3 x. 96. —9cot? 3x cosec’3 x. 


97. 3sin’x cos?3 x(cos 3x cosx—3sin 8x sin z). 
98. 3sin’x(cosxcos3x+3sinzsin3 x)/cos! 3 x. 
99. —8cos*3 x(cosxcos3z%+3sinzsin 3 x)/sin! x, 
100. 3 cos?awsin?3 (3 cosxcos3x—sinzsin 3 x). 
101. —3cos’z(sinzsin3#+3cosxcos32x)/sin'3 x, 
102. 3sin?3 2(sinzsin3x+3cosxcos3 z)/cos! x. 


103. 3sin’xsin4 a. 104. 3sin’xsin2a/sin® 3a. 
105. —6 cot x cosec’ax. 106. —3cos*asin 4 x. 
107. 3cos?a sin 2 x/cos’?3 x. 108. —6 tana sec? a. 


109. sin?32(9 sinxcos3xa+sin3 x cos x). 

110. (sin 3x cosx—9cos3 asin z)/sin‘3 a, 

111. sin?3 a (9sin xcos 3x—sin 32 cosx)/sin’ x. 
112. —cos?3 2 (9 cosasin 3x+sin x cos 32). 
113. (9cosxsin 32—cos 3 xsin x)/cos* 3 x. 

114. cos?3 x2 (cos3asinx—9 cose sin 3 x)/cos? x, 
115. cos?3 x(cos3x%cosx—9sin3 x sin z). 

116. (cos3~cosv+9 sin 3a sin x)/cos*3 x. 

117. —cos’3 x2 (cos 3x cosx+9sin 3 x sin x)/sin’ x. 
118. sin?3a2(9cosxcos3a—sin zg sin 32). 

ll9. —(sinazsin3x2+9 cosa cos 3 )/sin‘3 x. 
120. sin?32(sinasin 3x+9 cosx cos 3x)/cos’ x. 


121. #(2a?—3 x*)/./(a—-=”). 122. (a?—2a?)/{a5./(a?— 2’). 

128. x (2a?—2x’)/(a? —x”)8/?, 124. 2? (3 a?—42")/./ (a? — 2) 

125. 2? (3 a? —2 x*)/(a? — x?)3/”. 126. x? (a?—2?)"1 (3 a? —3 x? —2 nx). 
127. nat (a? — x7)" (a? —3 x’). 128. 2x2(1+2)/(1+22)% 

129. —2(1+2)/(1+22)*. 130. —2(1+a@) (24+a)/(1+22)4. 
131. —(1—2z)§ (7+ 2)/(14 a)*. 132. (l—x)? (a—4)/(2—2)$. 

133. (62—8)/(1+3 2). 134. (v—7 a) (a—ax)*/(a+<)’. 

135. 22(8+2")/(1—27)* 136, 22 (1 4.2?) (8—27)/(1—27)*, 


1538 Mm 
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187. 2x (2-3 a’)/(a?+2")°. 138. —8a?x(a?—2x")/(a? + x), 
139. n(a—b)(a—a)"""/(b— a)", 140. n(2x2—a—b) (a—x)""1(b—ax)""1", 
141. 2 na (2 a? —a?—b?) (a? —x?)"-! (3 — ap?) "4", 
142. (3-62+4a)//(3-404+227), 148, (3-10”7+82")/(8-4 24227). 
144. (22—8)/{a?/(3-4a4+2a7)}, 145, —1/4/(2a+ 20%)’, 
146. 2”(8-5274+382")//(8-4x2+4+22"), 
147. 24 (3-—8x+2")/(8-4%4227)'/% 148. n(wsin x)""! (x cosx+sin 2). 

149. nx” sin na (2a cosna+sin na). 150. n(x sin nx)" (naz cos na + sin nx). 

Examples XVI, p. 105. 

1. 85° 46’. 2. 106° 42’, 8. 82°53’. 4. 40°54’, 

5. 8a—y= 13; x+8y=91. 6. 4%—5y+12=0; 544+4y = 26. 
7. 2a+y+10=0; w-2y=0. 8. 22+3y = 380; 84-—2y=19. 

9. llv+38y=36; 3a-—l1ly+2=0. lo. y+ 1l=0; x=2. 

ll. Xa/a?— Yy/b* = 1. 12. Xv+Yyt+g(X+a)+f(Y+y)+e=0. 
13. (2, —12), (—2, 20). 14. (+a, +a). 

15. (fa, 4a), 16. (+4, ¥3). 

1s. 152°. 19. They touch at (2, 4). 

20. 48°12’, 22. X/x\/3+ Y/y'/8 = a?/§; intercept = a 
25. OT = (n—1) TN. 26. mX/a+nY/y=m+n. 
28. aXa+h(Xy+ Yx)+bYyt+g(X+2)4+f(Y+y)+ce=0. 


. 2Xy — Ya (x? +3 y") +ax> = 0. 


80. Touches OX. Bisects ZXOY. Touches OY. 
: ¥ dy / | 
1 —_—l -—— e 
82. Curve bisects 4 XOY. 84. tan {(#% ) (2+y% 
Examples XVII, p. 113. 
1.64/10; 24/10; 18; 2. 


2. £/S (a? + 4d); da/(8a2+4b%)/b; b//8; /807/4d, 


8. 10; —74; —8; —4. 4. — Sp hs/bu2 2. 8. y/(n+1)a. 
ll. 4a. 12. a*y’/b* 2; bi a/a?. 14. asecd+ycosecd =a. 
15. asin? 6; asin’ ésec 4; asin?4 cos; asin‘ @sec 4. 


. (i) e-y=a(hr—-2). (ii) xcot}d-—y =a(Ocoti 6-2). 

5 G8 Ob 18. (b cosec 6)/a. 19. (wcos 6)/a+(ysin 6)/b = 1. 
. m= cot, where yf is inclination of tangent to OX. 

. ytan 86; ycot3 6. 


o/s (8) v/s) BY 


~ 20//(ait+y); OY.OP = 2c, 


Examples XVIII, p. 122. 


Min. (3, —1). 2. Max. (—1, 19). 
Max. (—2, 21); min. (2, —11). 4. Max. (2, 28); min. (3, 27). 


. None. 6. Max. (1, 18); min. (5, —14), 
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7. Pt. of inflexion (1, 0). 8. Max. (1, 43); min. (0, 40), (5, — 85), 
9. Max. (2, 4); min. (1, 3) and (8, 3). 

10. Max. (1, 0); min. (3, —28); pt. of inflexion (0, —1). 

11. Min. (3, — $3). 12. Max. (1, 0); min. (8, —4). 

13. Max. (8, 34%8); min. (2, 0); pt. of inflexion (1, 0). 

14. Max. (5, 8); min. (1, 0). 15. Max. (—2, 3); min. (2, 4). 

16. Max. (0, 1). 17. Min. (1,27); pt. of inflexion (4, 0), 
18. Min. (—4, 4); max. (4, 74). 19. Max. (8, 4). 

20. Max. [— (ab), (/a—4/b)]; min. [/(ab), (4/a + 4/b)?]. 

21. Max. (4, 9/4). 22. Min. (0, 0); max. (2a, 3/8a’). 
23. Min. (2a, 2a); max.(2a,}a). 24. Min. (a, 4/2). 


. Max. (3, —$4/5); min. (1, —2 4/2). 


26. Max. 2, when # = (2n+4)r; min. —/2, when 2 = (2 n+) a 
ae o a@>b, max. a when # = (n+4)7; min. b when x= nz. 
* (If a<b, max. and min. interchange. 
28. Max. when # = (n+2)7; min. when x = (n—3)z. 29. None. 


. Max. 3 when 2 = sin‘; min. 0 and —2 when «= (n+4)>z. 
. Min. —1 when aw = (24+34)7r. 
. Ifaand b are +, min. 2./(ab) when taney =+4/(a/h); max. —2/(ad) 


when tana = —4/(a/b). If a and b are both —, interchange results. 


. Max. 84/3 when # = (n+3)7; min. —3,4/3 when 2 =(n—}3)7; pts. 


of inflexion (nz, 0). 


. Max. when x=}(4+8)+(n+2)7; min. when w = $(4+8)+(n+3) 7. 


35. Max. 3/2 when x= (2n+3)7r, min. —}/2 when x= (2n+4)r. 
36. Min. —3,/3 when 2 = (2n+4)m7; max. 34/3 when «= (2n-}4)z. 
SO. 2 =) a. 40. /A/C. 42. 84. 43. x =}(a—b). 
44.@=-—%$. ¥% 45. 2= +a/,/2. 46. 1. 
47. Max. when e=1. 48. {2 (y+ 1}; -067. 
49. V/(nR/r). 50. —1007a/(la—x); « = 41. 
Examples XIX, p. 128. 

1. 20, 20. 2. 125, 25. 

3. Za, 2a. 4, Max. sum = —2; min. +2. 

5. Max., s4; min. —s. 6. 4 and —4. 

7. When it isasquare. (i) Min. perimeter, 20 ft., (ii) min. diagonal, 5/2 ft. 
9. Max. perimeter =4/2a. 10. Square of area 4(a+b)% 

11. Height = 4/2 x radius = 34/8 x radius of sphere. 

12. r=3h=5 ft. 138. r=h=1°'72 ft. 

14. h=2r= /2x radius of sphere. 
15. Max. area = } area of triangle. Perimeter continually increases from 


17. 
19. 


2a to 2b.as corner moves along hypotenuse. 


. (i) Max. vol. = 4 vol. of cone. (ii) When h = height of cone. (ili) 


When h/r = cota—2, where & is semi-vertical angle of cone. No 
max. if & > 26°34’, 


Height = 4 x radius of sphere. 18. Max. area = 3 area of triangle, 
When equilateral. 
Mm 2 
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20. 
23. 
25. 
27. 
30. 
31. 
35. 
38. 
89. 
41, 
46. 
47. 
48. 
51. 
54. 


an 


55. 


56. 
59. 
62. 
64. 
66. 
68. 
71. 


Des aeer it) 


Height = /2 x radius of base = 4 radius of sphere. 


2 ft. long, 4 ft. girth. 24. When h = 1°05...r 

Max. vol. = z4, vol. of given cone. 26. 2ab. 

(/a+ 4/b)*. 28. (a7/3 + b7/5)3/2, 29. 4ab. 
Max. area = 7”, when angle of sector = 2 radians. 

When isosceles. $2. 1 ft. 33. 6 in. 84. 20. 
34°64 ft. 36. 22°06 in. 87. Ba. 

1 mile from nearest point of road; about 1°3 minutes. : 

10°6 yds. 40. % way from brighter light. 

(latus rectum)?/6 4/3. 43. 94/3 in. 44, 32,/8 sq. in. 
7a’, if 4a be latus rectum of parabola. 

Equilateral triangle of area 2 ./3 7°. 

When the line is parallel to AB. 49. 3°749 ft. 50. 24. 

(i) 94/3. (ii) 94/3. 52, 2/4/5. 


After 234, minutes; min. distance, 1°192 miles. 


The point half-way between the feet of the perpendiculars from the given 
points to the line. 


60°. 57. Breadth, 6°928 in. 58. °414 m. 
sin-)(m/2 M). 60. 3h. 61. 41 ft. 8 in. 
When side of square = ‘141. 63. /(2aW/w). 

(av ~ bu) sin 6/4/(u? + v? —2-uv cos 6). 

4 ab. 67. 35/3 x vol. of sphere. 

When height = 4 diameter. 69. 64/34. 

53° 8’ W. of N. or S. 72. 955°2 sq. yds. 


Examples XX, p. 134. 


10! : 
pn UNE Dees TyADant c (l0—n)! x" if n< 10, 10! ifn = 10, Oif mn >10. 


b 2b 6b (-I)"m!b 8 12,60. (= 1)" (n +2)! 


ee ee Gea er ee Zarts 
th eB ele Genie cat Ben = 8) 
. D op/%? A 5/2? 8 at/?’ Q" nt 
eh Po. 8 1 1.3.5...(2n—3) 
° ipl/i a eggs/ane Saas (= 1)" a 


Qn gn-$ 


. 10a(ax+b)?; 90a? (aw +b); 720 a8 (ax+b)"; 10! a® (ax + b)-"/(10—n)! 


if 7< 10, 10!:a if n=10, 0 if n>10. 
2 8 48 2". n! 


"~ Qa4+l? @x4l) ~ @aen! (OM Gays 


l 2 6 n! 


‘(=a (=a) Gay? THa" 


cos(w#+Q); —sin(#+Q); —cos(#@+Q); sin(w+a+hnn), 


. —sinz; —cosx; sina; cos(x+4nz). 

. sin2x; 2cos2e; —Asin2a; —2"-!cos(2a+4nzn). 

. ~2sinda; —8cos4x; 32sinda; 2?" cos(4atinn). 
. xcose+sing; —xsinz+2cosx; —wxcosx—8sina. 
.—a’ sina+2xcosx; —a?cosxr—Axsina+ 2cosa; 


a’sina—62 cosa —6sinz, 
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15. sec?a ; 2sec?atanx; 2sec?x(1+3tan’a). 
16. 32° (xcos3a+sin3x); 3”(2—32%) sin3x418 2 cos 3a; 
3 (2-27 a) sin 8¢—27 w(x? —2) cosa. 
17, w(2+ax)/(l+a)?; 2/(l+a)8; —6/(1+2)4. 
18. nx"! (cosna—-2 sin nx) ; (n—1—nz?*) nx™-* cosnx—2n? 2! sin nx ; 


32. 


n? 2? (na? —3(n—1)} sin ne —na®s {3 n®a?—(n—1) (n—2)} cos na. 


. secatanz; secx(1+2tan’x); seca tanz(5+6 tan? 2). 
: x/ f(a? +2); a?/(a? + 2)8/2; —3 a? a/(a? + x?)5/?, 


Examples XXI, p. 1389. 


. Down. 2. Up. 8. Up; down. 4. Down; down. 

. Up when x is + ; down when —. 9. Up when «<4; down when >4, 
. Down when 0<2 <4; up elsewhere. 

. Up when — o<a2< —1, and when 0<a<1; down elsewhere. 

. 2 =(n+4)z. 13.2 =r. 14. x =—b/da, 

. Infl. (0, 0); min. (34/3, —4°4/3); max. (—3/3, 18/3) 

. Infl. (+44/8,4); min. (0, 0). 

. Infl. {(n+}) m, 0}; max. {(2n+8)m, /2}; min. {(2n—-}) 7, —/2}. 

. Infl. (0, 0), (+6, +3); no max. or min. 

. Infl. (+ 6/2, 22); min. (0, 0); max. (+ 4/2, 4). 

. Infl.(-2, —2); min. (-1, —). 21. Infl. (+1, 1); max. (0, 4) 
. Infl. (0, 0); max. (+ 4/2, 2); min. (+ 4/2, —2). 

. Infl. (o/c, a); no max. or min. 

. ¥=cx', none; y = 2’, infl. at origin. 

.n—2, 27. (2a, +a/,/3). 29. {(An+4)n, d(at+b)}. 

. Intersects OX at (+1, 0) (+3, 0); OY at (0, 9). Max. (0, 9); min. 


(+ /5, —16); Concave up if | #|>/§; downif<./§. Points ofinflexion 
(+ /%, —44). Tangents at points of inflexion, +40/1l52+9y = 156. 


. Touches OX at (+1,0); cuts OY at (0,1). Max. (0,1); min. (+1, 0); 


Concave up if |x| > /}; down if < 4/3. Points of inflexion (+ 4/§, §). 
Tangents at points of inflexion, +8/32+9y = 12. 

Touches OX at (0, 0), cuts at (+2, 0); cuts OY at (0, 0). Max. 
(+ 4/2, 4); min. (0, 0). Concave up if |x|< /Z ; down if > /§. 
Points of inflexion (+ 4/%, 42). Tangents at points of inflexion, 
+16,/6x2-9y = 12. 


Examples XXII, p. 144. 


(i) o= 20-44; a=—4. 2. (i)0=3-4t; a=6t—4, 
(ii) o = 12; a= —4, (ii) v= 4; o = 8. 
(iii) » = 20; a=—4, (ili) o=0; a= —4. 
(i) v= —4Prsindat; a=—In’ cos Zn. 
(ii) 0 = —5 0/3; a = §n?. (iii) o=0; a = —IPn%, 
(i) vo = 6-8/(¢+1)?; a= 16/(¢+1)*. (ii) o= 5}; a = 44. 
(ii) v= —2; a= 16. i, OR: 6. 8; —382, 


.s= —20; —11; 16; 325; 2320. v= 4; 16; 40; 184; 664. 


a= 6; 18; 30; 66; 126. 
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8, 


11. 


12. 


s= 10; 21°21; 20; —21°21; 20. 

v= 15°71; 5°56; —785; —5°56; —7°8). - 
a= —617; —13'08; —12°34; 13°08; —12°34. 
After 4 secs. when s = 144, 

After n+ secs. [m any integer], when s = +a. 


Examples XXIII, p. 145. 


. The force varies inversely as the square of the distance from the origin. 
. Mass x pa. 6. 9 poundals. 


Examples XXIV, p. 149. 


. 50 at 58° 8’ below the horizontal. 2. Hach = c. 

. 2°4 miles per hour. 4. 3464 m. p.h. 

. 9 ft. per sec. 6. 9 ft. per sec. 

. (i) 53% ft.-secs. (ii) When the foot is 24°04 ft. from wall. (iii) When 


the foot is 30°4 ft. from wall. 


. 20°83 ft. per min. 9. 1, ft. per sec. 

. When P is 7°48 ft. from 0. 11. 5 ft. per min. 

. 21°25 m. p.h. 13. 15°08 m. p. h. 

. (i) Decreasing at 4°61 m.p.h. (ii) Increasing at 4°715 m. p. h. 

. (i) Decreasing at 6°94 f.p.8, (ii) Increasing at 6°215f. p. s. 

. Receding from C at 112m. p.h.; approaching A at 2°22 m.p.h.; reced- 


ing from B at 1°405 m. p.h. 


18. (i) 12°57. (ii) 15°71. (iii) 25°18 miles per min. 

19. (i) 7, (ii) 112 ft. per sec. 20. *0442 in. per sec. 

21. 840,000 c. ft. 22. 12°46 ft. per sec. 

23. 4°82 in.; ‘298 in. per min. 24. 5'014 in.; °133 in. per sec. 
25. 2k/ab ft. per sec. 26. 10 ft.-secs.; 14°14 ft.-secs. 
27. 86°74 ft.-secs. at an angle 86°42’ with and below the horizontal. 

20. —1383 ft.-secs.; 163 ft.-secs. at an angle 86°52’ with the major axis. 
30. (1) 2°828, (ii) 2 in. per sec. 31. Each 7°07 ft.-secs. 

32. +uaty//(biar+aty?); Fub a/s/(b'a? + ay?) 

33. 1°486 and 3°714m. p.h. 


1. au/r*? where r= AP, 2. (i) orf/(a—r). (ii) —@7?/(a?+P°). 
8. —68'52; 41°11. 4. The same (in terms of 6 and @) as in Art. 69, 
Examples XXVI, p. 160. 
1. +27, 3a), —1/da°, —2/a®, $ el/S, $76. 
2. w—2' +a. 3. —1/x, —1/92°, 24/x, 30/3, 
Be OT 1 noe 
a ‘asalee : (n—1)a™’ ae nas 
5. hat+2a54+5a72-5x; xt'-22°+ 825-2. 
6. —1/2a°-6/x-52; —7/dx°+10/8a°-9/xe-—a 


Examples XXV, p. 155. 
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7. $e8—a44 2aF—2 24 38a; dat 40542a5-—8er. 

8. taax?+ bat+ Petr kaevex: —a/3 a8 —b/2 x —c/a+ ax. 

9. —(2+a+42")/28; 2./xr(l4+a+2%), 

10. (2a'+3a?—3)/62; Sa8 (ht de* +} 04) 

ll. w—3274+38a5; et+a5+3a543e7, 

12. —(Sa’a?+3abr4 b*)/325; Sig —27)/3x. 

is a b gint nice ae “ 

"  (n=8)a™3 ~~ (n—2 ee srt Savio. bles ae 

am pti gen pti ; 
m—pt+l1 x n—p+1- 

14. 24/x (ax? +5). 15. y = 2x4—a2?— 20, 

16. y = §-—cosz. 17. y= 84-2074. 

18. y= 22+3/xr4+C. 19. 6y = 22°—382?—21, 

20. y’—4x2-—2y+1=0. 21. y=1+sinz. 

22. 3y = 2°4+32°+32. 23. xy+c? = Cx, 

24. y=4}2"/a+C, where a is the length of NG. 

25. 2a°—2274324+7. 26. (34a°-—16)/32. 

Examples XXVII, p. 164. 
1. 30%, 3(7+2)%, —3(5—-a), (32-4), 5 (pat gi*/p. 


antl (w@-—a)"} (Qx+4jr4 (83—22)"") (ax + b)ntt ai (p-—gqa)r 


= n+l n+l’ O(nm+1)’ —241)’ a(n)’ q(n+1)- 

8. —cosx, —tcos4x, —(1/m)cosmx, —8cos3x, —(1/p) cos(px+a), 
4 cos(X—2a), cos (47-2). 

4.97/28, g/f(l+a), —tv7(8-4a), BV (petg)/p, Fa/(l+2/a), 


ash ei 3 v (mex*). 
1 “de. al 


= se Ba)’ 7(T#+2)’ a—x’  m(ma—n)" 
6. tanz, tan(4+Q), (1/m)tanma, ttan(X+22), mtan(a/m), 
(1/n) tan (na +m). 
1 1 1 
‘eke (n—1) a?” ~ &(n—1)(4a—5)’ 2(n—1)(1—2a)"’ 
1 1 
(n—1)(e—x)""’ ~ b(n= ola aj" 
8. ma Yar, Ver 8, ag VOe-5, - Yaar, 
Dy RS he an 
i sa n-1 2) a=) mm 
1 1 1 1 1 
9. — 35 — 3(@—3)" 38-2)" 218-70)" —Sp(prtg® 
10. gs (7y—4)° 11. —(2/5b) (a —0t)°/2, 
12. gin V(e tae. 1s. —}4/(5-82)% 
14, 2/4/(1—w). 15. $/(a—36)% 
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; = (a0) Phitp+ I). 17. 1/{4(n—1)(7—4.u)""}. 


17 (b—ny)®/(n—1). 


| Bein 84, 3sin}6, —sin (X—6), (1/n) sin (nd +00). 
| =2/4/2, 2/-/ 1-9), -8/v (8u-5), —2/fay/(av4B)}. 
. 9y = (87—4)° + 82. 


Examples XXVIII, p. 167*. 


. The parabolas y = 4kx?+C. 2. The conics y? = kx’+C., 
»¥Y= ka /(n+1)4+C. 4, The parabolas y? = 2ka+C. 
. The circles 2?+y’= 2ka+C. In any one of these circles, the sum 


of the abscissa and the subnormal is equal to the distance from the 
origin to the centre of the circle. 


6. ky?—a2? = C. Te Y= ke OC, 
8. 248 = 8ka?+C. 9. y’ (ke+C) = -3. 
10. ky? = 22+C. of 11. 65 ft.-secs.; 132 ft. 
12. wt+6f/r; 8u-4+ 3 18. k./(a?—s*), if the acceleration be —k?s. 
14. After 8 secs. ; 583 ft. 15. 174 ft.-secs.; 654 ft. 
16. 82 ft. 17. 12 ft.-secs. ; 216 ft. 
18. 7°746 ft.-secs. 19. 2°236 ft.-secs. ; 3°873 ft. secs. 
20. (16, 422), 21. 8+2¢; 48 ft. 
22. 243 2 = y (y—81)?. 
Examples XXIX, p. 174. 
1, 203; 81237. 2. 384; 678A,7. 3. 12; 547. 
4. 192; 8647. 5. 208; 1042a, 6. 1663; 33333m. 
Te Ose as Tee 8. 23a’; pra’. 9. 12; 527. 
10. 2; gz. 12. 2a’, 13. 5227, 16. 10247, 
1s. 103. 19:15. 20. x. 21. 227°. 
22. 1567. 24. jyra’. 25. gyra’. 27. 2437, 
29. 4ra’, 30. 87a’. 31. 3. 82. (p10; —P2%)/(y—1). 
Examples XXX, p. 178. 
1. 0316, 2. °05. 8. °2468. 
4. ‘02624, Gn19: 6. 1°034. 
7. 84,3;. 8. 10°75. 9. 108. 
lo. 42%. . (i) 2773 wm. (ii) 2022 m7. 12, 6947. 
13. 118837, 14. 43887, 15. 37. 
16. 6928. ib, (Oy 18. 4°69 inches, 
Examples XXXT, p. 184. 
1. Divergent. 2. Semi-convergent. 
8. Convergent. 4. Convergent. 
5. Convergent if |a|<1; semi-convergent if «= —1; divergent otherwise. 


* It is immaterial whether the constant occurs in the form C simply, or 


20, 40, (%, &e. 
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6. Convergent if |a|< or = 1. 7. Divergent. 
8. Convergent if |a|< or = 1. 9. Convergent if |x| <1. 
Lo. Divergent. 11. Convergent. 
12. Convergent. 13. Convergent if |a1<5. 
14. Semi-convergent. 

Examples XXXII, p. 193. 
ae + i : 3.°0; O57. 
4. °0183; 1°3956; °6065. 6. 2 (1+a7/2!4+a'/4!+..). 
7. 6°389. 8. 4°482. 
13. (i) 1°5481, 1°1750, °7616. (ii) 1°0314, '2526, °2449, 
14. 2°9957, 2°7726, 1°4427. a2, 131; :-2. 
22. °38466, 8813, +1°3169. 25. °6931 ; 2°3026; 2°7081. 
26. 1°649; °513; °185. 


oe 


- 6367; 3°7622; °9051; 1°188; 1°763; 2°164. - °+5 


Examples XXXIII, p. 199. 


eke ett. Ola Sree er a. Oe 
. e%in2 cosa; —e°%"sin x; ae%™4* cosax; —ac*°%* sin x; et*2* Bec! 2, 
. 8228 *(x+1); ae (ax+n); ae” (sin ax + cos ax) ; 


—3e%*(cos3x%+sin3x); e**(acosbx —bsinbx); e“* sina (2cosx+asinz). 


~ 28% (a—l)/a®;  ° fe (2ax—1)/a°*/?; e” (cot x—cosec?ax) ; 


(2ax+b—ax?—bx—c)/e*. 


. 2/(22-1); —1/(2-x); 2a/(a?-1); 2ba/(a + bx). 


6. 7/(5+72); —g/(p—ge); (2a—3)/(a*-3a-1); —32%/(1—2"). 
7. —tanz; 2 cosec 2x ; bcos x/(a + bsin x) ; 4sinx/(3—4 cos x); 
—sin 2a/(1+cos?z). 
8. a1 (l+nlogax); 2a log (2—x)—27/(2—x); log (1-2?) —227/(1—2?). 
5 l ntl. ie 2) 4p): Lobos 
9. (1—log x)/2?; (l—nlogx)/a™*'; era ae og (ax +b); ye 
n Lie Ba Tet | 1 2 
10. + 242) n(l+@)’ cata) x 1l-a' 3-2 
ae 2a—4 See ICO eal 
ae Joes Qx2(1—a)’ («—1)(2x-3)’ sinz (2—cosa) 
ss 1 . 1 , b 
12. V(@t—1)’ 2/(a-1)’ 2/(Va?—a?) 
BG oak ae 14, (—1)*") (n-1) 1/2". 
Tbe (el) teazs pis al al 
17. —(n—1)!/(1-<)". 18. (—1)"-1b" (n—1) !/(a + bx)". 
20: betes es aet/4; of 17/p; Berl? nein es — ae */*, 
21. tlog(5a+3); —thlog (7-22); log (x—a); — {log (p—qx)}/q3 
{log (be+c)}/b; 4log(8+32). 
22. —tlog(8—52); —log (1-2); log (4a—5); —log (a —bzx) ; 


(a/b) log(ba+e); —log(5-22). 
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" /(9+2%) 4/(at—at) 
.14+2atan72x; cos ta—a//(1—2’). 
. 1-(#sin2)// (1-2). 13. —1/,/(1—2°). 

. 1//(1—2?). 15. 2/(1 +27). 16. 2/(14+2”). 
SR a hae Cy sin“! (a+1); 4sin-122@; (1/b) sin~ (ba/a). 

. tan ae; J, tan py .2; /Ptan (w/t); dtan $2; /p;stan (2/2); 
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Examples XXXIV, p. 204. 


1 —a 1 
‘V@=a)) w/a al)’ a 7a a)' z/(Qe—1)” 
—2x , —m . 1 peel a 
‘VA —aty f/(—mia*)’ 22/(e—1)’ : 
ed a ee 

"1+(a-a)’ asta” 27a (142) 
10 aoe el 
“Tea? @ea? 1427 
1 oe a te =i 


a (a1 n/t I Vata) V7 (1—2") 
te x} ae *); —{cosh (1/xr)}/az; sinh 2a. 

. asinh (aw+b); 3cosh?xsinha; cosh'z. 

. sech’2; —cosech’x; (1/a) sech?(x/a); (a/x*) cosech? (a/z). 


1 Qa 


1 -1 
10. ious (a< 1); at (Ge Sey 


{tan} (aa/b)}/ab; {1/4/(ab)} tan {ar/( vie) ye 


. sinh 42; cosha”; sinh(a/./5); cosh?2x2; sinh” $a; 


(1/b) cosh~! (bx/a). 


. cosh 8a; Asinh 2x; acosh(x/a); asinh (v/a), 


Examples XXXV, p. 208. 


2. ecoth (w/c); 4c sinh (2%/c). 6. y=2-1; a¢+y=1. 
7. 8=asinh (ela). 8. 81°47’, 
9. When the number is e. 
10. Min. = /(a?—0?*), if a >b; no max. or min. if a< b. 
11. 24/(ab). 12. Min. (e, e); point of inflexion (e?, }¢’). 
18. Max.="368; point of inflexion (2, 27). 14. “607. 
15. When a2 = +1°317. 
16. (—1)"x ‘7071 e—( +2), 17. (—1)"x ‘8192 e—‘7m7, 
18. (+°707, °607). 
19. Max. (707, °429); min. (—‘707, —*429); points of inflexion (0, 0), 


(41°25, +°278). 


22. °0001263, 23. °0000729. 24. 19°09. 25. 632. 

26. 18°326. 27. a’ sinh (b/a). 28. 26°31. 29. 361. 
30. 1—e@; 1. 81. (i) 1°7624a% (ii) 2a®log {b/a + 4/(b?/a? + 1)}. 
82. +7%a°; mwa®tan(b/a). 47%a°. 83. $707. 

85. 3°097 ft.-secs. 36. 80°37 ft. 


87. 
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Initially, s=1, v= —'25, a= —2°405. After lsec., s=0, v= —1'223, 
a= ‘611. After 2 secs., s= —°607. v='152, a=1°46. After 4 secs., 
s= ie v= —'092, a=—'885. Alter 10 secs. s= — 082, v= 021, 
a=* ; 


88. The third curve touches s = e~‘/!9 where ¢ = (n+), and touches 
s = —e/ where t= (n+3)m. It cuts the axis of ¢ where ¢ = —}n7z, 
at an angle tan~!(2e—"7/20), 4 
40. '0675; °0495. 
41, If acceleration =—7?s, then v = n/(a?—s?), and s = acosunt. 
Examples XXXVI, p. 218. 
1. —3cot(x—82). 2. 3 sinx cos’x/(1—cos*z). 
3. seca. 4. 3/f(a?-1). 
5. —sin 42/./(2—sin?22). 6. —3nasinaxcos’ax(1+cos*ax)"", 
7. 6tan3xsec?3x/(1—tan’32)* 8. [log (1+ /x)|/(4/x +2). 
‘ secgrtangx " —asin2ax 
- 2n(1+sec3ax)'-/” " 1+cos’ax 
11. el tsin?« sin Qa, 12. $cosa/,/(sina—sin?2). 
(Hie -—/3 
18. Fe) 14. Fen 08a) 
oe: 2aat ‘ Hs —sin a ; 
(a + a4)8/2 "242 cosx+cos?x 
—a tan (1+ /2) 
17. FILA ee 407 ne 
19. 3° log 3. 20. 10?*-!x 2 log 10. 
21. ae x bloga. 22. —(2)/* log 2) /x*. 
23. —(na/*" log a)/a™*, 24. 2 log5 x cosax. 5'tsinz, 
os (6-62-2")/x | =e 4 (a/—3 x) [ as 3 |: 
© | 2V/{(e—1)(x—2)"} " (a-ax)> La-xw n(a—38z) 
27. (2a—a*—2)/[x (l—a) (2-2) ]*/*. 
28. sin” x cos"x(mcota—ntan x—4/x)/x'. 
ee =29) pe 1 2 1 |: 
* (1+2)(2—z) 3-22 Ilixv 2%-«# 
Ae (a—x) (b—a)8 [ Ja Is a 
"  (e—2a)4 c-2x% a-a b-x 
81. e~* sin™x cos"x (m cota—n tan «#—1). 


32. (a+)? sin x cos*2a”[cota—6 tan2x2+3/(a+2)]. 

33. }./[a* sin (a+) cos (a—f)] [log a+ cot (w+) —tan (x—£)]. 

34. 1/(@ log @). 35. a” (1+logz). 

36. (log x)” [log (log x) + 1/log a]. 37. ain [log acosa#+ (sin z)/z]. 
38. 1/[a./(82?—1-—224)], 39. 2/(1+2”). 

40. 2/(1+ 27). 41. 1-2? -3a /(1—2") sin x. 
42. cos X/(14+2asinX+2”"). 43. 1/[2x/(x—-1)]. 

44, 1/x?+1/[a?./(1—2")). 45. 2x—22°/./(a'—1). 

46. (1/a) tanh (w/a). 47. —(a/x) coth (a/2). 


. a sinh 2 ax/(1+cosh?az). 
4 (W+4ax—-82")/[(a? +27) (a—a)}* 
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50. 3a?x?/(a? + x7)°/?, 51. —n (1+1/log «)"-1/(# log’). 
52. 2a(1+a‘)" 1 (142nz7 tan 2’), 53. 3nsin4a(a?+sin’x cos bpm, 
54. —}. 55. Py, cot (ba +c). 

56. —1/4/(x?—a’). 57. 3 6/(a?—b?)/(a +b cos x). 

58. 8eC @. 59. —4/(b?—a*)/(b+acos2). 

60. 2./(a? +2”). 61. 2./(a?— x’). 62. (a? + b*) e sin ba. 
63. —}/(a? +1). 64. 1/,/(1—2”). 65. seca. 

66. 4. 67. 2ax7/(a'—a'). 68. 2/(1+27). 

69. —log, a/(«log,zx). 70. 2a°/(a*—<'). 71. cosech a. 

72. 2. 73. 2/(tan?a—1). 

74. (i) ab/W+®) x ylog b/(y+)*. (ii) p (ba log & — cB? log 8). 


75. 


If a? <b", |b+acosx|>|a+bcosa|, and therefore the inverse cosine 
is imaginary. 


Examples XXXVII, p. 218. 


. 2a7(a?—4)/(2y—ax)%. oy (02 

. —(n-1) ara 4/y?", 4. —2a° (4a°+0")/y’. 

- 4a7/(a—2y)s. 6. —64e-**sin (27+). 
. (—a)"2"/? , e-% cos (at—in7). 9. e* (a? +2024 90). 

. a® Seat (23 +. 0°) a? + 3na? a? + 3n(n—l)ax+n(n—1) (n—2)]. 

. —12/x*. 12. (—1)"-12 (n—3) !/a-, 


. 82 (a*—5) cos2”+160x2sin 22. 

» (-1)"e-* [a —3na? +3n(n—1)x—n(n—1)(n—2)]. 

. (l—2?) D™t?y—(2n4+1) 2 D™1y-—n? Dry = 0. 

. (x2? =a?) Dt? y + (2n4+1)a D**1y +n? Dry = 0. 

» [a +2nx(1+a)+3n(n—1) (1+2)*] xn! 

. (La?) Dot? y—(2n4+ 1) a2 D™t1y-n? Dry = 0. 

. 2D y+ 2nz Dy +n(n—1) D™-*y. 24. (ij —yx)/x'. 


Examples XXXVIII, p. 222. 


. Between —oo and 0, 0 and 4, 4and 0, 


Between —oo and —3, —8and 0, 0 and 3, 3ando, 
Between —oo and 2, 2 and 6, 6and o. 
Between —oo and —5, —5 and 0, 0 and 2, 2ando. 


Between —oo and —2, —2 and 3, 3 and o. 6. No real roots, 
wz=1, 1, and —4. 8. c= -—4, —3, and 5. 
. a =2, 2, 2, and —2, 10. 2= +1, +1, ‘and 7. 
.2=—8, —8, and 2. 12. « = 8, 3, and +4/(—1) 


TC) G2 — ace (IN) fi =—10e; 

-y=0 when x=1 or 4; dy/de =0 when x= %. 

- y= 0 when x=1 or 3; dy/dz = 0 when « =. 

- ¥ =F when x=1 or 2; dy/dx =0 when x= 1°414, 

. y=0 when x= 2 or 4; dy/d~x=0 when x = 2'828. 

-y =0 when z= (n+})7; dy/dze = 0 when x= (n+3)n 


F(x) =0 when w = 0 or 4, but is discontinuous when 2 = 1. Theorem 
does not apply. 


22. 


. f(x) =0 wien z=0 or 16, but /’( 
24. 
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J (x) = 0 when w = mn, but f(x) and f’ (x) are both discontinuous when 


a= (n+43)r 


4p +27 g? = 0. 


a) is discontinuous when x = 8, 


Examples XXXIX, p. 228. 


J (a+ ah) —ax ; 
h 
_#@ 1 __.sin(2+h)—sinz 
a ee ow Ga 


. f(x) discontinuous when x = 1. 

. f(x) and 7’ (x) discontinuous when zx 
. f(x) discontinuous when zx = 8. 

. A (202 /h2 +8 e/h +3) —a/h. 

. (1/A) log [2 (e#-1—h)/h?]. 

. J (a) and f” (x) discontinuous when 
. f’ () discontinuous when x = 1. 

. f' (w) and f” (x) discontinuous when 
. (i) —1. (ii) cosa. (iii) a/b. 

. (i) 0. (ii) 2. Gaili) 0. 


Examples XL, 


. x—dlog(#+8). 2. 

. £98 —3 2 + 9x—27 log (x +8). 4. 

a a ICE 3). 6. 
—ig?-lae-log (1-22). 8. 

. 22+11 log (x—4). 10. 

. —ax—42°—a' log (a—2). 123 
oo 

—— 2 08 (ax + b). 14. 


yea i aS 
—igi—hes?—-lea— yc’ log (c—22). 
GE WES a 


g d 
7 log (cx+d). 


2 mip oe 
eat ar 

ime ten = 
“log(l+h/x) h 


ae 
ar} 
9. 
1. W(x +a°h)/h—2x/h. 


| 


v= 4, 


w=4n. 
26. (i) —}. (ii) 2. (iii) 1 


p. 231. 


32°—32+4+9log(x+8). 
22+? log (2x—3). 
—te—-tlog (1-22). 
4x2—llog (1-22). 
—«+log(2”—1). 

2 3 + BP Eg ieee M)}, 


ae ge ¢ 
yt p ett , log (px —q). 


Examples XLI, p. 233. 


. 4 log (2-1). 2. 

3% log (w+ 6) + 33 log (#—5). 4. 
. at+iglog (a—4)—4log (x—1). 6. 
. log (a@—1)—2/(x-1). 8. 
. flog [((8+a)/(8-a)]—2. 10. 
. log (a—8) — $3 log (8”—1). 12. 


1g? +4 log (2?—1). 14. 
. kata +495 log (2 +5) + 44 log (a —4). 
1 Lo) 
feed oe 17. 
Fp ee eae 7 


—la2+thlogax—2$ log (5-22). 


log (a? —5a+6). 

x + log [(a —-2)/(a+2)]. 

2 log (a—1) —7 log (8x42). 
5 log (w—2) —12/(a—2). 

x+ log (a#—2) —2 log (# +1). 
x—6 log (#+1)—9/(#+1). 


Llog(2a—1)—1/\2a--1). 
pat45e4 2% to poet 
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Examples XLII, p. 234. 


. ttan“i (x41). 2. tan" (22741). 
i Lee 4 ud log e-1— 2. 

78 V8 PG e ge Ea /D 

1 824+4—2./7 Pe Sh +1 +0 
‘£f4 8 Bead 42/7 OO 5 2 fs lee 

Log V34+2 432, en ed a Ag 
9/34 98 5/34=2 =82 * B72 “8 82-1422 

1 age ae 10. x—2tan— (#41). 


"2,785 8 2. /b+/7 


1 £+2—4/5 Se Bele 2 
Ot Os OC noe aT 12. a3-—Ta+7/7 tan JT 

3 Qa+1—/5 1 /13+42—3 
ee 7B Oe Seale e een 1 lA aT OE 

1 ie /l4at+a—2a 
aoe °8 7i4a—a4+2a. 
2ax+b—.4/(b*—4ac) 2 _, 2au+b 

aX) A (b? “Tas! SSart oe V(b? —4ac) ge Vile ea v (4ac —b*) 


Examples XLIII, p. 236. 


2 2 © ee 


. $ log (#*?-—32+5)+ —— 


. log (a*+82—4). 2. 4 log (a —1). 
—tlog (a*—=z"). 4. slog (#?+2a+7). 
—log cos x. 6. (log sin ax)/a. 

. dlog (1+ 38sin’z). 8. log (2? + a?). 
—(1/b) log (a+b cos x). 10. —4 log (1—e?*). 

. 4 log (ax? + 2bx +c). 12. Llog (3+4 tan 2), 

. log cosh a. 14. log (log z). 

. —[log (1 —2a")]/n. 16. —log (sinx+ cos 2). 

. log (1+ xe"). 18. [log (a+bsin’x)]/b. 

Examples XLIV, p. 237. 

. blog (~?+9)+4tan "Za, 

: he oe —5)- Nate O/B oye et — /5)/(a + /5)]. 
42°—244? log (a +a”). 

| HVT log (4/7 +2)/(-/7—2)] +4 log (7-2) 

3 log (v?+4a+413)—8 tan) 4 (x+2). 
2 x-1—./2 
2 2x%—1)— v2 fps Lae ae 
2 log (a? -2a”— ae ees Barly 
. 2 log (2a74+2a+1)—-7 tan! (2241). 
is 
— log (3a7+ i + RA gt tl1-2/73 


ir es ECA S 


tan” plate 


Hh eae k: 


. e—log (2*4+x241)+ —, 
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. #+log (a?—-2a+45)—-2 tan} (2-1), 
- $2°+62+418 log (a?—62+410) +18 tan (a8). 


Plog aN as) ee tog 2 


ne U8 Tee ia oth 
ana 2etl 
ae V3 


. x} log (a? -2x243)— 4/2 tan" {(x 5 Uietelk 
. 0 ee See eine leg (202). 
. dlog (a? + ax4+a*) —/f tan [(2x+a)//8a]. 


—tlog (#?+1)+ eee 


: L log (a? + 2ax—a*) —44/2 log [(a+a—4/2a)/(x+a+4 ./2a)]. 


Examples XLV, p. 239. 


. log (w—1)-logx+1/z. 2. logx—34 log (w? +1). 
. dlog {x(a#—2)/(x—-1)}. 

. Flog (w7—1)+2 log (2? +4)+3tan ‘32 

- log (w@—1)+4 log (v+1)—Zf log (2241). 

. w+ log (x—1)—flog (x+1) —4/(a—1). 7. —1/x—tan“ az. 

. tlog (#@—-1)—Alog (w+1)—} tan z, 9. —$/(x?-1). 

. log {(e—1)/(e+1)} -4.2/(2*-1). 

. log («+1)—dlog (2?+227+2). 

| Plog (w—1)—4 log (a? +a + 1)- o/} tan /} (2041). 

. Hog {(a?-1)/(a?+2)}. 


—hlog(1+a)+2log (l—a+a*) —./} tan /} (22-1). 


. log {x/(1—x)} —1/a—3/2?. 
. log (a—2)—$8 log (7—1)—1t log (v+2)+3/(x—1). 
. log {(l+2)/(1—a)} —} tan“ 2. 


—Llog (x+2) + 7 log (a? -2244) 434/83 tan! /} (w—1). 


tana Vf tan” 24/3. 20. log {(1+2+42%)/x"} —1/x. 
eee OEY ~2.242)} + Btan™ (a+ 1)+ ftom (@— 1). 


#4 log (w—2)—f log (x—1)+ 44, log (w+ 2) —4 log (« +1). 


‘ ie {1_—- Me AL + 0 tO) + 44/8 ton 1 {r/3/(1 2}. 
. dlog (w—1)—log w+ log (a? +1)+1/a+$tan 2. 
. 42°+2a@ log (a—a) ) —fatlog (a? + ax +0°)+}x/Sa"tan (20+ a)/4/3a}. 


dae —27,/2 tan },/2a +2) log {(w—-1)/(e+ 1}. 


. blog {(a*—1)/(0? +1) }. 


Examples XLVI, p. 241. 


. sinh-!} (a +1) or log [x+1+ /(a’+2x+10)]. 
. cosh-?2(a+5) or log [w+5+ 4/(a? +10”—11)]. 


sins} Me +3). 4. sin-1} (a—2). 

. cosh? (22+ 1), 6. cosh (2a”—7). 

. cosh! 4 (22438). 8. 4,/2 sinh} (62-7). 
. fk a 4 (4a—-8). 10. 4/3 cosh 3 (42-7). 


. sin7 (2a — 3)/+/41}. 12. $cosh— {(9”—2a)/2at, 
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Examples XLVII, p. 242. 

. of (x45). 2. /(x?—1)+cosn-x. 
—2,/(4 —2?) y=sin ha 4. /(# +2") cosh (2241). 
— J/(4-3a"—2)—Zsin7 3 (2748). 

. 24/(a? +5446)—2 cosh (2x45). 7. sin tae +/(l—2?), 

. 2 (2a? + 2 —8) + 84/2 cosh} (4a+ 1). 

. W(x? +2x)+ cosh (x +1). 


. of (8a? +4247) —-2/3 sinh {(82+42)//17}. 
. J (6+a—27) + $ sin} (22-1). 
» b/ (522 —4a) + Fe 4/5 cosh 3 (52-2). 


Examples XLVIII, p. 245. 


1. }sin’ a. 2. —tcos*x. 
3. 4 (7 +27)8/3, 4. sec a. 
5. — i cosec’ax, 6. 4/(x?—a?). 
7. —4/(x*—1). 8. 1/{2 (n—1) (a?—27)"}, 
9. —%4/(a°—2"). 10. (a? +27)""1/(n + 1). 
11. —} (a8 —a5)"*1/(n +1). 12. —(a—bzx")3/(3 bn). 
1 ae 
= Sie 55 -1 " 
13. —} log (a*—2*). 14. Tat tan 7) 
1 ea 
15. ¢ 53 8 ay ro 16. —} 4/(a‘—<'). 
17. }sin (x?/a’). 18. }sin7! (x*/a‘). 
19. yy (a —2)°. 20. tan-! (sin x). 


23. tlog {(1—2cosx)/(1+2cosxz)}. 24. —(1—sin x)"4*/(n +1). 
25. } (log x)’. 26. (log x)"t1/(n +1). 
27. dtan?x. 28. tan”*a/(n+1). 
29. log(1+tan 2), 30. tlog {(1+tan #)/(1—-tan2z)}. 
31. 4(1+log x). 32. —(1—e*)"*1/(n +1). 
33. 2sin /2. 34. } (sin z)?, 
35. 4 cosh} 2? 36. sin? (3 4/2 sin 2), 
37. —1/{b(a—bcosz)}. 38. —1/(1+logz). 
39. £sin!} (22?+5). 40. } tan (2+ 2). 
Examples XLIX, p. 248, 
1, —3(74+2)/(1—2). 2. — (8a?4+4ax482x"),/(a—2). 
3. 2./(1+a)—loga+log {2+a-2/(142)}. 
4, 2/(a+2)—4 tan! 3 4/(a 42), 5. 2 log (1—/x)+24/a. 
6. w—2/x+2log (1+ ve 
V5 +27 (1-2) -1 
F 1-—z)}- l 
7. log {w+ ¥(1—2)} 7 Pe, 4/5 = OR/ (ee) le 
8. 2 (8a —4) (w+ 2)9/?, 9. 185 (aa + b)8/? (15 a? a? — 12 aba + 8b?)/a3. 


. log (1+e”). 


. Flog {(1+e")/(1—e*)}. 
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(a+2)//(a? +4245). 


- dloga—log {/(1+a) -1} — (1+ 2)/x. 
. Sa—/¥ tan f(g a). 

. Blog {(1+ /x)/(1—/x)} —6/2. 
. (1/8a°) log {a8/(a + a3)}. 

- 72 log 


. Slog {4/(1+x)-1} MP ope 4/5 tanks {2Y(1+2)+1}. 


23. 
25. 


{at/(3—22x')} 
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“ieee xt Ra/a—2Qlog (14 4/x). 11. 34/3 tan /(} x) 
J (a+ a) — Va x 
°8 V(ata)tVa. 18. Vata) 
tal [eo —4), 15. —cosech !x. 
. —sinh! {(2+2)/./32}. 17. seo * x: 
—3/2sinh™ {(1—a)/(1+2)}. 19. —/tcosh" {(14—-52)/9a}. 


— (1/a) cosh (a/x). 

Llog {x?/(2a*+3)}. 

(1/n) log {a"/(1—2%)}. 

3 log {a?/(1+ax*)} +3/(1+ 27). 


Examples L, p. 252. 


1. — log cos2a. 2. (log sin mx)/m. 

8. 2 log tan} (7 +2). 4. log tan 3 a. 

5. a log tan (4a/a). 6. 3tan}a—~«x, 

7. —(cot nx)/n. 8. 4cos*x—cos x. 

9. sina—sin’ x. 10. + cos’a—} cos>x. 

11. (sin"*?z)/(n +-1) —(sin™‘$x)/(m+3).12. tana+%tan'a +1 tan®x. 
13. }sec’a—sec x. 14. }sin*#—2 sina —cosec a, 
15. 3 tan’. 16. $a+} sin 2x4 sy sin 4a. 
17. } tan’a—tanaz+a. 18. —cotx—} cot®a. 

19. } tan°a—4 tan’a + tanx—a. 20. log tan x. 
21. 3 tan’ + log cos x. 22. log tan a+} tan’ x. 
23. —2 cot 2a. 24. cosec?—} cosec‘z + log sin x. 
25. }a@—Ay sin 4a. 26. }tan®a. 
27. §e—tsin2r+,sin4z, 28. —4cot®?x—t cot z. 
29. tan } x. 30. —cotda. 
31. tan x—sec x. 82. tan a+sec a. 
33. log tan (17 +42) —cosec x. 84. —kcos3x%— 7 cosdax. 
85. jy sin 5a+3 sing, S6s—ho (GbE Res Na 

2 (m+n) 2(m—n) 
att ce Re 38. }sin3a—gysinda—}sing. 
2(p—q) 2(p+4q) 
aq Cosme cos(m+2)x cos(m—2)a 
cs <a esa (m+2) ~ 4(m—2) 
40. i log tan (t+) +}a. 41. —d log cosa. 
a Log 3+tan}x a =e \ 13 tan 50+] 
See Be Sees "94 °°S tan da +l3 . 

44. : tan— (2 tan 2). 45. + tan“! (} tan 2). 
46. 4 tan— (3 tan 2). 47. per log (cos x+sin x). 


1528 Nu 


50. 


. 3 tan’x +4 log tanx—} col’ x—cotta—3 cot?x. 
. 3/3 tan” {(2 tan }a+1)//3}. 


3 tan“! (2 tan } a). 
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Examples LI, p. 255. 


1. d4./(9—x") +3 sin he, 2. £a/(x?—a?) —}a’ cosh” (a/a). 
3. da/(1+2*) +} sinh z. 4, La/(x?—4) —2 cosh $2, 
5. —/(25—2")/e—sin ta, 6. —/(1—27)/x. 
7. sinha — /(1+2)/x. 8. ha? sin- (a/a)—1L2/(a?—-2"), 
9. 42./(9 + 2) -2sinh-' 22. 10. 4a4/(x? —a*) +40? cosh) (a/a). 
11. 3a? sin“ (w/a) —}x/(a?—2?). 12. —4/(a?+x")/a?x. 
13. —}("7+2)./(1—2%), 14. } (a? -—20*)./(a? + x2), 
15. x/{a?,/(a?—2*)}. 16. x//(1—a") —sin-1a, . 


. sin /(a—1)— /(382-2—2"). 


18. 8sin-14/ {3} (w—2)} + ./(7a—-10-2”). 
19. 4sin-? 3 /(a—3) —3(5—2) /(102—21 —a”). 
20. 28 sin-14/ {2 (w+1)} —}(8-22)/ (44+ 82-2). 
21, sin} (2a—5). 22, sin-! {(2a—a—8)/(B—0)}. 
23. } (8-0)? sin¥/ {(—a)/(8 -0)} ~} (4+ 8-22) / {(x—0) (B-a)}. 
24. 4a? sin1,/ {1 (w—2a)/a} —} (4a—x)/(Sax—12a?—2?), 
25. (8—A) sin! /{(z—a)/(8-A)} —V {(x—Q) (8—2)}. 
26. 8sin14/{k (w+ 4)} + /(16—2). 
27. (4-8) sin / {(x—-8)/(a-8)} + ¥/ {(e@—8) («—a)}. 
28. }tane+4a/(1+2°). 29. } tan“ (a+2)+4(~+2)/(2?7+4a+4+5). 
80. hy tan} (22-8) +4b5(2x—3)/(22?—6a +45). 
81. 4 (a? —2)/(v? 4+ 204 2)—t tan (e+ 1). 32. dtan-'a—} x/(a? +1). 
Examples LII, p. 258. 
1. 325 (log x—}). . 2. §25/2(loga—%). 
3. (2™* log x)/(m+1)—a2™/(m4+1)%. 4. —4 (log a+ })/x* 
5. xsinx+cose. 6. —(x cos ma)/m+ (sin ma)/m*. 
7. e* (x—1). 8. —e-% (ax+1)/a%. 
9. 1(x*—1) tan e+ ue— yo’. lo. }a§ tan-1x—} 2? +3 log (a+ 1), 
ll. wsin-ev+vV (1-2). 12. clogx—a. 
13. x tana+log cosa. 14. (log sin max) /m? —(x cot ma)/m. 
15. 4(2a°—-1)sin w+4ae/(l—a), 16. xcoshx—sinhe. 
17. ax sinh (a/a) —a? cosh (w/a). 1s. xsinh“2— ./(1+27). 
19. «cosh a — /(a”*—1), 20. —2 cosx+2asinx+2 cos a. 
21. 2a*sindx+ 8xcos}x—l6sinia@, 22. (a—327?+6a—-6) e*. 
23, —(x?+2a+2)e*. 24, —lacos2at+yzasin2e+ioos2a, 
Examples LIII, p. 259. 
1. 3 a/(a?— a?) —}.a7 cosh"! (a/a), 2. 4.2/(a?—2?) +44? sin (x/a). 
8. Lar/(824+22)+8/2sinh3te, 4. dx,/(12—-827)4+2,/8sin ha. 
5. (a t+1)/ (2? + 2045) +2 sinh (+1), 
6. 4 (2445) /(6—5a—a) +42 sin} (2245), 
7. 4 (3a+2)/ (Sa? + 4ar—7)— 28/3 cosh- 4 (3242). 
8. py (6x45) /(8—S5a—82") +19} /3 sin 3 (6245). 
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®. 3 (8a—1)./(32?—22x) — 3.4/3 cosh (32-1). 
10. 5 (8a—5) /(5a—4.2%) + 28 sin! 2 (82-5). 


ll. ys &* (2sin 2243 cos2z). 12. #5 e?* (2 sin 5a—5 cos 5 2). 
13. $e-* (Asin} 2—cos} 2). 14. —}(sinax+cos az) e~*/a, 
15. yy e* (542 sin 22+ cos2x). 16. $¢* (2—sin 2x—cos22). 

17. }(sinh asin x—cosh 2 cos 2), 18. } (cosh x cos2+sinh xsin 2). 


19. }(cosh asin #—sinh w cos 2), 
20. —Le—Rt/L (Rsin pt+pL cos pt)/(R?+p'L). 
21, Le—*t/L {pL sin (pt + )—R cos (pt +e)}/(R? +p" L’), 


Examples LIV, p. 264. 


1. e% (a8 a8 —3 xa? + 6 ra —6)/at. 2. —e* (a*+4a5 4.120? 4+ 2444 24), 
8. d4(3—-22")cos2x+3(2 27-1) sin? 2 boyy Geer unis 

4. (e$—62) sina + (3x%?—6) cosa. 

5. —(a*—122?+4 24) cosa+ (4a%— 242) sin x. 

6 

8 


rs 
a 
y 


. gy x {9 (log x)? -6 log a +2}. 7. gy a4 {8 (log x)?—4logx+1}. 

. (w? +2) sinh 2-22 cosh a, 9. (x° +6 x) cosh x— (327 +6) sinh x. 
lo. } tan*é—tan d+. ll. —$cot®é+4 cot?d—cot d—8. 
12. } tan’76—} tan’d+ 3 tan®é—tan 6+ 6. 
13. } tan‘. 14, } tan?6+ log tan 6. 


15. }tan?+3 tan 6—3 cotd—}cot*d. 16. 2/tand, 

17. +5; 0 —4 cos @ sin 6 — ' cos 6 sin®é—2 cos 6 sind. 

18. 4sin*6 cos*6 +} sin*6 cos 6— 7; sin 4 cos 6 + zy 4. 

19. ¢sin 6 cos°6+2sin 6 cos 6+ 39. 20. } tan 6 sec 6+ log(tan 6+ sec 6). 


21. —coté—icot*d. 22. log (sec 6 + tan 0) — cosec 6. 
sin” 6cos"*16 m-—1 
23. In,n = SS Im—2, Ne 
m+n m+n 


24. /sin®6 cos?6 dd = —3sin’d cos*6+ 3 /sin‘4 cos?6 dd. 

sin™@ cos"™t!9 m—1 
n+1 n+1 
sin®d lsin®@ 5/[ sin*d 

a lea Uae 3 cos’6 3 sare qo. 


sin™*1@cos"6 n-1 


25. Im,n = — Im—2,n+2. 


27. Inn = amet ag In+2,n—2. 
cos® 6 cos*6 cos*d 
ae. | Og dO = — 9 sin? -2| sing @ 


I sin™t! 4 cog"t10 a m+n+2 I 
29. Lm,n = — es tale 1 m, n+260 


ao 1 alee dé ] 
oo sin 6 cos°4- 2 cos? sin 6 cos 6 
sin™t@cos"t19 m+nt+2 


I, ° 
m+1 ‘mide oo 


31. Inn= 


da. savepaitewal tl i 8 
ok |amave cos’?6 «© 8 sin’@cos@ 3. sin? 6 cos? 
nn 2 
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Miscellaneous Examples, LV, p. 265, 


1. --2log(1—42). 2. Llog {(1+2z)/(1-22)}. 

3. —1,/(1-42). 4. —3(1—4e)"*1/(n 41). 

5. — yy (1—42°)9/2, 6. bx /(1—42°) +4 sin— 2x. 

7. —1/(1—42). 8. }sin-2z. 

9. 1/{4(1—42)}. 10. —}(1—4a°)"41/(n +1). 

i. —1n(1—42)(*D/9/(n 41), 12. — (1-40), 

13. —1a/(1—427)+;sin7 2x. 14, —7, (24+1)/(1-42). 

15. —1a7—, a— A, log (1-42). 16, —} (1-42). 

17. }sin-1 22. 18. Js ((1—4.2)"*2/(n +2) —(1—42)"1/(n+ 1}. 
19. js {1/(1—4a) +log(1—42)}. 20. ps {w+ log (1-47) +4/(1-42)}. 


21. xg log {(1+2x)/(1—2x)} —42. 

22. J, {sin 22-22 (1-827),/(1-427)}. 

23. 4a°—2at418 25, 24. —745 (146243027) (1—42)9/%, 

25. x/4/(1—427), 26. 4(1—42%)-4. 

27. 1/{8 (n—1) (1—42*)"}, 28. }(1-4a)"/7, 

29. —gy (14274 627)./(1—42). 80. 3; {log (1—4a”) +1/(1-—427)}. | 
31. log {x/(1—4=)}. 32. log {x/./(1—42")}. | 
33. log {x/(1—4a)} +1/(1—42). 34. 4 log {x/(1—4a)} —1/z. 
35. log {(1+2a)/(1—2)} —1/z. 36. Llog {a?(1—2 x)/(14+22)}. | 
87. xt+logx—# log (1-42). 38. — A, (14227) /(1—427). | 
39. 1/{8(1—42")}. 40. —¢y (1462) (1—42)*/*. 
41. 22-1 (sin 2ax)/a 42, 2sin}a—Zsin*} 2, | 
43. —icos4a., 44. —tcos°a. ! 
45. +sin‘x. 46. tsin‘x—isin®z, | 
47. }a—gPysin 4a. 48. }cosx—icos3a. | 
49. }sinz+}sin 32. 50. }sina—t sin32. | 
51. 4sin'a—2 sin’, 52. } tan 27 —x. 
53. —2cotfa—a. 54. } tana sec a+} log tan (}r+3 2), 

55. 4 tan’a—tana+, 56. 4 tan?x. 

57. 4 seca. 58. —cosec x. 

59. 4 log tana. 60. slog tan (¢w+2). | 
61. (sin nax)/n? — (a cos nx)/n. 62. 2asindx+4cost a, 

63. (xtan mx)/m-+ (logcosmx)/m?. 64. xtana+log cos «—} a, 

65. (2—27) cosx+2 asin x, 66. —t(2a4+1)e* 

67. (a? —2x+2)e*. 68. de”. 

69. (a—b+ ba) e*. 70. +x" (log a—#), 

71. 4 (a?—1) log (1+ x)-+a? +22, 72. 4 (log «)*. 

73. —{(n—1) logx+1}/{(n—1)?a™ 1}. 74. —(a—a) log (a—x) —a. 

75, 3 (1427) log (1+ 2?) -2a%*, 76. —q(sindx+5cosdax)e*, 

77. } (sin 3” + cos 3x) e°. 78. pp (sin 2a—2 cos 22x) e*. 

79. —7Py (2sin 2a—cos2x+5)e*. 80. }(at—1)tan a#—j,a5+32. 

81. 1 (227-1) costxa—1a/(1—a). 82. xsec~'x—cosh-a, 


83. 


85 


2 a cosectxa+24/(x?—1), 84. (log cosh ax)/a. 
. —log (sin z+ cos 2). 86. log {x//(x? + 1)}. 


87. 
89. 
Ql. 
93. 
95. 
97. 
99. 
101. 
103. 
105. 
108. 
210%, 
- 108. 
110. 
111. 
Tie: 
115. 
117. 
119. 


121. 


123. 
125. 
127. 
129. 
131. 
132. 
133. 
134. 
135. 
136. 
138. 
139. 
140. 
142. 
143. 
144, 
145. 
146, 
148. 
149. 
150. 
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3 log {x°/(2* +2)}. 8s. } log (a?+1). 
J (x? +1). 90. log [{4/(a?+1)—1}/x] or —cosech"'x. 
— f(a? +1)/x. 92. x—tan-a. 
4 x./(1+27)—Lsinhz. 94. sinha — 4/(1 + x?)/z. 
3 (a? +1)8/2, 96. $sinh a+} 2 (5+ 2x?) /(1+2°). 
4 ae/(e? +1) +i tan2, 98. 2//(x?+1). 
—1/,/(1+2%). 100. } (#74 1)°/%. 
~ (2482) (1-2), 102. Be (2+32) (w— 1) 
—% (a@+2)/(1—2). 104, #(x+5)/(a—-1). 
sin-./x—/{x(1-2)}. 


t (24-1) / {x (x—1)} —} cosh (2”—1). 
t(22—-1)/{a(1—x)} +}sin“ (22-1). 


sin? fat /{x(1—2)}. 109. sin-! (2a—1). 

t (2241)4/ {a (a+1)} —}cosh™ (2a+1). 

—log (1+ cos 2), 112. tan}. 

x—tant«. 114. x—sin x. 
taniz+sine—z. 116. 1/(1+ cos 2). 

3 tanda+i tan’ x. 118. }tania—itan'i a. 
gtan’da—Ztaniavt+a. 120, 2 tan da—z. 

log (e7 +1). 122. «—log (e* +1). 

e” — log (e* +1). 124, 2 tan-e”. 

log tanh } 2. 126. xsinh a—cosh x, 
2xecosht~%—4sinhia, 128. }a+fsinh2 x. 
tsinh 22-32. 130. wsinha—./(1+2"). 
1 (22?—1) cosh a—12,/(x7—1). 


3 (sin ax cosh ax —cos ax sinh ax)/a. 

pp (5+ cos 2x) cosh a+} sin 2% sinh x. 

ps (8 sin 2 sinh 3a” —2 cos 22 cosh 32). 

(n cos ma sinh nx +m sin mx cosh nx)/(m? + n?). 

pp tan“! Jy (7 +3). 137. 3 log (2? + 624109). 
2 log (z?+6x+109)—32 tan” ¥ (x +3). 

x—8 log (z?+6x+109)—24 tan yy (v7 +3). 

sinh-' j}, («+ 8). 141. 4/(a?+ 6x2 +109). 

J (a2 +62 +4 109) —8 sinh-! J; (2+ 3). 

(a +3)/(2? + 62+ 109) +50 sinh yy (x +38). 
1 (2a? 43x4191)/(x?+ 62+ 109) —150 sinh” yy (x +3). 
thy [log {a//(x? + 6x + 109)} — 3% tan 7 («+ 3)]. 

— / hy sinh {(82+109)/10 2}. 147. log x—} log (1+2”). 
log {(1+2)?/(1—v+x*)} + /} tan {(22-1)/,/3}. 

d log {(1—a+a)/(1+a)*} + /} tan” {(2x—-1)/4/3}. 
(14 2a%)/(1 4227. 


Examples LVI, p. 272. 


1. 204°6; 4; 2; 2983; 24. 
2.13; —ay; amt? (2"41— 1)/(n +1); 828; 380°. 


8. log 4; log2; log 4. Ca thea es) 5. tm; ¢7; 1. 


a(1—37); 42-8 log 2. 


a1. Ztan-12; slog? 
23. 7; 0. 

25. ¢+log 2; 4+ log #. 
27. 0; 0. 

29. t7—-4; 1. 
$1.347-1. 

33. 6—4 log 2. 

35. £ (e741). 

37. zo (7 + log 3). 

40. 1 //3— ps 7? —log 2. 
42. dn. 

44. 1. 

46. e?—e%, 
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, dor; ami eee "446. 7.40 = (log (14 /2) + 4/2} ; 1074. 
. f2-1; dlog%; tan722—- 9. t7; %; log2. 

. 2log2—- - Si log4—T; sings alogata—b. 

mela 12. 47-1; ta—t log 2 
~£(e27™4+1); (E77 +1). 14, e—2; sinh l. 

. 4a; a(/2—1). 16. 7; n?—4. 

Os ras 18. ‘446; 2°287. 


20. 3 log3; slog 3. 


22. tw—%; Pam. 


24. 0. 


26. Pen? t+t; Yen? th 


28. 4 


380. jad). 


32. $0/sind. 
34. tan-te—t7. 
36. 3 (log2+7/,/8). 


88. °446. 39. 562; 1°7624 
41. s m—ttan 4; log 338. 

43. 4a’, 

45. 1, 

47. 0. 48. 1 (bt—a'). 


Examples LVII, p. 277. 


In each of Ex. 1-12, I denotes the integral of the given function from 


0 todn. 

i OL DRPN 

4, 41. Bows 

7. —21, .4i,. 

10. 31. ray yg 

13. o%. 14, a™t?/{(n 4-1) (n+ 2)}. 
16. 0. 17. 0: 

19. 725 20. zo (2a), 

22. 0 235710. 

25. 0. 26. 0. 

28. 1182 and1192. 29. 1571 and 1°679, 
84. ‘1168. 


3. 


2 


Examples LVIII, p. 281. 


, 5 and °5236, 
. 1785 and 2. 


In cases where no answer is given, the integral does not exist. 


WEE 2. 8/4/2. 
10. m/(ab). 13. 3 
20. log2. 21. 1-17. 


4, 8. 6. 0. 
14. 7. L5ah: 
23. 7 24, 7. 


8. 4}. 9. im 
16. a. 18. yg 7. 
25. n!. 
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Examples LIX, p. 285. 


1. ghgm. 2. gy. 8. hee 4. 3; 7. 
5. 35. 6. #7. 7. om 8. #. 
9. 37. 10. 83. 11. 47a’, 12. 481. 
13. 4 a®. 14. xi,7a" 15. $122, 16. 1/(12a ). 
17. IBS, 1s. 0. 19. i507. eo 
21. 37 22. $2. 238. 470’, 24. £7ra*. 
25. y§57. 26. $3. 27. 1/(24a°), 28. 1/(64”). 
29. 7 80. 4(8—Q)m 81. 27. 32. 2fr. 
83. am. 34. ar. 85. 7. 36. Shr, 
Examples LX, p. 291. 
1. 103..% 2. fbr. 3. Bra’, 
4. Srab. 5. F§/2n, 7. Sab. 8. 18a. 
9. 128, 10. 1063. 11. (i) }(4—m)a®%. (ii) 4(44+7)a% 
12. “67a, 14°37 a?, “67a. 13, 45 8a?; 24/3. 
15. {2./3—log (24 /8)} ab; ablog (2+ 4/8). 
16. 27. 17. 347. 18. 47. 
19. 4ab tan! (b/a). 20. 7. 21. pra’. 
22. 470%, 23. 6a’. 24. 37a’. 
Examples LXI, p. 298. 
WEEE. 2. 14°902. 6G 
Arles 8. 3°57. 9. °256, 
10. (i) 2na/m, (ii) nam; (i) 2n?a/m, Gi) $n’a. 
12. () tng (ii) 24/m. 18. 39. we 14, 1'274, 
15. 5 ¥; 16. 17. 127384, 
18. a 19. Sa. 20. ¢7b. 
21. 0 for a complete revolution, 27/m for half a revolution. 
22. 3°9 sq. in. 23, 14°42 sq. in. 
24. 16°72; 16°64. 25. 15869. 
Examples LXII, p. 303. 
1. fy7a’. 2. Bera’. 
3. 1 of circumscribing cylinder. 4. 5% of circumscribing cylinder. 
5. 3’ ab’. 6. ige. 7. 3 ma’, 
8. ps2 (10-37) 2%. 9. tr’ a’. 10. 3% 7a’. 
11. bra’, 12. 4(91?-16) ra’. 18, 2813 ree. 
14, 87a’, 15. #7’. 16. 27714, 
17. 40 (n?—8) ab®. 19. ze ra’. 
20. wa {b (2a +b) log (b/a) + 2ab+}a°—$b"}. 


. 2n%br?, 2s. 17°69 c. ft. 24, 2186 c. in. 
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25. yy m (14437) 0% 26. 7 [2ab?—2 b'/a—2ea*b sin” (b/a)]. 
27. 183°8. 28. 4(2— 4/8) rr. 
29. bh’, 30. 3/2 TOs 
Examples LXIII, p. 307. 
2. 11°304. 3. Wa. 5. “82. 6. 6a. 
“hen 
8. 2 J/ (a? +b? cos?6)d6. 9. 4a/4/3. 10. 46°66. 11. 48°87. 
- 0 
13~ 1317. 14. 4(a?+ab+b?)/(a+b). 16. 8acos} a. 
17. log (2 cosh a). 18. 4407, 20. 9°76. 
Examples LXIV, p. 309. 
1. 620. 2. 452°5 sq. in. 8. 82707, 
4. §$(3m—4) ra’. 5. 262°2a?, 6. 4n°ar. 
7. w(r—2,/2) a’, 8. na? (4—7)//2. 9. 32a’, 
10. 2mc*(1—1/e). 11. 27m {ab (sin-'e)/e+b?}. 
12. mr (b?/e) log {(1+e)/(1—e)} +2ra%. 18. wa? {3./2—log (4/2 +1)}. 
14. 7 {2+ 4/2 log (/2+1)} a 15. me? (24sinh 2). 16. 37a’. 
17. w {/2+log (/24+1)}. 18. 47a’. 
19 4288 sq. in. 20. 1096 sq. in. 
Examples LXV, p. 312. 
13. r= 2asin6 tan 0. 14. r7cos 26 = a’. 15. r(1+cos 6) = 2a, 
Examples LXVI, p. 317. 
3. 120°. 4. /(2ar). 8. 107°39’. 
21. r/fa=1+sin(9+C). 23. 3/8a. 24. La. 
25. a//2. 28. 60° and 120° with initial line. 
29. When cos = {—a+ /(a?+8b")} /4). 30. b?/p? = +2a/r4+1, 
81. a7 b?/p? = bv? +a7—-17, — 82. a*/4D. 36. 0°. 
Examples LXVII, p 321. 
1. $a’. 2. 1. 4. 14°14, | 
5. 35°525; 2°174, 6. 7a’. Tis Cre 
8. py ra’. 9. pra’. 10. ps (47 -8,4/8)a¥. 
11. (3r+2) a, 12. Fat, 13. 4/2(r, +1). 
14, 3°925a. 15. $ma. 16. 4°59 a, 
tn dé 
; Sra? 
17. 2a (1 —2ein®d) 18. § ra’, 19. 8a. 
21. yaa’. 22. 233°7. 23. 335'1. 
24, na’, 25. dra’. 26. $r(V/8-1)a’. 
27. 27a’, 28, 2/20 (e241), 
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Examples LXVIII, p. 324. 


1. x= b(4cos6—cos40), y=b(4siné—sin4é); x= b(2cosd+cos 26), 
y = b(sin 6—sin 2 6). 2. tan (0+34). 

8. ds/dd = 2 (a+b) sin (}.a6/b); 8(a+b)b/a. 

4. ds/dd = 2 (a—b)sin (3 a/b); 8(a—b) b/a. 

5. x= 2/20. 6. rt+/3y = 2d. 

7. 6arb?. 9. rP =a®—-8p*. 

10. x =a(cosé+6siné), y=a(sind—écosé). 


Examples LXIX, p. 332. 


1. (i) $-/27/m from centre, on middle radius. (ii) 4/7, $b/r. 
2. 3h from vertex. 3. (Gans = peestoe a ): 
log (b/c) 2 be log (b/c) 
4. 73nd. 5. B= 51h. 6. (84, a). 
7. (2, 4). Saree, 9. x = ga. 
10. y= 3b ‘92a from centre. eae 
13. 2=¥ = 258 a/n 14. ‘876 » from vertex. 
GS esi 16. 544 in. from larger end. 
17. °877 from vertex. 18. Gh, zo): 
19. x = 3 (a°—b*)/(abe +a’ sine), 20. (&; 333). 
21. 2 = 33. 22. x= 8. 
23. ¥ = $a. 24. y= fa. 
25. 7 = 1 {acosech (a/c) +ecosh (a/e)}. 26. m/3a?; tra’, 
27. A/a’; V2 7ra3. 98, 454773 On? 
29. 277a7b/e. 30. 76 lb. wt. 
31. 984°7 sq. in.; 1585 ¢. in. 33. 265°4 lb. wt. 
84. (3°95, °96). $5.4 =3 9. 
Examples LXX, p. 236. 
1. 3h. 2. 4(6h?+8ah+3 a’)/(3h+2a), if a be height of triangle 
3. 44 ft. 4. json 5. $a. 
6. pe )/(2 a+4b), where a is the side in the re, and 0 the parallel 
side. 7. 7a. 
9. Depth below surface increased by h(h+2a—b)/(h+a), where a and 6 
denote original depths of C. G. and C. P. respectively. 
Examples LXXI, p. 340. 
1. $ Ma’. 2. } Mb. 3. § Mo’. 4. 4 Mr’, 
5. } Mh. 6. 4 Mh’. 7. Mb? [b = } base]. 
8. ps5 Mh’. 9. 4} Mr’. 10. 3% Mi. 11, 2 Mb? 
12. Ma? (e? +4). 13. 4 Mab. 14. 4M’. 15. 3 Mr’. 
16. 2 Mb’. 17. + Mab. 18. s& ML’. 19. 1°25 M. 
20. 1°95 M. 21. 3 Mr? {2+ cos2x—8 (sin2 x)/a}. 
22, 38 Ma’, 23. $3 Ma’. 24, gz Ma’. 
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~ iM (0? +r), 2. % Ma’. 3. 1 M(a’ + 6°). 4, } Ma’. 
. 2 Ma’. 6. (i) £Ma®, (ii) Ma (e?+2). (iti) Ma? (1/é+4). 

» ys Ma’. 8. 3 Ma’. 9. $M. 10. M {3.a?+(a—b)}. 
» p> Ma’. 12. M(,)5 gee 13. 3 Ma?b?/(a? + b*). ! 
. £MV*h?/(? +h?). 5. (i) Z #o M(h? 4427). (ii) gy M (3774+ 2h’). 
. M (gh? +407). 3: (i) py M(h?4 877). (ii) M($h?+ 37°). 
. M(c?+f0*). 19. M(2 992), 20. 2 Mr? {1—(sin X)/a}. 
. 4 Ma’. 22. 3 Mr’. 
. 1 Mc’, if ¢ be the length of the hypotenuse. 

. 4 Mb (4a43b). 25. 1M (b?+6a’). 


. 20m(R—R’), where R and fF’ are the distances of the point from the 
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Examples LXXII, p. 345. 


Examples LXXIII, p. 348. 


= Mfr 2. (M/h) sinh~?(h/r). 

» (M/r?h) {ho/ (02 +12) +? sinh (h/r) —h?}. 

. 2M/l, where J is the slant height. 5. 3 M (l—h)/r*. 

. 2nm(r*—r'*), where m is the density, at an internal point; M/e at an 


external pointe 7. M/r. 


. 2arm(rP—r?—1¢?+30), where c and c’ are the distances of the point 


from the centres, at an internal point; M/c—M’/c’, at an external 
point; 3mm(87?—-c?—-27r'8/c’), ata point between the spheres. 


edges of the ring. 10. 2.M/r. 


Examples LXXIV, p. 352. : 


. (2m cos X)/p. 2. 20m (1 —cosQ). 3 and 4. (2msin}4PB)/p. 
. (M/h) (1/R,-1/R,), where R, and R, are the distances of the point from 


the circumferences of the ends. 


. 2rm(h+ Rk, -R,). 7. 22mh(1—cosQ). 
. (i) 0. (ii) 4m (a? —2"8)/a?, (iii) M/2. 
. (i) $mmd, where d is the distance between the centres A and B, 


(ii) Resultant of M’/BP*® along BP and M/AP? along PA. 


. M/PA. PB. 
. 27m (cos 8—cos Q), where & and @ are the angles subtended at the point 


by the radii of the ring. 


. (i) 81876, (ii) 30°63. 13. 515 x 10° ft-lb. 


Examples LXXV, p. 860. 


. (i) £32 5s, 11d. (ii) £32 6s, 8d. (iii) £32 7s. 4d. 

. (i), 29°1°. (ii) 40°55 min. 3. 30°5°; 203 min. 

» T/T 2°85. 5. 3048 lb. wt. 6. 20°5. 

. 5870. 8. ‘44. 9) 1915, 

. 86°95; 14°98. 11. 78°5. 12. (i) ‘2054. (ii) 61 
. (i) °0059, (ii) 5°44. 14. (i) 00098. (ii) 1°24 sees. 


ANSWERS TO THE EXAMPLES 556 


15. 1°74 x 10% h 16. (i) °268. (ii) °0028. 
17. 4°97, 18. —3°09. 
19. —°02. 20. $V; 2°32 min. 
21. 44°26 per cent.; 12°5. 22. 1°99 secs. 
23. 185°8 min. 24, 46°45 years, 
Examples LXXVI, p. 368. 
1. 1 ft.-lb. 2. a ft-lb, 8. 19080. 4, 129360. 
5. 92363 ; 186540. 6. 77625; 47520. 7. 111°45. 8. 1,000,000. 
9. 3522x 10*. (i) 23 ft. per min. (ii) 13 ft. per min. 
10. 78680; 433°8°. 11. 61790. ig. At 56°19’ to horizontal. 
13. 2°8386W. 14. 2W, 15. 2W. 
le. 41° 24’, 17. 9 in. below AB. 18. 48°54’ to wall; unstable. 
19. 16° 25’ to horizontal; unstable. 
20. $Weot a, if W be total weight of rods. 
21. W(2c-a)/a/3. 22. 50 cot a. 
23. 294°8. 24. 79°72 ft.-lb. 
Examples LXXVII, p. 375. 
1. (i) 84/3. (ii) 16. (iii) —1°67. (iv) 3a. 
2. (i) 16. (ii) 8,/5. (iii) —3:48. (iv) dq. 
3. 642 days. 4, (i) 82/3. (ii) peo. (iii) °185. 
5. 214 min. ; 4°946 miles per sec. ; 85 min. 
6. 2°92 miles per sec. 7. 84 miles. 
8. 1°49 miles per sec. 9. 25°82 ft.-secs, 
40. 17°17. 11. /p/z. 
12. (i) 4 ft. (ii) 1°11 secs. (iii) 4°9 ft.-secs. (iv) ‘24 secs. (v) 3°95 ft. 


2M (partut); /(1/u) sinh? (2/p/u). 

» A {u(a*—a2)} ; o/(1/u) cosh" (#/a). 

. J {2 (x—a)/ax} ; /(a3/2u) {cosh /(x/a) + (a? — ax)/a}. 

eG TG. 17. a?//p. 

. (i) 556 secs. (ii) 5°656. (iii) —3°32. (iv) 4°306. 

. (ii) 2°828, (iii) —1°66. (iv) 3°847. 

. 7854; a2 = cos 8t, if x be distance from centre at time ¢. 

. 7854; x=cos 81, if x be distance above position of equilibrium at time ¢. 


Examples LXXVIII, p. 384. 


. (i) o=u—ks. (ii) v=ue™. (ili) u(1—-e*)/k. (iv) t= 00. (v) s= u/k. 
. (i) 1000/(100a2+4+1). (ii) 1000/4/(2¢ x 105+ 1). 

. (i) 1196 secs. (ii) 69°3 ft. (aii) 1°3 ft.-secs. downwards. (iv) 63'9 ft.-secs. 
. (i) 2°86 secs. (ii) 92°16 ft. (a1) 11°46 ft.-sees. 

. (i) 100. (ii) 79°8. (aii): 174°4. 


(i) 31°623. (ii) 31°62. (iii) 104°9 ft. (iv) 30°37 ft-seca. 
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7. °488 Ib. wt. : 
8. (i) 1°16 secs. (ii) 22°3 ft, (iii) 35°78 ft.-secs. (iv) 1°203 secs. 
9. 22°74 ft.-secs. 10. %/(9/k), if mkv" be the resistance. 


11. (1/k) log (1+ku/g); u/k—(g/k*) log (1+ku/g). 
12, {tan-? (u/k//9)} // (gk). 
13. (i) 89 ft.-sec. (ii) 3°3 ft. (iii) ‘0048 ft. 


14. 2k/u/g; Rku/g. 15. 14°3 ft. diameter. 

16. 40°8 secs. ; 1739 ft. 17. (1/k) log {u/(w—kh)}. 

1s. 61°66 ft.-secs.; 62°3 secs. 19. 1°37 secs. ; 18°8 ft. 

20. (x+y)? +3y? = 25. 21. 4(47+3y)?+25y? = 1600. 


22. 2=acoshts/p, y=(u//p)sinht/p; 2?/a?—py?/u? = 1. 


Examples LXXIX, p. 391. 


Git aie od 
1. 8x/(§ cos 8) ; . 6 TOD 


3. (i) 3°14 secs. (ii) 16 ft-secs. (ili) 13°86 ft.-secs. (iv) —3'33 ft. 
(v) "66 sec. (vi) s = 6°98, (vii) 14°57 ft.-secs. upwards. (viii) °425 sec. 
add ; 
Ja- 4509) 
vee eee 
5. 8./cos6; ogc Lira gl 
V3 
6. 8 /(6 cos 8) ; a nA 
a oe ts dp 
32 4/( (Sos) 16 |, V(1—}sin?¢)’ 
F a tm dd 
e: 4a] 8 (vacmt-3) A anys | Vl —sin® $n sin?) 
2a 2a'+3a7b?4+2b*) ... 2 
0 () Bealse Gel { rargvpe f° Ci) eal {zs Vier+ 09} - 


(iv) anal fee 


a, G)s-2k Gil) sere 


hr 
4. (24 cos 4) ; th } 
Jo 


1o. 1°93 secs. 11. 965 sec. 12. 1°82 secs. 
13. °736./a, 14. h = radius of gyration about C.G. 
16. 2. ft, 16. ¢? = 2G (cos$—cosQ)/J; 2rv (J/G). 


Examples LXXX, p. 395. 
1. 8°9 ft. 2. (i) 353°3. (ii) 356°8. (iii) 354°9 lb. wt. 
5. 0'°021 inch. 6. 101 ft, ; 6°28 ft. 7. 101 ft.; 6} ft. lo. ‘04 ft. 
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Examples LXXXI, p. 401. 


1.559. a? +y?4+8a-Ty 33, 2. 42°16. (a +38)? + (y—52)? = 18900, 
8. —4°63, ay B. (a? +y2)2/2 c?. 6) S/T Gi 
7. —4,/2a. a +y?-l0ar+4ay=8a% (9a, —6a). 
8. ¢. 9. - (2a? —a?)?/a’. 10. 1284. 
ll. —3%/(azy). 12. —2. 13. 43. a? +y?=9-. 
14. —4,/2. 15. 4a cos} 6. ‘16. —ta. 
17. 445. i8. —acosec (x/a). 19. 3asin@ cos 8. 
20. csec?y. 21. y’/a. At the vertex. 25. e = 1,/2. 
27. 4a cos 30. 
29. (i) Max. at origin. (ii) Max. when « = ‘386. (iii) No max. or min. 
32. —acot 0. 
Examples LX XXII, p. 406. 
1. Ely =4W2' (l-1 x); 3 W/E. 2. See result of Art. 200, Ex. (iii), 
3. See result of Art. 200, Ex. (ii). 
4. Ely = 3, Wa? (182?-8lx+2%)/l; 3} W13/EI. 
5. As 37 : 16. 8. ais wl*/ET. 9. sors Olt /EL. 


10. If « be measured from clamped end, Hy = 2, wax’ (l—ax) (31-22), 
Where «= ‘58/. 
ll. yogWE/EL 12. 1°39 in, 
Examples LXXXIII, p. 413. 
1. 2/(75/a). 2. (i) $a. (ii) ha /2. 
3. (i) ¢a. (ii) 2a//8. (iii) Za. 4. (2ar—7°)*/?/ab. 
5. 3o/3a. 6. (a? + 77)8/2/(2a? +77), 
7. r(a?tr)s/?/a’. 8. a®/{(n+1) 2}, 9. 3 4/(a7*). 
: > dr 2 3 J - ar 9 dr 2 
10. |r? + (55 f at tas (5 \. 
14. fa 1/r°. 15. (h cosec X)/r. 16. fx 1/r4, 
17, fo l/r". 18. The lemniscate 7* = ap. 


. h? =p (semi-latus rectum) ; 0? = p (1/a—2/r). 


Examples LXXXIV, p. 420. 


1. A concentric circle. 2. Two concentric circles. 3. A circle. 

4. 4ay =’. 5. Jat/y= Ja. 6. 27/8 + 47/8 = c7/. 
7. 2ay = +c”, if we? be the constant area. 8. y =4a(x+a) 
Ob OS ae 10. 7 =) 2. ll. Y = 2a’ a. 
12. +y=a’. 13, 2?—-y? = a’, 14, 4ay = —a’. 
15. 27/3 + y?/S = 7/8. 16. y= +2. 17. a*+y4= at, 
1g. The cardioid = a(1+cos6é), if a be the radius of the fixed circle. 


. The lemniscate (x? + y”)? = a? (a —y’), if a be a semi-axis of the hyperbola. 
. 2/(a +d?) +y2/0? = 1. 21. A cycloid. 
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22, 
24, 


26. 
28. 
30. 
32. 
34. 
36. 


. B+ Qary® =m C, 2. y—-2a = Cay. 3. 2ay+a%= C, 
. PO +ay—y? = C. 5. a? +2 Cy = C?. 6. x+y? = Cy. 
. ey(x-y) = C. 8. att4ay—yt=C. 
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~~ 

The parabola a’?=4h(h—-y). 23. rty+a=0, if bbe sum of semi- axes. 
(x? + y?— a? —b?)? = 497 {(w—a)?+(y—b)*}, if (a, b) be the fixed pont 


and 2?+y?=/? the fixed circle. 25. 2+y=ty. 

(a? + y*)? = 16 ay. 27. An epicycloid (Art. 169) in which a= 2b. 

A cardioid. 29. An equal cycloid. 

(azx)?/3 + (by)®/8 = (a? — b*)%/3, 31. (aw +y)*/3 + (x—y)?/3 = 2a*/3, 

(a+ y)/% —(x—y)/> = (4c)?/5, 88. (axr)?/8— (by)??? = (a? + 0°)*. | 
a t+y?= a}, 35. A parabola, focus S, touching the given line. | 


An ellipse with the two fixed points as foci. 


Examples LXXXV, p. 426. 


dy 
ao +y=0. 2y=ax—+a/—- 


ay OY Re ete OU NE dy \. Cee he 
05, ee cota. (ii) y ay Thad 14 (HY (iii) a8 


Oyo ee CM dy\? _ dy J dy \? 
- (i) J = by. (ii) ya a 6. y= ae +a, {1+ Ne - 


d 2 
ao = 9 dx =m y 
ay dy 2_ dy dey 
yaa * (a) = Yas 1a. Ge tha ok 
Py fy _ 
oe Sa = 0. 20. Same as 10. 
et, dy | 
(y woh) = Bary ites z) | | 
dy dy , (dys Py 2 | 
Examples LXXXVI, p. 429. 
.y? =2axr+C. 2. y = Ce*/2, 8. y = Ce; 
= Cz. 5. = 827+. 6. zy = C. 
ALOE Nes (Be 8. y= +2710, 
. (i) r=a/(6-C). (ii) r=a(6-C). 10. 7 = Ceseot a, | 
ytd = C(ata). 12. 2a? (y—C)+4a4+38=0. | 
~l+y = Cat 14. ayt+b = Ce-@, 15. ax*+baty=C. | 
ytd = Ce’, 17. atabetb®y = Ceo, 
 (@+2)? (y +2)? = Certy, 19. (1+2%) (1+y?) = Cx. / 
. w= Cre, 21. a°+y* = Ce, | 
. siny = Csina. 23, e+ C= tan} (x+y). 
~ytl = Cebx(e-2), 25. 2/./(4—32). 26. / {2 (a—-I)}. 


Examples LXXXVII, p. 485. 


ll. log(e@t+y—-lI)=a-y+C. 12. a -6ay+by+4a = C. 

13. 4ay = 2'+C. 14, Saty = 2° + C, 

15. ysinzg=2+C. 16. 2ycosx =x+sinxcosr+C, 

17. ye* = he? +. 18. 5 a’y+a+t Cy = 0. 
19. y(sinz—Ccosa) = 1. 20.04% (1 + Celt) *) = 1 
21. ay (C-—3log ax) = 1. 22. y =(acos be + bsin bx) /(a? +b?) + Ce. 
23. (c«—y)*(x+2y) =C. 24, 4 = 39 (2 sin 500 ¢—5 cos 500 ¢) + Ce-2#, 
25. 28 ft.-secs. 

Examples LXXXVIII, p. 440. 

VS ay =e tC. 2. 2ay=y'+C. 8. 3227+ /7=C. 

4. (nt+l)y=ax+C/xe™ 5. 2ayi=a2?+C, 6. a’y+1 = Ca. 

7. y=t2°+Co. Sieg) — 1 Ca 9. y=axr(y+C). 

10. 2-2? y+ay—8y° = C. ll. w= 2y?+ Cy. 

12. log (a/y) = 4 (2? +y?)+C. 

13. (y—ax)? = 4ax; (y—a—24a)? = 100ax; +3. 

4. y=42¢4+C, y=32r4+C. 15a Cenc, 

16. y = C+ ha. 7. y=C, y= FEH74+C. 

18. 2? = 2Cy+C?. 19. (y+ C)? = 2448, 
20. y = Ca, y?-2° = C; 3y= 52, y?-x*? = 16; §, 3. 
21. y= ha°+C, y= Ce*—-x+1; y=i2', y= 1-x-e*; 0, 0. 
D2 CYC aye 0 tO Yi Oo 8) ts 
23. ety = C, 2°-2ry=C; 11°19’. 24. ay =A. 
25. y=acosh(z/a+C). 26. a +4? = a, 
27. 9y! = 16 aa. 28. y = Cata/(14+C?), a +y?= ai, 
29. y= Cr+ C?, a? +4y=0. 20. y—-Cx = +20, zyt+1=0. 
831. Cyta=C'ax, y+4axr =0. $2. 4ay =a, 
S804 yt = als, 34. /xt/y= fa. 
35. y*? = 4ax. ; 36, a? = 4ay. 
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t+ 2xey—2?-2e4+2y=C. 10. (y—x+3)' = C(y+2a—-83). 


Examples LXXXIX, p. 444. 


y = x8] (n24+38n+2)+ Cart D, 2. y¥=xlogr+Cx+D., 
y = 4a? (22*+cos2a)+ Cat D. 4. y = Ccoosh (27+D). 
Ce” = acosh (Cr+ D). 
. (Cx+ D)? = Cy?—a. To = Cr) 4D, 
. y(at+D)=C. 9. V= Clogr+D. 
-y¥=ix+Clogx+D. ll. y? = aa? + Cx+D. 
. y? = Csinh (2”+ D). 
.y =k x/(C2x?-1) -(1/2 C) cosh Cx + D. 
. 3y= (e+ C+D. 15. y= C+ De® 
. c= D+Ce!, 17. (Cx+D)? =14+Cy. 
. y¥ = Cloge+}t2*—x+D. 19. (y—D)? = («-C)*. 
w= C+ AJ(C?-k/h) sin (2640). 
.(a@-CP+(y-DP =e. 22. y = C cosh (w/t‘+ D). 


. Cy —1 =k (Cx+D)* 24. (x—C)? = 4D (y— D). 
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Examples XC, p. 450. 


. y= Att + Beeb®, 2. y = Ac!* + Be-42, 

. y= e*(A+ Bo). 4. y=e%*(A+ Ba). 
y =e %*(Acosx+Bsing), 6. y = e-4*(Acosh./32+Bsin},/3 2) 
y = Ae 2+ Be, 8. y = Ae?™ + Be-3*, 

.y = Act + Be t*, 10. y= eae (A+ Bz). 

. y¥ = A+ Be*+ Ce-*, 12. y= A+Bcosx+Csing. 


. y = Ae?* + Be-**+ Csin 2%+ Deos2z. 


14. y= A+ Be*+e-2*(Ccosh./3a+ Dsini /3 2x). 
15. y= A+ But Ce-*, 16. y= e*(Acos /5a+Bsin /5z), 
Examples XCI, p. 459. | 
l. y = Ad*+ Be?* +2. 2. y = Ae’* + Be?* + 535 (1827+ 302419). | 
3. y = A&*+ Bee *—3,(sinx+cosx). 4. y = Ae**+ Be*+ 33 e-*, 
5. y = Ae~** + Be-*?, 6. y = Ae~** + Bet +2, 
7. y= Ac?*+ Be*2—§, 8. y = Ac?*+ Be** sing, 
9. y = Ac’* + Be** —} e*, 10. y = e7*(x+ A) + Be-**, 
ll. y= Ae?* cos (v+e) +a. 12. y = Ae~** cos (x + €) +3; (15% —22). 
13. y = Ae** cos(x+e) + ¢% (cos2x+8 sin 2). 
14. y = Ae** cos (w+ €) + py (sin w—cos x) +}. 15. y= A+ Bes*+ Ce-**, 
16. y= A+ Bed*+ Ce** — 4 aw (827-15 2-10). 
17. y= A+Bcos (ete) +2e. 18. y= A+B cos(a+e)—d a cosa, 
19. y = "(A+ Ba). 20. y= "(4+ Beth 2’), 
21. y = Ae’*+e7* (B+in)—Z, 
22. y = AeV**+ Be-V**+ Cos (/2a+e). 
23. y = Ae?” cos (3/32 +e). 24. y = e* (A+ Bau+ Ca*)—he-=, 
25. « = e*(A + Bt). 26. 2 = Ae*cos (nt+e). 
R 2 2_ 72 1 - 7 
27. x = Ae~ cos(nt+e) + Ge a naan ae B. 
28. « = Acos(at+e) + {k sin. (pt+a)}/(a?—p?). 
29. 28 ft. nearly, —14 ft.-secs., —14 ft.-secs. per sec. After 1°21 secs. 


» =A /5e-"16! cos (‘88 t—c), where tane = 4. 2secs. and —13 ft.-secs. 


. Xpr/(1+k?/4 p?) e-tkt, if r be the corresponding time. 
~p=n, k='575, «= '091, C= 351. “75, °75. 1°18°; °071: 
. py inch toleftofA. p= %n, k = ‘267, « = "0637, C=6'06. ‘82 inches 


. 233 inches from the fixed point. 36. 6= 34/10 me-“* cos ('2¢—tan-8), 
. 6 = 5236 (5 0-84.04), 

© Q = £168 6-1! — 4°1 68 e-48980¢, 89. g = 20¢! sin 50004, 

. w = Ae’! cos (7°837t—«). 41. = EFL ( AoE Bette). 

. (i) O= Acos(2t—e)— Jj kcos3t, (ii) 6 = Acos (2¢—c)+yghtsin2t, 


nearly. 11°38 ft. 


from O,°77 from A, 
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Examples XCII, p. 463. 


1. y = C(1—a?) + Dz. 2. (y— Ca)? = D? (1-2). 
8. y= x(C+Dlog x). 4. y=2x(C+Dilogx+2), 
5. y = (Cel + De-*) /x, 6. y = 27 (C+ Dz). 

7. y =e (xlogx+Cx+D). 8. y= x(C+ Dx’?—z). 


Examples XCIII, p. 476. 


Expansions 1-3, 6-9 hold for all finite values of x. 


1. L+ax+a?a?/2!+4 a8a5/314+.... 

2. ma—m$x°/3 14 m>25/5!— m7 27/7! 4... 

8. 1—m?x?/21+ m*xt/41—moa8/6!4+.... 

4. logat+2/a—2?/2a?+ 25/3 aS—..., if |x|<|a| or r=a. 

6. log a—a/a—2/2a?—a'/8a°—..., if |v|<|a| or = —a. 

6. 1+ x log2+(« log 2)?/2!+ (x log 2)8/3!+.... 

7. 1+ mz log a+ (mz log a)?/2!+ (mz log a)3/3!+ .... 

8. 27-8 a*/41432 76/6!—128 28/8!4.... 2? 

9. 2+2°/3!40°/5!427/7!14.... 39. From —8° to +8° - 
40. From —22}° to +223°. 41. From —173° to +174°, © 


42. (i) From —31° to +31°. (ii) From —193° to +193°. 

43. ‘48481, °87462, °46947, ‘88295. 45. °2679, 1°4281. 

46. °2960, °9200. 

47. e%0°8X cos (x sin +nX); 1+xcosX+(x? cos2Xx)/2! + (2% cos 3M)/3!+... 


1 1 1 1 1 
aa +3 "@n+i5 A (@n4i teal, See Table IX. 


Examples XCIV, p. 483. 
. asec? (ax+by); bsec?(ar+by), 2 2y/(a+y)?; —2x/(e+y)* 
a pe) 2 ae 4. 2(aw+hyt+g); 2(hx+byt/f). 


uf 

3 

5. 2 naz (ax? +by?)""1; 2 nby (ax? + by?)™. 

6. 1//(y?— 2); —2/{yV/(y?—2")}. 7. v/(aty)s 2?/(at+y)* 
8 


. e/a; —y/2Z. 9. aet/ze*, ght zn, 
10. 2 ay?/{z (x? + y")"} ; —2a%y/{e (a*+-y’)}. 
ll. —ax/cz; —by/cz. 12. —27/x?; 2*/y%. 13. 2x7; 2y; 22. 
14 2 2 at+y 


‘G@rypre rye? ~ wtyte 

15. —2V3; —yV*; —2V°. 

16, 2(axt+hy+gz); 2 (ha+byt+fz); 2(gx+fy + cz). 

22. (i) $27, (ii) $a7h cubic inches per second. 

Ou; 2g. 24, (i) °033, (ii) 4 inch per sec. 
. (i) 15'1, (ii) 21°36 sq. in. per sec. 26. —c’a/a®z; —c’y/b?z. 

. (i) &/o. (ii) —p/v. (iii) e/p. 

1528 00 


562 ANSWERS TO THE EXAMPLES 


Examples XCV, p. 494. 


1. (i) dy =sin 6 dr+rcos 6 84. (ii) 5r = cos6 da+sind dy. 
(iii) 80 = (a dSy—yd2)/r". 
3. na®— y®—! (bx cos bt —ay sin at). 4. cot}t. 
5. (ad + be) e?*/(ca + dy)*. 6. 4e74, 
7. 2cos 2t/(1+sin 2¢). 8. e~?' sin? ¢ (3 cos?¢—sin?¢—sin 2?) 
9. 2 (at+a—-1)/x°. 10. 82°—8 xy. 
ll. xy? (4y? + xy—62x7)/(2y—2), 12. a/y?. 


13. (xsin 2a—y)/(a? +4’). 

14. 3 (x—y) (x?-ay+y’ + 2ax 4+ 2ay)/(a—2y). 

15. (327+ 10 2y—4y’)/(6y? + 8ay—52"). 16. —sin x cosec y. 
17, — {2a (a? + y?) aa} /{2y(a?+y’)+a’7y}. 

18. — fy (nu™-™ + my*—™)} / {a (ma™-™ + ny™™)} 

19. —tan (bw+y) cot (t7+2). 

20. (b?x—a?a —2 aby)/(b?y —a’y + 2abz). 


21. SV= 4r07 bh+errh dr. 22. pdvt+vbp=kOT. 
23. yzda+endy+ay dz = 0. 24. «dxatydy=26e2. 
25. roft+fdr = 2 mv dv. 26. Fds+sdF = mv do, 

Ou Om we pom “Alaa ou ou 
27. —— = —_— —3 eas] aed 6 - l 
7 TF Seti yy hie erg PW, sin 6 + cos ry | 


28. (X—2) f, a (Ya). | 
29. (—3, —10); 14z-5y=0; 54414y=0. 

30. (a, ta); e+y=0; 8a-y=4a; 8y-x=4a. | 
31. K(npdT+T 8 p)/pT. 32. (u—1) {8 p/p—xd4/(1+a6)}. 

33. °46 inch. 34. (i) +°05. (ii) —°78 inch. 

85. (i) 8°77 sq. ft., 54 per cent. (ii) 18°44 sq. ft., 1°12 per cent. 

36. (i) d p= —'37. (ii) dv=—"06. (iii) bv="16. (iv) ST=9°39. (v) 8 T= —3'13. 


37. °407, 38. (i) 1°19. (ii) 1°69. 
89. cdc = (a—b cos C) da+(b—acosC)db+adsin CSC. 604; °6 per cent. 
40. ‘65 sq. ft. 41. da/a+ob/b. 


42. [ada {2s (s—a) —bc} /S?+2 similar terms]. 

43. {2 abe Sa—c (0? + a? —c?) 3b—b (c? +a? —b*) de} /(2U%c? sin A). 

44, asec?X.dX+tana.da, “418. 45. dh/h4+282/r. 

46. ry/(/g) (S1/1—89/9). } 51/1-4 59/9. 

47. —‘d per cent. 50. @y- 51. ‘0177. ‘8 per cent. 

53. {(W,—W,) dW + (W,— W) dW, +(W- W,) dW,}/{(W— W,) (W- W,)}. 
54. (i) 58°64 c. in. per sec. (ii) 27°82 sq. in. per sec. 

55. (i) 360 c. in. per sec, (ii) 104 sq. in. per sec. 
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Examples XCVI, p. 503. 


1. 6(ax+ by); 6 (cx+dy) ; 6(ba+cy); 6 (ba + cy). 


2 


3. 


. (148 xyz +x? y?2*) eM, 


° = aay a —2frySedy thee hy 


. 2siny—y’sinw; 2sinav—a’*siny; 2x cosyt+2y cosa 

Faq=m (m— 1) am?/y”; Syy=n (+1) a ; Fey =Syax= —mnxm*/ynt? 5 
Srxx = mM (m—1) (m—2) em 8/y” ; Jovy Set (n+ 1) (n +2) am/y"t ; 
Sycz =f\ryx= —mn (m—1) eet: ary = Syay = mn (n+ 1) pay pala 


15. 2 =f, 2 +S yf tS cet? +2 fry ky +hyyy: 


«Fey = COS? O fry +8in 26 (fy/2? —fro/r) + sin? 6 f,/7 + sin?O fog/77 
Fyy = sin? 6f,,—sin 26 ( f/7?—f,9/7) + 00878 fr/# + C08? Of g9/7°. 


MS ATS AE WS t 2 hhfry tl Syy)- 
. cx? 42 axytby? = C. 


23. zy(x«-yta)=C. 


. log (a? +y?) = 2k tan (y/x)+C. 25. ater ty” = C (a? +y?). 
~ Bud? = 08 fret 3 OB frry +3 OB Sryy +P fyyy- In the general case, 


the coefticients are the same as in the Binomial Theorem. 


INDEX 


The numbers refer to the pages. 


Absolute convergence, 182. 
Acceleration, 141, 165. 
and force, 144. 
angular, 151. 
in a circle, 152. 
tangential and normal, 409. 
Adiabatic expansion, 88, 364, 490. 
Algebraic function, 5. 
Anchor-ring, 332. 
Angle between tangent and axis of a, 
59, 63, 100. 
between tangent and radius vector, 
318. 
Angular velocity and acceleration, 151. 
Approximation, 71, 85, 292, 471. 
Arbitrary constant, 157, 170, 425. 
Are, length of, 42, 175, 804, 
in polar coordinates, 820. 
Archimedes, spiral of, 318. 
Area of curve, 39, 41, 168, 287. 
in polar coordinates, 319. 
of surface, 44, 177, 307. 
in polar coordinates, 320. 
Argument, 3. 
Astroid, 109, 111, 824, 417. 
Astronomical units, 349. 
Asymptotes, 9, 21. 
Atmospheric pressure, 355, 
Attractions, 349. 
Auxiliary equation, 447, 


Bending of beams, 402. 
Binomial theorem, 472. 
Boyle’s law, 88, 364. 


Qardioid, 114, 312, 814, 817, 320, 328, 
409, 
Catenary, 191, 204, 392. 
Cauchy’s form of remainder, 466. 
Caustic, 421. 
Central force and orbit, 410. 
Centre of gravity, mass, or inertia, 825. 
of pressure, 334. 
of curvature, 398, 407. 
of a conic, 19, 491. 
Centroid, 326. 
Change of axes, 21. 
of variable, integration by, 248. 
of limits of integration, 284. 


Chemical reactions, 857. 

Circle, equation of, 23, 316. 
perimeter and area of, 39. 
motion in, 152, 383. 

C.G. of are and sector of, 829. 
of curvature, 398, 

osculating, 408. 

C.P. of, 335. 

Circular disc, M. I. of, 338, 341. 
potential of, 347. 
attraction of, 350. 

Circular functions, differentiation of, 

91. 
periodicity of, 116. 
integration of, 249. 

Cissoid, 291. 

Clairaut’s equation, 438. 

Coefficients of expansion, 87, 357. 

Complementary function, 446, 447. 

Compound interest law, 353. 
pendulum, 389. 

Concavity and convexity, 135. 

Cone, 43, 172, 801, 344. 

Conic sections, 17, 412, 491. 

Constant, 1, 72. 
of integration, 157, 170, 425. 
elimination of, 423. 

Continuous functions, 47, 479. 

Convergency of series, 180. 

Cooling, Newton’s law of, 354. 

Coordinates, 22, 111. 
polar, 22, 311. 
tangential polar, 315, 408. 

Correction of small errors, 85, 95, 492. 

Cosec x, 95, 116, 249, 

Cosech x, 190. 

Cosh x, 190, 192, 203. 

Cosh x, 192, 203, 

Cosa, 98, 116. 
expansion of, 471. 

Cos x, 201. 

Cot x, 95, 116, 249. 

Coth x, 190. 

Crank and connecting-rod, 153. 

Current, electric, 357, 358, 457. 

Curvature, 897. 
centre, circle, and radius of, 398, 407, 

408. 


INDEX 


Curves, drawing of, 8, 15, 311. 
area of, 41, 168, 287, 319. 
length of, 42, 175, 304, 320. 
properties of, 108, 164. 
family of, 414. 
Cycloid, 111, 177, 289, 299, 809, 388, 
400, 444. 
Cycioidal pendulum, 388. 


Damped oscillations, 207, 453. 
Definite integral, 171, 267, 273. 
Dependent variable, 3. 
Derivative or derived function, 62, 63. 
Differential, 64. 
equations, 217, 422, 501. 
total, 484. 
Differential coefficient, 57, 61, 67. 
geometrical meaning of, 63. 
sign of, 67, 
of sum, product, quotient, &c., 72-81. 
of circular functions, 91. 
of implicit functions, 84, 214, 491. 
of second and higher orders, 133, 216. 
of area, 168. 
of volume, 172. 
of are, 176. 
of area of surface, 177. 
of inverse and hyperbolic functions, 
195, 203. 
partial, 479, 498. 
total, 488. 
Directrix, 17. 
Discontinuous functions, 49, 
Divergent series, 180. 


e, 85, 186. 
e”, expansion of, 189, 468. 
d.c. and integral of, 195, 196. 
Eccentricity of conic, 17. 
Elastic string, oscillations of, 874. 
Elasticity, coefficient of, 88. 
Electric current, 357, 358, 457. 
Elimination of constants, 423, 
Ellipse, 18, 105, 111, 317. 
tangent and normal to, 102, 105. 
length of are of, 306. 
radius of curvature of, 399, 400. 
motion in, 381. 
Ellipsoid, 302. 
Energy, kinetic, 145, 862, 884. 
Envelopes, 414, 439, 
Epicycloid, 322. 
Equation of a conic, 17. 
polar, 23, 311. 
differential, 217, 422, 501. 
tangential-polar, 315. 
intrinsic, 400. 
Equations, roots of, 52, 220. 
Equiangular spiral, 314, 315, 412. 
Equilibrium, stable and unstable, 367. 
Errors, calculation of, 85, 95, 492. 
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Even function, 4, 274. 
Evolutes, 418. 
Exact differential equations, 436, 501. 
Expansion, coefficients of, 87, 357, 
of a gas, 363, 490. 
of functions, 468. 
Explicit function, 4. 
Exponential series and theorem, 183, 
189, 468. 


Focus, 17. 

Force and acceleration, 144. 
central, 381, 410. 

Forms, indeterminate, 225. 

Fractions, rational algebraical, 5. 
partial, 231, 237. 

Function, definition of, 2. 
different kinds of, 3-5. 
implicit, 4, 84, 214, 491. 
odd and even, 4, 274. 
continuous, 47, 479. 
rate of increase of, 55. 
derived, 63, 133. 
of function, 79. 
periodic, 116. 
exponential, inverse, and hyperbolic, 

189, 195. 


Gas, expansion of, 863, 490. 
Gradient, 59. 

Graphs, 6, 189, 191, 200, 202. 
Gravitation, law of, 849, 372, 412. 
Gravity, centre of, 325. 

QGyration, radius of, 337. 


Hemisphere, C.G. of, 330. 
Homogeneous differential equations, 
430. 
functions, Euler’s theorem of, 4838. 
Hooke’s law, 362. 
Huyghen’s rule for circular are, 478. 
Hyperbola, equation of, 19, 21, 317. 
rectangular, 20, 103, 399. 
Hyperbolic logarithms, 189. 
functions, definition of, 190, 191. 
tp d.c. and integrals of, 203, 
inverse, 192, 203. 
spiral, 318. 
Hypocyeloid, 322. 


Implicit functions, 4, 84, 214, 491. 
Indefinite integral, 157. 
Independent variable, 3. 
Indeterminate forms, 225, 
Inertia, centre of, 325, 

moment of, 336. 
Infinite limits, 278. 

series, 180, 
Infinitesimals, 65. 
Inflexion, points of, 118, 186, 398, 
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Integral, definition of, 156. 
indefinite, 157. 
definite, 171, 267, 273. 
particular, 446, 450. 

Integrating factor, 436. 

Integration, as reverse of differentia- 

tion, 156. 

constant of, 157. 
of rational algebraical fractions, 230. 
by change of variable, 2438. 
by rationalization, 246, 252. 
by parts, 256. 
by successive reduction, 260. 
approximate, 292. 

Intrinsic equation, 400. 

Inverse functions, 5, 81. 
hyperbolic functions, 192, 203. 
circular functions, 199, 212. 


Kinetic energy, 145, 362, 334. 


Lagrange’s form of remainder, 466, 
Laplace’s equation, 499. 
Latus rectum, 24 (Ex. 20). 
Law, Boyle’s, 88, 364. 
of gravitation, 349, 372, 412. 
compound interest, 353. 
of cooling, Newton’s, 354. 
Wilhelmy’s, 357, 
Hooke’s, 362. 
Leibnitz’s theorem, 216. 
Lemniscate of Bernouilli, 311,817,319, 
409. 
Length of curve, 42, 175, 304, 820. 
Limagon, 318. 
Limits, definition of, 27, 
algebraical, 28. 
exponential, 34, 185. 
trigonometrical, 36, 
geometrical, 38. 
of integration, 171, 273. 
change of, 284. 
double, 500. 
Linear function, 27. 
differential equation of Ist order, 482. 
», 2nd order, 445. 
Logar ithm, Hyperbolic or Napierian, 
189. 


change of base of, 189. 

d.c. and integral of, 195, 197. 

expansion of, 469. 
Logarithmic series, 183, 469, 

function, 189. 

decrement, 207. 

differentiation, 211. 


Maclaurin’s theorem, 467, 

Many- or multiple-valued function, 3. 

Mass, centre of, 825. 

Maxima and minima, 115, 134, 
478 (Ex. 51). 


Mean rate of increase, 25. 
value theorem, 222. 
_; extended, 226. 
values, 296. 
Mechanics, 141, 165, 206, 8362-96, 409. 
Moment of inertia, 836. 
bending, 402. 
Motion in a straight line, 142, 165. 
simple harmonic, 142, 371. 
in a circle, 152, 383. 
in a resisting medium, 876. 
in an ellipse, 381. 
under gravity, 383. 
in an orbit, 411. 
Multiple roots of equation, 221. 


Napierian or natural logarithms, 189. 
Newton’s law of cooling, 354. 
Normal, equation of, 104. 

length of, 107. 

acceleration along, 152, 410, 


Oblate spheroid, 174. 
Odd function, 4, 274. 
Orbit, motion in, 381, 410, 
differential equation of, 412. 
Order of infinitesimals, 65. 
of a differential equation, 422, 
Oscillations, damped, 207, 453. 
of a pendulum, 886, 389. 
Osculating circle, 408. 


Pappus’ theorems, 331. 

Parabola, equation of, 17, 111, 816. 
properties of, 103, 108. 
area of, 169; C.G. of, 327. 
length of are of, 306. 


circle of curvature and evolute of, 


418. 

Paraboloid of revolution, 174, 178, 
Partial fractions, 231, 237. 

differential coefficients, 479, 498. 
Particular integral, 446, 450. 
Parts, integration by, 256. 
Pendulum, simple, 85, 386. 

eycloidal, 388. 

compound, 889. 

simple equivalent, 890. 
Pericycloid, 323. 
Perimeter of circle, 39. 
Period, 372, 888, 457. 
Periodic functions, 116. 
Points, stationary, 118. 

of inflexion, 118, 186, 898, 
Polar coordinates, 22. 

equations, 23, 311. 
Potential, 846, 499, 

energy, 384. 
Pressure, centre of, 334, 

of atmosphere, 355. 

of a gas, 490. 
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Primitive, 425. 

Principal values, 200. 

Product, limit of, 46. 
d.c. of, 74, 75. 
successive d.c.’s of, 216. 

Prolate spheroid, 174. 

Proportional error, 85. 
parts, principle of, 228. 


Quadrature, 287. 
Quotient, limit of, 46. 
d.c. of, 77. 


Radius vector, 23. 
of gyration, 337. 
of curvature, 398, 408. 
Rate of increase, 25, 55. 
Rational function, 5. 
algebraical fraction, 5. 
algebraical fraction, limit of, 32. 
algebraical fraction, integration of, 
230. - 
Rectangle, C.P. of, 335. 
M.I. of, 338, 344. 
Rectangular hyperbola, 20, 103, 399. 
Rectification, 175, 304, 320. 
Recurring decimals, 29. 
Reduction formulae, 260. 
Reflexion and refraction, 126. 
Relative error, 85. 
Remainder in Taylor’s theorem, 466, 
478 (Ex. 54). 
Resisting medium, 376. 
Revolution, Solid of, volume of, 42,171, 
299, 320. 
surface of, 44, 177, 307, 320. 
C. G. of, 326. 
M.I. of, 338. 
Rod, M.I. of, 337. 
attraction of, 351. 
Rolle’s theorem, 220. 
Roots of equations, 52, 220. 
Roulettes, 323. 


Schlémilch-Roche form of remainder, 
478. 
See x, 95, 115, 249. 
Sech x, 190. 
Second order of small quantities, 65. 
d.c., 133, 498. 
moment, 336. 
Sector of circle, C. G. of, 329. 
Semicircle, C. G. of, 330. 
Semi-convergent series, 182. 
Series, convergency and divergency of, 
180. 
semi- and absolutely convergent, 182. 
exponential, 183, 189, 468. 
logarithmic, 183, 469. 
Taylor’s, 464. 
Maclaurin’s, 467, 
Binomial, 472. 
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Simple harmonic motion, 142, 371. 
pendulum, 386. 
equivalont pendulum, 390. 
Simpson’s rule, 293, 802, 330, 339. 
Sin x, 91, 116. 
expansion of, 470. 
Sin= 2; 199. 
Single-valued function, 8. 
Singular solution, 439. 
Sinh x, 190, 192, 203. 
Sinh aw, 192, 203. 
Slope of curve, 59, 63. 
Small quantities, orders of, 65. 
Solid of revolution. See Revolution. 
of greatest attraction, 322. 
Solution of differential equaticn, 425. 
Specific heat, 490. 
Sphere, surface of, 45, 309. 
volume of, 178. 
moment of inertia of, 338. 
potential of, 348. 
attraction of, 351. 
Spheroids, 174. 
Spiral equiangular, 314, 315, 412. 
reciprocal or hyperbolic, 318. 
of Archimedes, 318. 
Spring, motion of, 374. 
Squaring the circle, 40. 
Stable and unstable equilibrium, 367. 
Standard forms, 68, 157. 
list of, 243. 
Stationary points, 118. 
Strophoid, 291. 
Subnormal, 107, 
polar, 315. 
Substitution, integration by, 243. 
Subtangent, 107. 
polar, 315. 
Successive differentiation, 133, 498. 
reduction, 260. 
Sum, limit of, 45. 
d.c. of, 72. 
integration of, 159. 
definite integral as limit of, 267. 
Surface of revolution, 44, 177, 307, 320, 
of sphere, 45, 309. 
Suspension bridge, 394. 
Symmetry of graph, 7,9, 15, 812. 


Tan x, 93, 116, 249. 
Tan «, 201. 
expansion of, 473. 
Tangent, definition of, 38, 
direction of, 63, 100. 
equation of, 101, 491. 
length of, 107. 
at point of inflexion, 137. 
Tangential-polar equation, 315, 408. 
Tanh x, 190. 
Tanh7 a, 193. 
Taylor’s theorem, 464. 
Terminal velocity, 377. 
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Tests for convergency, 181. Variation, uniform, 27. 
Theorem, binomial, 472. continuous, 55. 
Euler’s, 483. of atmospheric pressure, 355, 
exponential, 189, 468. Vectorial angle, 23. 
Leibnitz’s, 216. Velocity, 141. 
Maclaurin’s, 467. along arc of curve, 147. 
mean-value, 222, 226. angular, 151. 
Pappus’, 331. of chemical reactions, 357, 
Rolle’s, 220. terminal, 377. 
Taylor’s, 464. Vibrations, damped, 207, 453. 
Tore or anchor-ring, 332. Virtual work, 365. 
Total differential, 484. Volume, definition of, 42. 
differential coefficient, 483. of cone, 43, 172, 301. 
Tractrix, 113, 303. of solid of revolution, 42, 174, 299, 
Transcendental function, 5. 320. 
Trapezium, C.G. of, 327. of sphere, 173. 
Triangle, C.P. of, 334. of ellipsoid, 301. 


M.I. of, 342, 
Trigonometrical integrals, 250. 


substitutions, 252. bie | of 291. 
lue, 226. or’ 5 
ie Aig of expanding gas, 363. 
Variables, 1. virtual, 365. 
change of, 243. 
separation of, 428, Zone of sphere, 173. 
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